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Role of Fusion Chain Reactions in the Nonstationary Evolution 
of Stars—Supernova Stars 
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Institute of Nuclear Research, Polish Academy of Science, Warsaw, Poland 
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The hypothesis is suggested that the cause of the explosion of supernova stars is the development of a 
fusion chain reaction in stellar material containing a large amount of He’ at high densities (~2X 10* g/cc). 
It “s suggested that the conditions suitable to a strong concentration of He’ exist only for relatively small 
hyd rogen stars. The strength of the explosion is proportional to the amount of He’ amassed which strongly 
depends on the mass of the star. The proto-stars with masses smaller than the mass of the sun lead to 
supernovae of type I and the proto-stars with masses equal to or greater than the mass of the sun lead to 
supernovae of type II. The remnant of a supernova of type I is the gaseous nebula of luminosity due to the 
decay of Be’ created during the explosion in the reaction He*(He’,y) Be’. 


I. INTRODUCTION 
S is known, one of the main sources of nuclear 
energy of stars is the combustion of hydrogen in 
the pp cycle’ 
(a) ptp— D*+8t+v7+0.428 Mev, 
(b) D?+p— He*®+7+5.5 Mev, (1) 
(c) He’+He*® > He*+26+ 12.8 Mev. 

A decisive factor in examining the above cycle is the 
consideration of the temperature at which it takes 
place, since different temperatures can give the cycle 
a basically different character. A low temperature, as 
shown by Salpeter,® leads to a strong concentration of 
He’, in which under suitable conditions a fusion chain 
reaction® can develop, and instead of slow combustion 
an explosion occurs (supernova star). In order for the 
star to attain a strong concentration of He*® the proton 
gas temperature should not exceed 510° °K, which 
is possible for stars of relatively small mass and low 
opacity. 


II. PRODUCTION OF He? FROM HYDROGEN 


The concentration of He* which can be attained 
from the pp cycle given above depends on the temper- 


H. A. Bethe and C. L. Critchfield, Phys. Rev. 54, 248 (1938). 
H. A. Bethe, Phys. Rev. 55, 434 (1939). 
W. A. Fowler, Phys. Rev. 81, 645 (1951). 
E. Schatzman, Compt. rend. 232, 1740 (1951). 
E. E. Salpeter, Phys. Rev. 88, 547 (1952). 
M. Gryzifiski, Phys. Rev. 111, 900 (1958). 
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ature and the density of the proton gas. Now, following 
Schatzman’ we shall give some numerical results 
concerning the cycle (1). 

The number of reactions la per H nucleus per 
second is 


pu=1.73X 10 oxy exp(— 7TH) An, TH = 3380T i (2) 


where p is the density of medium in g/cc, xu is the 
concentration by mass of H, 7 is the temperature in 
°K, and Aq is the acceleration factor’ increasing the 
thermonuclear reaction rate as a result of the electron 
screening of the electrical field of the nucleus. 

Similarly, the number of reactions (1c) per He’ 
nucleus per second is 


p3= 6X 10%px3773 exp(—73)A3, 3> 12270K T * (3) 


The reaction (1b) takes place so quickly that it is 
unnecessary to consider reactions involving D?. 

From Eqs. (2) and (3) one obtains the concentration 
of He’ in the dynamical equilibrium: 


(x3/xn) = 0.165 XK 10-” exp(44447-!— 27.6) (An/As;)}. 
(4) 


In the first approximation we can put (An/A;)!=1 
and the concentration of He* depends on the temper- 
ature only. The results of the computations are given 
in Fig. 1. The dependence on the temperature is very 

7E. Schatzman, White Dwarfs (North-Holland Publishing 
Company, Amsterdam, 1958), Chap. VI. 
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“1G. 1. Plot of concentration of He* vs temperature at 
which the pp cycle takes place. 


critical and above 5X 10° °K it is not possible to attain 
a strong concentration of He’. 

The time necessary to attain a definite concentration 
of He* depends on the velocity of reaction (1a) which 
is given by Eq. (2). The results of the computations 
for xn=1 are given in Fig. 2. It is seen that a strong 
concentration of He’ in a period of time shorter than 
10° years is possible only for a high-proton gas 
density (p25X 10° g/cc). 


III. RELEASE OF NUCLEAR ENERGY IN He* OWING 
TO IN STATU NASCENDI REACTIONS 


It has already been shown by the author® that the 
production of nuclear energy due to im statu nascendi 
reactions in some physical conditions leads to a non- 
stationary process. The property of an _ exoergic 
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Fic. 2. The mean lifetime of hydrogen as a function of the 
density and the temperature of proton gas. 


MICHAL GRYZINSKI 


mixture with respect to the rapid release of nuclear 
energy can easily be obtained by means the multiplica- 
tion factor k defined in reference 6. In general, the 
multiplication factor depends on the density and the 
temperature of the medium (exactly, on the energy 
distribution of electrons) and on the concentration of 
exoergic fuel. The values of the multiplication factor 
for He® mixture obtained by the numerical calculations 
are plotted in Fig. 3. The critical density at which the 
explosion occurs for pure He® is ~2X10* g/cc. The 
critical density may be changed slightly owing to a 
small concentration of tritium produced in the reaction 
He*(e-,y)T. 
IV. EVOLUTION OF PROTO-STARS OF 
SMALL MASSES 


As shown above, a strong concentration of He* can 
be attained if the temperature is lower than 5X 10° °K, 
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Fic. 3. The multiplication factor determining the explosion of He? 
mixture as the function of its temperature and density. 


which is possible for stars of small mass (mS 2mo) and 
of very low opacity (pure hydrogen stars). For such 
stars we can adopt the following evolution scheme: 


1. Creation of the star from the proto-nebula and 
the gravitational contraction of the proto-star. As a 
result of the very low opacity of pure hydrogen the 
star becomes degenerate with a low central temper- 
ature. On the Herzsprung-Russell diagram the star 
appears as the subdwarf of the white blue chain.® 

2. Release of nuclear energy in processes (la) and 
(1b) of the pp cycle with an increasing concentration 
of He*. Since for the typical blue subdwarf m~1mo, 
and rS0.1rq then p22X10* g/cc. Assuming p~ 10‘ 
g/cc and T~4X10° °K, one obtains the lifetime of 
hydrogen ~5X 10° years. 

3. Further gravitational contraction due to the 


8B. Vorontsov-Velyaminov, Gaseous Nebulae and Novae 
(Moscow, 1948), Chap. IX. 
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exhaustion of hydrogen in the central regions of the 
star. 

4. Nuclear explosion of the star as a result of the 
attainment of the critical density at which fusion chain 
reaction can develop. 


The last stages of evolution depend strongly on the 
mass of the star. It is due to the strong dependence of 
the density of degenerate configurations on their 
masses.® 

In the case of a small mass (m<imo) nearly all 
hydrogen is changed into He’ owing to the low central 
temperature as well as the relatively uniform distribu- 
tion of the stellar material (pcentrai/f/~5). The explosion 
of such a He’ star is a supernova of type I, according 
to our hypothesis. Assuming the typical presupernova 
star to be of pure He*® with mass of ~ 0.2m, one obtains 
for the release of nuclear energy in the explosion 
~8 X10" ergs, which is in good agreement with the 
observed value” (Eyis~ 10” ergs). The nuclear energy 
released in the outburst is much greater than the 
potential energy of the star; therefore as a result of the 
explosion the star is completely destroyed. The remnant 
of the supernova of type I is a nebula poor in hydrogen, 
the luminosity being due to Be’ amassed at the explosion 
in the reaction!” 


He’+ He! > Be?+y+1.62 Mev. (5) 


Be’ is responsible for the exponential decay of bright- 
ness with a period of 55+1 days. A small increase in 
the half-life of Be” is connected with the partial ioniza- 
tion of the beryllium atom, the decay of which is due 
to the capture of orbital electrons. Since about 4% of 
the transitions are due to the capture of Z electrons," 
we can conclude that the electron temperature of the 
nebula should be about 500 000°K (second ionization 
potential of beryllium), which is in good agreement 
with the observed data.!® It is interesting to note that 
the release of nuclear energy in the form of y rays 
favors a high electron temperature which is not the 
case if the release of nuclear energy is in the form of 
kinetic energy of heavy particles (fission products of 

9S. Chandrasekhar, An Introduction to the Study of Stellar 
Structure (Moscow, 1950), Chap. XI. 

0G. R. Burbridge and E. Margaret Burbridge, Encyclopedia of 
Physics (Springer-Verlag, Berlin, 1958), Vol. LI, p. 248. 

1H. D. Holmgren and R. L. Johnston, Bull. Am. Phys. Soc. 
Ser. IT, 3, 26 (1958). 

12H. W. Baade and G. R. Burbridge ef al., Publs. Astron. Soc. 
Pacific 68, 296 (1956). 

18 L. Borst, Phys. Rev. 78, 807 (1950). 

4B. C. Jelepov and L. N. Zyryanova Influence of the Electric 
Field of an Atom on the B-Decay (Moscow-Leningrad, 1956), p. 204. 

18 R, Minkowski, Astrophys. J. 96, 199 (1942). 
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Cf*5*), The total amount of mass required to produce 
the exponential part of the curves from Be’ would be 
only about 10~* of the mass of the star. 

Reaction (5) plays’the decisive role in the formation 
of heavy elements which follow the radiative captures 
of He* and He‘ by Be’ or Li’. The cross sections for 
these reactions are high enough to explain the abund- 
ance of heavy elements. 

According to Chandrasekhar’s theory of degenerate 
configurations, a small increase in the mass of the star 
causes a strong and rapid increase of the central 
density. It leads to the rapid formation of a He 
isothermal core and to its explosion before a con- 
siderable amount of He’ is amassed in the remaining 
parts of the star. Because hydrogen is not explosive 
even at 5X10° °K,'® the explosion embraces the He’ 
core only and the energy release is proportional to 
core size. The size of the He*® core decreases strongly 
with increasing mass of the star, and therefore the 
greater outbursts are due to stars of smaller mass. 
The stars of masses m= 1m lead to the supernovae of 
type II. The luminosity of the supernova star of type II 
is due to the radiation by the star itself and by the 
expanding envelope. The nuclei of planetary nebulae 
may be the remnant of a star of this type. It is con- 
sistent with observed data that the masses of the 
central stars of planetary nebulae are of the order of 
~1mg and are apparently deficient in hydrogen, 
although the planetary nebulae themselves appear to 
be of normal composition. 


CONCLUSIONS 


On the basis of the above considerations it may be 
supposed that the temperature inside stars is much 
smaller than generally believed, and the deviation in 
the energy spectrum from a Maxwell distribution at 
the high-energy end owing to in statu nascendi reactions 
seems to be important for the generation of nuclear 
energy and the evolution of stars. A low temperature 
inside the stars formed from proton gas leads to a 
strong concentration of He’, which is responsible for 
the majority of nonstationary stellar processes (super- 
nova and nova stars) and the production of heavy 
elements. 

The suggested theory of supernova stars is in many 
respects similar to Schatzman’s theory of the explosion 
of nova stars. Nevertheless this approach to the problem 
includes a different class of phenomena, so that both 
theories should be regarded as complementary. 


16 P. Dumezil-Curien and E. Schatzman, Ann. astrophys. 14, 
46 (1951). 
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Weak-Coupling Expansion for the Ground-State Energy of a Many-Boson System 


M. GrIRARDEAU*t 
Institute for Advanced Study, Princeton, New Jersey 
(Received April 14, 1959) 


The pair theory of many-boson systems is used to obtain a weak-coupling expansion for the ground-state 
energy to third order in the coupling constant. The relationship of this expansion to the formal Rayleigh- 
Schrédinger perturbation expansion is discussed, with particular reference to the relationship between the 
divergent third-order term in the formal perturbation expansion and the terms of § and third orders in the 
correct weak-coupling expansion. The excitation energy is discussed briefly; it is pointed out that the 
lowest-order “‘nonpair’” correction to the phonon energy is of the right order of magnitude to cancel the 


spurious energy gap of the pair theory. 


1. INTRODUCTION 
, ] ‘HE purpose of this note is to show that the pair 


theory of many-boson systems! can be used to 
obtain a weak-coupling expansion for the ground-state 
energy correct to third order in the coupling constant; 
this expansion is of theoretical interest because of the 
well-known divergence of perturbation theory in third 
order which is associated with a branch point at the 
origin of the coupling-constant plane. The method of 
calculation involves analytical iteration of the basic 
variational integral equation of the pair theory, 
starting with the Bogoliubov? approximation; a by- 
product of this procedure, when supplemented by an 
estimate of the “triad” and “quartet” corrections by 
(now convergent) perturbation theory, is a determi- 
nation of the domains of validity of the Bogoliubov 
and pair-theory approximations. Our treatment and 
Bogoliubov’s are found to be in some respects comple- 
mentary: The Bogoliubov theory gives a physically 
reasonable linear phonon spectrum at low momentum, 
but a ground-state energy incorrect in third order; the 
pair theory gives a rigorous upper bound for the ground- 
state energy which first differs from the exact energy 
in $ order, but a phonon spectrum with an unphysical 
energy gap at low momentum. 


2. FORMULATION 


The physical properties of the pair states are deter- 
mined by the solution ¢(k) of the variational integral 
Eq. (1.24), which approaches ¢o(k)=—LZ, as the 
interaction® »(k) — 0; here L; is Bogoliubov’s function? 


Ly=[pv(k) } {REAR + pv(k) }}—3R?—pr(k)}. (1) 


The next approximation is obtained by replacing ¢(k) 
by $o0(k) in po, 71, and J» in (1.23) or (1.24); one there- 
fore replaces po, /;, and J, in these equations by po 


* National Science Foundation Postdoctoral Fellow, 1958-1959" 

+t Now at Physics Department, Brandeis University, Waltham’ 
Massachusetts. 

1M. Girardeau and R. Arnowitt, Phys. Rev. 113, 755 (1959), 
hereafter referred to as I; Eq. (m) of this paper will be herein 
denoted by (I.n) : 

2 N. N. Bogoliubov, J. Phys. (U.S.S.R.) 11, 23 (1947). 

’ We assume that o(r), and hence »(k) =»(k), are spherically 
symmetric. 


1,, and T,© defined by 
Ly? 
p—po = (2m) f ak’ 
« 1— Ly? 
= tr*p!v}(0)[1+-0 (pA!) ], 
(— Ly) 
ee re 


(2.1) 
Th (k)= (2ny a ) dk’ 
=[1+0(p*!A!) ](2x)-%p 


v(|k—k’| )v(k’) 
7 i re 
k” 


(2.2) 


9 


Li 
T, (k)= (27) sf k—k’!) dR’ 
i-—L,* 


= (p—po)v(k)[1+0(p*4a4) ], (2.3) 
where p* and X are, respectively, the dimensionless 
density and coupling constant defined, e.g., by p*= pa’ 
and A\=a~'v(0), where a is the range of the potential 
v(r); we use units such that #=m=1, and assume that 
v(r) is repulsive “‘on the average” in the sense that 
v(0)>0. The results (2.1) and (2.3) were obtained by 
noting that the dominant contribution to these integrals 
comes from 0< k’< p!v#(0), so that v(k’) can be replaced 
by v(O) in Ly and the resulting integrals evaluated 
exactly ; (2.2) was obtained by noting that the dominant 
contribution comes from k’>>p'v(0), where the factor 
(—Ly)/(1—Ly?) can be replaced by pv(k’)/k?. A 
necessary condition for validity of the Bogoliubov 
approximation is that the first approximation for $(k) 
differ from ¢0(k) only by an amount <1; putting k=0, 
one obtains from (1.25) and (2) the necessary condition 


110)/ow =D HOT f v-(k)dkK1. (3) 
0 


For any “reasonable” interaction, ¢ differs from the 
previously-defined dimensionless coupling constant A 
only by a factor of order unity. We shall find that 
\<1 is also a sufficient condition that the Bogoliubov 
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ground-state energy be a good approximation to the 
true energy. 

3. GROUND-STATE ENERGY 


The pair-theory expression (1.21) for the ground-state 
energy per particle can be rewritten in the form 


E,/n=4pv(0)——[ (0) —12(0)] 
p 
+(¢'0-| } He 


¢°(k) 
-dk 
1—¢?(k) 


(k) 
ak 
+ fant -¢ (k) 


In this section we shall calculate the approximate value 
of Eo/n by replacing (k) by ¢o(k)= —ZLy in (4). It is 
shown in Appendix A that this introduces only an 
error of order A’ into Eo/n, and in Appendix B that 
our neglect of “nonpair” contributions also introduces 
only an error of order \?7”. 

To obtain a result for Eo/n correct to order A’, it is 
necessary to evaluate some of the integrals (2) and (4) 
more accurately than was done in obtaining (2). 
Consider first the contribution of 7,“ (0). One has by 
(1) and (2.2) 


kpv?(k) 
" nom (f +f haeait 


where &, is defined by 


1Rk.°=pv(0). (6) 


We introduce only an error a~*O(p**\7/?) if we replace 
v(k) by v(O) in evaluating /o**, which can then be 
evaluated exactly. To evaluate /i.*, we separate out 
explicitly the first two terms in the expansion of the 
integrand in powers of 4pv(k)/k*: 


1 7” kpv?(k) p «ne 
—| ———— n= f v(k 
2n?Ji. 2[4k?+pv(k) }! ark. 


p” v'(k) 1 *| 
esi é iF he 
2J,, B  ntJa, | 2342+-pv(k)]! 


lid, 
—pv* i —idk. (7) 
eI 


Then the integrand of the last integral in (7) is of the 


form 
p’v'(k) _ p*v®(k) 
A—— — B——+ 
ki ks 


ENERGY OF 


MANY-BOSON SYSTEM 1091 
where A, B, are numerical coefficients of order 
unity, and it is easy to see that we make only an error 
a~*O(p**\7/?) in the integral if we replace v(k) b 
v(0). The final result for J, (0) is of course independent 
of the precise value of k,, the value (6) having been 
chosen only for convenience; the essential point is that 
k.~p'v'(0). The method of evaluation of the remaining 
integrals in (4) is the same; the last integral is of order 
\* and need not be considered. The final result for 
E)/n is 


Eo/n = 


pv*(k) 


8 
4ov(0)—4(2r)-* | ——d*k+—+r’p!y!(0) 
k? 15 


— pv(k)v(|k—k’|)v(k 
—— + i RR? 


23 ( 


p*v*(k) 
+ (2m) Ff ——d*k+a~*O(p*#X72), (8) 
| 


eat 


where the symbol F before the last integral means that 
the “finite part” of this divergent integral is to be taken 
according to the following prescription: One renders the 
integral finite by excluding from the domain of inte- 
gration a small sphere of radius k, about the origin, 
imagines the resulting finite integral expanded as a 
Laurent series in k,, and picks out the constant term 
in this series.‘ 

There is clearly a close correspondence between the 
weak-coupling expansion (8) and the lowest-order terms 
of the formal Rayleigh-Schrédinger perturbation ex- 
pansion for Eo/n, which diverges in third order. In 
fact, one finds that the terms in Eo/n which are con- 
vergent when calculated by perturbation theory agree 
with the corresponding terms in the correct weak- 
coupling expansion (8), and that the lowest order in 
which perturbation theory diverges is the integral order 
immediately following the lowest nonintegral order 
in the correct weak-coupling expansion; the divergence 
is the result of trying to represent a nonanalytic function 
of \ (here represented by terms involving A°”?, \7?, ---) 
by the perturbation series of integral powers of \. This 
seems to be a rather general property of perturbation 
theory®; e.g., it also occurs in the many-electron 
problem, where the divergence of perturbation theory 
in second order® is associated with a nonanalytic term 
proportional to 7 Ind (A is the square of the electron 
charge in dimensionless units) which is the term of next 


4 The origin of the term F /- - - is best illustrated by an example. 
Consider an interaction v(k) that is constant for O0<k<a™ and 
vanishes for k >a. Then 


+x p®(k) v®(Q) , 
J > dk= hb, —av*(Q). 


The term v*(0)/k, has already been included in the term involving 
v52(0) in (8), while the term —av'(0) is the “finite part” 
F fo?[v8(k)/k? dk. 

5 T am indebted to C. N. Yang for this observation. 

6 See, e.g., W. Macke, Z. Naturforsch. 5a, 192 (1950); M. 
Gell-Mann and K. A. Brueckner, Phys. Rev. 106, 364 (1957). 
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lower order than )* in the correct weak-coupling (or 
equivalently, high-density) expansion. A further feature 
of the many-boson problem that emerges from (8) is 
that even the third-order term, which is divergent in the 
formal perturbation series, can be obtained from this 
series provided that only the “finite part” of the 
divergent perturbation integral is retained. 

Although the weak-coupling expansion (8) is not 
directly applicable to a strongly-coupled system such as 
the hard-sphere Bose gas, Lee, Huang, and Yang?® 
have shown that at low density the hard-sphere inter- 
action can be replaced by an equivalent pseudopotential 
of finite strength. Upon substituting the lowest-order 
approximation »v(k)=4aa to the LHY pseudopotential 
into the first and third terms of (8), one obtains the 
LHY expression® 


2mpal_ 1+ (128/15)m-*(pa*)! | (9) 


for the first two terms of the low-density expansion of 
the ground-state energy per particle; similarly, substi- 
tution of v(k)=4ma into (2.1) leads to the LHY expres- 
sion [ Eq. (40b) of reference 8] for the number poV of 
condensed particles. The second term of (8) does not 
contribute to the ground-state energy because, as 
shown by LHY, its omission is equivalent to replace- 
ment of the approximate pseudopotential »(r)=4a6(r) 
in coérdinate space by the correct [to the lowest few 
orders in (pa*)!] pseudopotential v(r)=42a6(r)(0/dr)r. 
The fourth and fifth terms of (8) depend sensitively 
upon the high-momentum behavior of »(k), whereas the 
pseudopotential v(k)=4a is only correct for ka; 
hence these terms do not shed any light on the higher- 
order terms in the low-density expansion of Eo/n for the 
hard-sphere Bose gas. 


4. EXCITATION ENERGIES 


In contrast to the ground-state energy, the phonon 
energy E(k) given by Eq. (1.37) is incorrect at low 
momentum k even to lowest nonvanishing order in the 
coupling constant \, since there is a gap E(0) which 
is given by (1.38), (I.25), and (2.2) as 


E(0) = 2epov(0) = a0 (p*X), (10) 


whereas one knows on physical grounds that the true 
phonon energy is linear in k at low k. Since the pair 
theory gives the best (in the sense of the variational 
theorem) approximation to the low-lying spectrum 
which can be obtained by states having a pair structure, 
the incorrect low-momentum behavior (10) must be due 
to neglect of “triad” and “quartet” effects generated 
by Hr and He [Eqs. (B.2) and (B.3) ]. It can in fact be 
shown that the lowest-order triad correction to E(0) 


7K. Huang and C. N. Yang, Phys. Rev. 105, 767 (1957). 


8 Lee, Huang, and Yang, Phys. Rev. 106, 1135 (1957), hereafter 


denoted by LHY. 

® The expression (9) differs from the LHY expression [Eq. (25) 
of reference 8] by a factor of two because they use units such that 
2m=1, whereas we require m=1. 
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is given by 
h?(k) 
57E(0) =— 5 po( 2x) enema, 
2E(k)— E(0) 
$(k) 
1—¢*(k) 
1+9(0)o(k) 


yp panies cctwhibimncenninage 


1+6(k) |’ 


with 


h(k)=[1 -#(OT4| v(0)[36(0) — 2} 


and the expression (11) can be shown by methods 
similar to those used in estimating (B.9) to be of the 
same order of magnitude as the gap (10) itself, so that 
one can hope that an adequate treatment of triad and 
quartet effects would exactly cancel the gap. Since the 
ground-state energy of the pair theory is obtained by a 
variational method, it is insensitive to the detailed 
structure of the ground-state wave function in mo- 
mentum space. On the other hand, the excitation 
energies are intimately related to this detailed structure. 
It is therefore not surprising that the ground-state 
energy given by the pair theory is quite accurate for 
weak coupling, whereas the corresponding phonon 
energy is incorrect at low momentum. The inaccurate 
phonon energy is the price one pays (so long as one 
restricts oneself to states having a pair structure) for 
the more accurate ground-state energy obtained by the 
variational method. 
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APPENDIX A 


We shall show in this Appendix that the errors 
introduced into Eo/n by the replacement $(k) — ¢o(k) 
in (4) are of order \7. The first approximation to the 
solution ¢(k) of the variational integral equation is 
obtained by replacing po, Ji, and J2 by po, 11, and 
T, in (1.23) and solving for ¢(k). The result is 


$(k)=0(k)+¢1(k) = — Lit o1(h), 


where ¢;(k) is found with the aid of (1) and (2) to have 
the following behavior for various values of k: 


i(k) — {44+ (nt dein’)? }}—n—Jeln’}, 
kKp'v3(0), 


k~p'vi(0), 
k>p'v3(0). 


(A.1) 


(A.2) 
(A.3) 
(A.4) 


$:(k)=O(e), 
o1(k)=— kT, (k), 
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The parameter ¢ is given by (3) and differs from the 
dimensionless coupling constant \ only by a factor of 
order unity; the dimensionless variable 7 in (A.2) is 
defined by 


k=[epv(0) ]'n. (A.5) 


To find the contribution of ¢; to Eo/n we substitute 
(A.1) into the various integrals in (4). The factor 


[1—¢*(k) '=[1—Li2+2Ligi(k)—or(k)T"*  (A.6) 


which occurs in all of the integrands can be expanded 
in powers of 


(1—Li?)"[2Ligi(k)—$1°(k) J (A.7) 
for k>ko, where ko is defined by the requirement that 
the quantity (A.7) be unity for k=ko; one finds 
kyo~a~'p*'. The contributions to Zo/n from the interval 
(0,Ro) are all of order \7” or higher so that aside from 
such terms one has 


Eo/n= (Eo/n) © +6 (Ex in/n) +6(Epot/n), (A.8) 


where (Eo/n) is the result (8) obtained by neglect 
of gi, and 6(Exin/m) and 6(Epot/m) are, respectively, the 
contribution of ¢; to the ground-state kinetic and 
potential energies per particle, given by” 


1 ° Did(k) 
5(Exin/n) --—| —_—__—§hk‘dk 
2r*pY ko (1—L,?)? 


1 r® (1+3L:2)612(k) 
f hanmtaviadhiacemial "See 


+. 
2r*p ko 2( 1— L,2)8 


(A.9) 


—k*dk 


f v(k)o1(k) 
ko (1-— E,)* 


1 
6(Epot/) =—_———— 


2r? 


Es, 
0 (1-L,) 


(A.10) 


1 f% v(k)o?(k) 
a 
k 


2r° 


The contributions to all these integrals from the interval 
(Ro,k.) are of order 7 or higher (we recall that ko 
~ap*t) and k.~a~'p*!\!) so that we need only 
consider the contributions from (k,,~). For k>k, one 
can use (A.4) for ¢:1(k) and can write, according to (1) 

> 


L,=—k~pv(k), 1—-L/’1, (A.11) 


and we introduce only errors of order \’’? if we use these 
approximations even for k~k,. One finds in this way 
that the integrals in (A.9) and (A.10) involving ¢,? are 
of orders A‘ and A°”, respectively, while those involving 
$1 give 
10 The kinetic energy per particle is given by 
a fie ® 
3 1 ‘ein | T 
(8p) J $k i(k)” R; 


all other terms in (4) represent potential energy. 
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wo 


v(k) I, (k)dk 
oh a~O (p*3/2) 7/ 3) , 


1 
5(Exin/n) = -— 
2m? ke 


(A.12) 


1 «o 
8 (Eyo1/n)=— f v(k) I, (k)dk 
2rd ke 


+a~*O(p*#Q72), (A.13) 
Both of these integrals are of order A’ and hence of the 
same order of magnitude as other non-negligible terms 
in (8), but these contributions differ only in sign: the 
lowest-order contribution of ¢; to Eo/n cancels between 
the kinetic and potential energies, leaving only a 
negligible term of order \7”. This result is to be expected 
on the basis of the variational theorem, and hence 
serves as a check on the calculation. 
APPENDIX B 

In this Appendix we shall show that the error 
introduced into (8) by our neglect of “nonpair” 
contributions is of order \7. The total Hamiltonian 
(I.2) can be written in the form 

H=Hp+Hr+Ha, 

where Hp is the pair Hamiltonian (1.6) whose ground- 
state energy per particle is (8), and the “triad” and 
“quartet” Hamiltonians Hr and Hg are defined by 


(B.1) 


Hr=V> Dew’ v(k) (aotaytayay—a t+ ae_ntaytay-ao), 
(B.2) 


Hg=3V7 DS wee” VR) Oi tc Oe Ogee’, (B.3) 


where the summation in (B.2) excludes k=0, k’=0, 
and k=k’, while that in (B.3) excludes all values of 
k, k’, and k” which give a term already contained in 
Hr or Hp [see Eq. (I.5)]. We shall estimate the 
“nonpair” corrections to E)/n by perturbation theory, 
taking (H7r+Hg) as the perturbation and Hp as 
unperturbed Hamiltonian; the “unperturbed” eigen- 
states and energies are then the pair eigenstates 
(I.B.6) and their energies (1.44). The calculations are 
simplified, however, by noting that matrix elements and 
excitation energies involving low-lying pair eigenstates 
(I.B.6) differ from those involving the corresponding 
low-lying variational states (1.33) only by terms of 
order n~; one has 


Ep(nine: + -)— Ep(00-+-)= Li!’ mE(k)+O(n-), 
(II (mi'n2’- - +), AT (mina: - -)) 
= (mine! ++), ABC: - +) 1+ Or) J, 


(B.4) 


(B.5) 


where A is any operator involving only a finite number 
of annihilation and creation operators. Equation (B.4) 
follows from (1.44), while (B.5) is a consequence of 
(I.B.6) provided that the pair eigenstates II are 
normalized. Finally, it will be convenient to work in the 
free-particle representation; we therefore write (B.5) 
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in the form 


(TI (mi'n2"- ++), ATL (mime: - + )) 
= (mins «+= [Anime + )L1+0(00)] 


where the free-particle states | 2---) and the trans- 
form A’ of A are given by (7.33) and (1.19), respectively. 

The transforms of the annihilation and creation 
operators in Hr and He with nonzero momentum 
indices are given directly by (1.19), but ao and aot in 
Hy must be treated by an indirect method. The 
simplest procedure, and one that is sufficiently accurate 
for our purposes, is to make the replacement" 


(B.6) 


ay Ny'Bot (B.7) 


in Hy; here mo is a c-number determined by the 
requirement 


not > x (Ny)=n, (B.8) 


where the expectation values are evaluated in the 
perturbed ground state. 

The simplest process generated by Hr is a three- 
phonon “‘vacuum fluctuation” process. The contri- 
bution of this process to Eo/n is found from (B.2), 
(B.4), (B.6), (B.7), and (1.33) to be 


po . g°(kk’) 
" anyf f eens ie. Ca) 
p E(k)+ E(k’) +£E(k+k’) 


where 


g(kk’) = {[1—¢?(k) J[1—¢?(k’) J[1—¢?(k+k’) }} 3 
X Sag’ (qq’ | kk’) (q)[»(g)(q4+q’)—v(q’)], (B.10) 


and A(qq’|kk’) is defined to be unity if the ordered set 
{q, q’, —q—q’} is any permutation of the ordered set 
{k, k’, —k—k’}, and zero otherwise. The integral //”’ 
in (B.9) is restricted so that each unordered set 
{k, k’, —k—k’} of phonon momenta appears only once. 
In order to estimate its order of magnitude we note 
that the dominant contribution to one of the k-space 
integrations comes from O<k<p'v(0); hence this 


“This is a minor refinement of Bogoliubov’s replacement 
ao — No’. 
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integration gives a factor [pv(0) ]!. The other integration 
receives sizable contributions from all values of & which 
are not >a™'; hence this integration gives a factor a~*. 
Finally, there are dimensional factors v*(0) from 
g’(kk’) and a? from the energy denominator. One 
therefore concludes that the contribution (B.9) to the 
ground-state energy per particle is of order a~*p*#/2\7/2, 
By similar analysis one concludes that the contributions 
of all other connected diagrams generated by Hr and 
Hgare of higher order than \’” ;e.g., the simplest process 
generated by Hg gives a contribution of order a~*p**A°. 

In conclusion, a few words seem to be in order 
concerning the validity of the replacement (B.7) and 
our implicit restriction to connected perturbation 
diagrams. Although the linked-cluster form of many- 
body perturbation theory,” which has been so useful 
in the treatment of many-fermion systems, is not valid 
in unmodified form for the many-boson problem due to 
the effects of “depletion of the ground state,” there 
does exist a modified form !® of the linked-cluster 
theorem which is valid for many-boson systems. The 
method of Pines and Hugenholtz!® involves replacement 
of the Hamiltonian H of the system by the statistical 
operator H—yN, where N is the total particle-number 
operator and yz the chemical potential. The replacement 
dy — no}, aot— not is then made in H—yN. In the 
resultant “reduced” Hilbert space the unperturbed 
ground state is the true vacuum state |0) rather than 
the state |) where all m particles have zero mo- 
mentum, so that the usual linked-cluster theorem 
becomes applicable. Since the “nonpair” part of 
H—wN is the same as the “nonpair” part of H, this 
furnishes a justification of our neglect of ‘“‘unlinked”’ 
diagrams in estimating the ground-state energy correc- 
tions due to Hr and Hg. 
2K. A. Brueckner, Phys. Rev. 100, 36 (1955); J. Goldstone, 
Proc. Roy. Soc. (London) A239, 267 (1957); N. M. Hugenholtz, 
Physica 23, 481 (1957); J. Hubbard, Proc. Roy. Soc. (London) 
A240, 539 (1957); C. Bloch, Nuclear Phys. 7, 451 (1958); F. 
Coester, Nuclear Phys. 7, 421 (1958). 

13 T am indebted to D. Pines and N. M. Hugenholtz for empha- 
sizing this fact. 

4S. T. Beliaev, J. Exptl. Theoret. Phys. 34, 417 (1958) [trans- 
lation: Soviet Phys. JETP 34, 289 (1958) ]. 

16 T), Pines and N. M. Hugenholtz (to be published). 
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It is shown that excited state wave functions of free activator 
ions do not provide a completely adequate basis for a quantitative 
theory of the luminescence of alkali halides activated by heavy 
metals. It is proposed that better zero-order wave functions may be 
obtained by allowing interaction between different types of states 
of excitation, and as a practical example of an electronic con- 
figuration which can interact with excited activator configura- 
tions, the electron transfer states of the Seitz model are discussed 
in detail. These states have generally been ruled out because of 
the absence of a halogen-like doublet in the phosphor absorption 
spectra, but a closer analysis shows that the doublet character of 


I. INTRODUCTION 


LKALI halides containing small amounts of 
heavy-metal impurities (such as TI*) exhibit two 
strong absorption bands on the long-wavelength side of 
the fundamental absorption edge.' To explain this 
phenomenon, Seitz? proposed a model in which activator 
ions enter the lattice substitutionally at cation sites. In 
this model, transitions from the ground state of each 
such “center” to localized excitation states built from 
the first excited configuration (6s6p, in the case of TI*) 
were assumed primarily responsible for the absorption 
bands. While arguments have been advanced for 
adoption of a different structural model,* the Seitz 
model is better suited to detailed theoretical study and 
has been the basis for the only quantitative compu- 
tations yet attempted in luminescent systems.‘ In 
addition, it has been used in interpreting absorption 
peaks occurring in a wide variety of activated alkali 
halide phosphors.*° A tendency in all of this work has 
been to regard the two important energy levels of the 
luminescent centers simply as “‘perturbed”’ levels of the 


* Research supported by the Office of Naval Research and by 
the U. S. Air Force through the Air Force Office of Scientific 
Research of the Air Research and Development Command. 

1For references to experimental work and reproductions of 
many important absorption spectra in these solids, see F. Stéck- 
mann, Landolt-Bornstein Tables (Springer-Verlag, Berlin, 1955), 
Vol. I, Part IV, pp. 999-1007. The original work is that of R. 
Hilsch, Z. Physik 44, 860 (1927). 

2 F, Seitz, J. Chem. Phys. 6, 150 (1938). 

3See, for example, R. Hilsch, Proc. Phys. Soc. (London) 49 
(extra part), 40 (1937); and P. Pringsheim, Revs. Modern Phys. 
14, 132 (1942). These authors consider electron transfer processes 
in charged complexes more likely as causes of the absorption bands 
under consideration because of similarities between the behavior 
of the solid phosphors and aqueous solutions of the phosphors. 

4F. E. Williams, J. Chem. Phys. 19, 457 (1951). (KCI:TI). 

5N. D. Potekhina, Optika i Spektroskopiia 2, 388 (1957). 
(NaCl: Ag). 

¢p. H. Yuster and C. J. 
(1953). 

7K. H. Butler, J. Electrochem. Soc. 103, 508 (1956). 

8N. E. Lushchik and Ch. B. Lushchik, Trudy Inst. Fiz. i 
Astron. Akad. Nauk Eston S.S.R. No. 6, 5 (1957). 

9 Williams, Segall, and Johnson, Phys. Rev. 108, 46 (1957). 

1 N. E. Lushchik, Trudy Inst. Fiz. i Astron. Akad. Nauk 
Eston. $.S.R. No. 7, 119 (1958). 


Delbecq, J. Chem. Phys. 21, 892 


the activator atom is of equal importance. Neither of the doublets 
is expected to appear explicitly in the spectra. A numerical 
estimate of the coupling between an excited activator 66) state 
and a typical electron transfer state indicates the possibility of 
strong interaction between these configurations. It is concluded 
that the Seitz model is capable of explaining recent experiments 
on excitation bands, polarization effects, and lattice structure 
dependence of absorption spectra, provided that more emphasis 
is placed on electron-transfer states or other excited states of the 
host crystal which can interact with excited activator con- 
figurations. 


activator, the perturbation (usually very large) being 
due to the interaction of the excited activator with the 
lattice. Configuration interaction, the mixing of other 
states of the crystal with those just mentioned, has in 
effect been disregarded," although its importance in 
the model was discussed qualitatively at the outset by 
Seitz. 

It is generally agreed that the Franck-Condon 
principle” is applicable in this model, i.e., the changes 
in electronic wave functions which take place during 
absorption of light may be regarded as occurring in 
the field of a fixed lattice. One may therefore attach 
considerable physical importance to the threefold- 
degenerate excited P states of the center which exist 
at the instant of absorption, even though the Jahn- 
Teller theorem® predicts that their degeneracy will 
be lifted and the center’s cubic symmetry lowered upon 
subsequent motion of the lattice.?"4 Since little is known 
about this effect, and for the sake of simplification, 
the present analysis will deal in its quantitative aspects 
only with absorption processes. This is in accordance 
with our view that the nature of the excited states 
existing at the time of absorption must be understood 
in detail before the processes accompanying lattice 
relaxation, such as emission, trapping, and radiationless 
de-excitation, can be attacked with unqualified success. 
In terms of the Jahn-Teller effect, we are studying 
degenerate (zero-order) trial functions, in an attempt 
to ascertain their best form. 
¥ In Sec. II we formulate the configuration interaction 
problem using a generalized Heitler-London framework 


1 The “van der Waals” and “‘ion-dipole’’ energies of references 
4 and 5 constitute a partial second-order energy correction which 
might be regarded as “configuration interaction.” The term is 
used here in a much broader sense (see Sec. II). 

2 For references and an analysis of this principle in its appli- 
cation to crystals, see M. Lax, J. Chem. Phys. 20, 1752 (1952). 

18H. A. Jahn and E. Teller, Proc. Roy. Soc. (London) A161, 
220 (1937); H. A. Jahn, Proc. Roy. Soc. (London) A164, 117 
(1938). 

4 U. Opik and M. H. L. Pryce, Proc. Roy. Soc. (London) A238, 
425 (1957); Longuet-Higgins, Opik, Pryce, and Sack, Proc. Roy. 
Soc. (London) A244, 1 (1958). 
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and show that excited states other than the usual 
“excited activator 6s6p states” are of considerable 
importance in the interpretation of absorption spectra 
of alkali halide phosphors activated by heavy metals. 
Section III is devoted to the enumeration and descrip- 
tion of electron-transfer states which are regarded as 
the states most likely to be of importance in the 
configuration interaction, and Sec. IV contains a 
discussion of the configuration interaction and the 
possibility of its manifestation in a series of recent 
experiments. 


II. HEITLER-LONDON STATES OF LOCALIZED 
EXCITATION IN CRYSTALS 


1. General Formulation'®.” 


Consider a system of N atoms or ions of atomic 
numbers Z;(/=1,---,.V) whose positions are given 
by the vectors R;(J=1, ---, NV). The system contains, 
say, an even number M of electrons whose positions 
will be called r;(i=1, ---,M). The total kinetic and 
electrostatic energy operator of this system, with the 
nuclei at rest, is 


Z1Z3€° 
(Rr—R,| 
Ze" 


p hy +220 
I |R;—r,| i<j 


h? 
Hr= ” ied > vii+ 2 2 


i I<J 


z 


In Eq. (1) summations over lower [upper ] case indices 
are understood to run from 1 to M[_N], subject to the 
restrictions given. In applying the Heitler-London 
(H-L) method to the excited states of the crystal, we 
shall make use of certain sets of trial functions, the 
first of which is the set of “zero-order” functions!” 


a= $a(T1,¥2,°** Ta). (2) 


A function gq is obtained by forming a normalized 
antisymmetrized product of the one-electron wave 
functions, centered about appropriate lattice sites, 
which are normally associated with the free constituent 
atoms or ions. Each atom or ion may be assumed to be 
in any of its complete set of states, but generally we 
will use functions ga in which only one or two con- 
stituents are not in a normal, closed-shell state. The 
set ¢a is usually overcomplete and the difficulties 
associated with insuring its orthonormality are formid- 
able because of overlapping of wave functions. These 
problems are soluble in principle and are usually 
overcome in practice.!* One may usually write ¢a as a 


15 See also D. L. Dexter, Phys. Rev. 101, 48 (1956). 

16). L. Dexter, in Solid State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, Inc., New York, 1958), Vol. 6, 
». 353. 

' 17 When used as an argument the vector r,; will be taken to 
include the spin coordinate of the ith electron. 

18 P.O. Léwdin, Advances in Physics, edited by N. F. 
(Taylor and Francis, Ltd., London, 1956), Vol. 5, p. 1. 
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simple linear combination of terms of the form 
(3) 


where @ is the antisymmetrization operator (operating 
on electron coordinates) and the u; are one-electron 
wave functions. When the state gq describes a con- 
figuration of closed shells, only one term of the type 
(3) is required. Examples of zero-order wave functions 
may be found in references 15 and 16, and in later 
sections of this paper. 

Since there is no reason to believe that the matrix of 
Hg» is diagonal in the ¢ representation, we make a 
unitary transformation 


$=) 56 QyaPa, (4) 


in which the coupling coefficients a, are determined in 
such a way that #, is an orthonormal set and Hg is 
diagonal in the ® representation: 


Qu; (11) 42(K2)- >a (Tm). 


(u | Hr v) == fetteaar- Eby». (5) 
Here fdr indicates integration over all space co- 
ordinates and summation over all spin coordinates 
implied in the integrand. A well-known example of 
mixing of this kind is the H-L theory of van der Waals 
interaction, in which the ground-state energy is 
computed in second order of perturbation theory, 
usually without reference to the corresponding first- 
order functions (4). These functions must be brought 
out explicitly in a study of optical transitions involving 
the ground state.'§ 

Equation (4) exhibits configuration interaction as the 
term is used in the present context. States g. may be 
constructed readily from one-electron functions, using 
(3), but as long as Hg can couple these trial states, the 
necessity for a unitary transformation (4), even if made 
by means of perturbation theory, must be investigated. 
In practice, only a small set of functions at a given 
lattice site can be chosen for exact diagonalization, 
since H-L states built from highly energetic and there- 
fore spatially diffuse atomic states are untractable 
because of severe overlap effects. As long as the majority 
of excited crystalline states are known to be sufficiently 
removed in energy from some small group of states, 
however, one may treat this small group exactly and 
formally consider the effects of higher states as negligible 
perturbations. 

It is convenient to regard the sets g, and ®, as classed 
according to multiplicity. Thus, for example, a singlet 
®, is a linear combination of singlet ¢ga’s only, a conse- 
quence of the spin-independent nature of Hz. When a 
spin-dependent term Hg is added to H g, mixing between 
multiplets will occur and a new representation Y must 
be found in which H=H¢+ZH. is diagonal: 


J V,*HV,dr=W 5,0, 
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with 
V,=Li BoyP,. (7) 


The spin-dependent interaction which will attract our 
interest is the usual spin-orbit term 


H = (h?/4m?c?) 3 5 10;-ViViXVj, (8) 


in which @;, V;, and V; are the spin, gradient, and 
potential operators, respectively, for the jth electron. 


2. Application to Phosphors 


The problem of computing excitation energies and 
integrated absorption cross sections on a rigorous H-L 
basis was first treated by Dexter,!®!® who used a 
simplified model involving one-electron-per-atom wave 
functions having vanishing overlap integrals. The 
author has, in another connection,!® extended Dexter’s 
formalism to include overlap terms complementary to 
his exchange terms (i.e., all terms of order S? in over- 
lap'*9). A somewhat similar formalism for the de- 
pendence of the electronic energy on nuclear configura- 
tions, which leads to the construction of configurational 
coordinate curves, has recently been given by 
Kristoffel.”” To the author’s knowledge none of these 
formal methods has yet been applied numerically to an 
impurity activated luminescent system. Such an 
application is a formidable task which requires a 
careful choice of zero-order wave functions. The present 
section is devoted to a critical examination of the use 
of free-ion activator states in such a computation and 
to the possible resolution of a contradiction which 
results. 

. Let us construct the zero-order functions which have 
entered predominantly into discussions of the Seitz 
model of the impurity center. Without serious loss of 
generality, reference is made to heavy metal activators 
such as TI* and Pb** in the discussion where con- 
venient. We set 


Ga QW sa(ti,¥e, 


where Waa is the wave function describing the m 
electrons of the free activator ion in a state a and Yeo 
is a product of the remaining M—™m electron wave 
functions in the crystal. For definiteness we consider 
the lattice to have cubic symmetry about the activator 
site Ry; the Hamiltonian Hy then has this symmetry 
and the functions gq will be required to transform 
according to the irreducible representations of the full 
cubic group. The concentration of centers is assumed to 
be sufficiently small that each center may be treated 
as a single defect in an otherwise perfect crystal. 
States gq ultimately responsible for absorption in the 
A and C peaks” are generally thought to be built from 

YRS. Knox, J. Phys. Chem. Solids 9, 238 (1959). 

2 N. N. Kristoffel, Trudy Inst. Fiz. i Astron. Akad. Nauk Eston. 
S.S.R. No. 7, 85 (1958). 

21 The absorption peaks observed are known as A, B, and C in 
order of increasing energy (for example, in KCI:TI, wavelengths 
at peak absorption are \4= 2475 A, Ag=2100 A, and Ac= 1960 A)? 
Peak B is weak, except at elevated temperatures.! 


++ tm)Wo(fmi1,*** 0M), (9) 
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singlet and triplet states of the activator 6s6p con- 
figuration. For convenience we use the atomic SLJM 
representation” and consider for the present only the 
six states with J=1. Furthermore of these we need 
speak of only one singlet state 41, since the remaining 
two are degenerate with it and uncoupled from it; 
likewise, we speak of only one triplet state ya3. These 
functions transform according to corresponding 
columns of the I,’ representation® of the cubic group. 
The ground state ¢o is built from the 6s?(4So) activator 
ground-state function. We henceforth assume ¢o to 
be uncoupled from ¢; and ¢;, although it may mix with 
higher states such as those in which two atoms are 
excited. The energy (o| Ho) is taken as the reference 
level of the system. 

The states g; and ¢3 may now be used to compute 
first-order excitation energies of the impurity center. 
If we assume negligible or zero configuration interaction 
first-order energies may be obtained simply by diagonal- 


izing the matrix 
("" “n, 
H,3* 33 


Hag - eon gad T. 


The eigenvalues W4 and We of this matrix are easily 
computed and we fix our attention on their difference, 6: 


§=We—Wa=2[3 (Hu—Hss)?+|Ais|2]. (12) 


The off-diagonal element H,; depends solely on the 
spin-orbit interaction Hs, since Hg does not couple 
pure singlet and triplet states. The diagonal elements 
Hao are extremely difficult to compute rigorously for a 
given nuclear configuration, and the most successful 
advance in this direction has been that of Williams,‘ 
who obtained part of the matrix element H33 as a 
function of the amplitude of the T; normal mode of 
vibrations of the six Cl- ions neighboring a TI* impurity 
in KCl. With no knowledge at all about 1); and H3; we 
may, however, conclude from (12) that 6 has a lower 
bound: 


(10) 
in which 


(11) 


6=We-—War2|M:;). (13) 


The quantity | 1,;| has heretofore been assumed equal 
to its value in the free ion,*** since the spin-orbit 
operator has appreciable effect on the 6p electron only 
near the nucleus of the activator ion. This argument is 
tenable only in an approximation which neglects the 
explicit overlapping of atomic wave functions, since 


* See, for example E. U. Condon and G. H. Shortley, The Theory 
of Atomic Spectra (Cambridge University Press, London, 1935), 
Chap. VII. 

*3H. A. Bethe, Ann. Physik 3, 133 (1929). 

* R.S. Knox and D. L. Dexter, Phys. Rev. 104, 1245 (1956). 

*5 F. E. Williams and P. D. Johnson, Phys. Rev. 113, 97 (1959). 
Further similar work by these authors is reported in Bull. Am. 
Phys. Soc. Ser. II, 4, 147 (1959). 
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the normalization of the activator functions is affected 
by overlap. An order-S* treatment results in the follow- 
ing additional inequality (Appendix A) : 

Hy3|2 | His! 0, (14) 


where |H3/0 is the absolute value of the spin-orbit 
coupling matrix element of the free heavy-metal ion 
involved, i.e., 


(15) 


| Ai3|o= [vat bade . 


Physically, (14) can be viewed as follows in terms 
of a redistribution of the 6p activator wave function. 
In using symmetrically orthogonalized orbitals, one 
essentially moves the wave functions away from regions 
of strong overlap. Some compensation for this is had 
by the electron’s spending some time on the neighboring 
ions, and some by an effective increase in the amplitude 
of the original orbital near the nucleus. The latter 
“renormalization” effect, which increases | Hj3| 0, turns 
out to be the dominant effect in this particular problem. 
(Naturally, the use of such an inequality must be 
justified in other applications of the tight-binding 
method to spin-orbit parameters in crystals.) 

Combining (13) and (14) we obtain 


6=We-—Wa22| Mis], (16) 


which provides a connection between two quantities 
both of which may be deduced quite easily from 
experimental data. Obtaining 6 is a matter of measuring 
the distance between any two phosphor absorption 
peaks we wish to describe by excited activator 6s6p 
(J=1) states, in our case the A and C peaks.”! The 
matrix element |H,3|9 may be derived unambiguously 
from data on free TI* energy levels,”* and has the value 
0.625 ev in TI* and 0.986 ev in Pbt*. The quantities 6 
and 2|H,3|9 are compared in Table I. Note that the 
inequality (16) is violated in every phosphor listed 
except the thallium-activated chlorides. 

The equality sign in (16) holds if both (a) Hy, is 
identically equal to H33, and (b) Aj; is entirely un- 
affected by overlap. Therefore, (16) is very conservative 
in that actual computations will be likely to predict 
values of 6 much larger than 2| 3! o. A computation of 
the order-S? corrections in the case of KCI:TI (using 
the wave functions referred to in the Appendix) yields 

H,;| ~1.21!H3|9 at the TI-Cl equilibrium ground- 
state separation computed in reference 4, which 
requires that 621.51 ev, as compared to the experi- 
mental value of 6= 1.37 ev. 

One means of explaining this widespread violation of 
the minimum splitting condition without abandoning 
the true atomic-orbital H-L method is to invoke 

26 The method used is due to G. W. King and J. H. Van Vleck, 
Phys. Rev. 56, 464 (1939). Their parameters A and ¢ were com- 


puted for Tl* in reference 24, and the matrix element discussed 
here is | 113! 9=274A¢. 


S$. KNOX 


configuration interaction. Instead of the simple zero- 
order states g, and 3, we choose the more general 
states [see Eq. (4) ] 


?; = A1¢1+)>.« Gaga; 
};= 433¢3t+ 26 38 ¢3, 


in which summations run over all possible crystal H-L 
states except the one which is taken outside the sum. 
To simplify the analysis we assume, with Seitz, that 
the singlet state is more likely to be affected by con- 
figuration interaction than the triplet. Thus we retain 
¢3 as the best zero-order function for the pure triplet 
state, analytically expressing this by setting a33= 63g. 
The submatrix connecting , and ®; has the form 


( a 
’ 
Hizs* Hess 


Hu f 0H bdr 


(17) 
(18) 


(19) 


where 


Therefore 


Jey [= = p Qa" Aa’ Hea’, 


KH i3= > ee Qa*Ha3, 
and 


H33= H33. (23) 


Here summations run over all singlet states. The 

TABLE I. Experimental test of inequality (16). The energy 
difference 6 between the phosphor A and C absorption peaks 
should equal or exceed the minimum splitting 2| H13| if “activator 
6s6p states’ fully account for these peaks. The quantity 1—a? is a 
conservative measure of the failure of these states to describe the 
charge distribution of the excited states of the center (see text). 
Experimental values of 6 were taken from various sources,*~4 and 
the method of obtaining | //;3| 9 is discussed in the text. 


6=We-Wa 2| 


— 

® 

<u” 
o 


Phosphor 


NaCl: Tl 
KCI: Tl 

RbCI: TI 
CaCl: Ti 


bo peed pe pe 
NwWKW / 
mun! 


NaBbr: Tl 
KBr: Tl 

RbBr: Tl 
CsBr: Tl 


ah fe 
ho bo lS bo 
mmm 


Nal: TI 
KI:TI 

RbI: Tl 
CsI: Tl 


bt pee fh 
hh hh 
aun 


NaCl: Pb 
KCl: Pb 
RbCI: Pb 


_ 
So 
~ 


NaBr: Pb 
KBr: Pb 


KI: Pb 


® See reference 1. 
b See reference 2, 
© See reference 6. 
4 See reference 8. 
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derivation of a lower bound on 6 goes through exactly 
as before, with the result 


6=We- W 42 2 a Qia*A3| . 


We do not care to specify any zero-order singlet states 
other than ¢, and have no information on the relative 
phases of the summands in (24). Hence we make the 
reasonable starting assumption that only a@,,*H,; con- 
tributes appreciably and obtain 


(24) 


6=We-Wa22|a11| | Hy3|2> 2] ai} | H13| 0. 


(25) 


Because of our assumption, this is not a rigorous 
inequality, but it is the better, the closer a); approaches 
unity, since all other coupling constants @jq vanish in 
this limit. Rearranging (25) and squaring, we have 


lan |?S (6 2| H13| 0)?=a’. (26) 


When this inequality may be considered valid, it is 
equivalent to an assertion that in a given phosphor, 
when the triplet excited state is purely ¢3, at most a 
fraction a? of the charge associated with the singlet 
state responsible for A and C absorption may be 
described by ¢. Alternatively, at least a fraction 
1—a? of the charge must be described by singlet states 
other than ¢}. 

The quantity 1—a? is shown in the last column of 
Table I’; naturally, it is greater than zero in each 
instance of a violation of the minimum splitting 
condition. In KI:TI, for example, only a little over 
half the singlet charge distribution can be described by 
¢1. It is of course important in extreme cases such as 
this one to revisit the assumption made in obtaining 
(26). It is clear that the maximum allowable value of 
a); is not unity because the inequality would be rigorous 
in this limit. Some self-consistent procedure is necessary 
to obtain an extremely reliable upper limit on @,;, and 
to do this, specific interacting states must be introduced 
to estimate H,3. It is felt that (26) has much heuristic 
value in estimating upper limits on a,’ in spite of the 
need for this slight but difficult refinement,”’ since the 
inequality (24) is highly conservative for reasons 
discussed earlier.?® 

This section may be summed up in the following 
terms. Simple H-L states of the crystal built from 'P and 
’P terms of the free activator ion lead to levels in the 
crystal whose separation is expected to be equal to or 
greater than 2| H,3!o. This condition is violated, so the 
zero-order functions chosen for the computation must 


27 An investigation into the effects of second-order spin-orbit 
perturbation on (24) has been made, and similar remarks apply. 
Violation of the minimum splitting condition is not explicable 
by the inclusion of higher perturbation terms. 

28 There are some similarities between our analysis and the 
work of Owen and of Marshall on the problem of g-shifts in 
hydrated iron-group salts [J. Owen, Proc. Roy. Soc. (London) 
A227, 183 (1955); W. Marshall, invited paper read at the Cam- 
bridge, Massachusetts meeting of the American Physical Society 
(1959), Bull. Am. Phys. Soc. 4, 142 (1959)]. The models and 
perturbation methods are not the same, however, and a detailed 
comparison has not been attempted as yet. 
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be faulty. At this juncture there exist two alternatives 
within the H-L framework: (1) New quasi-atomic 
functions may be substituted for the free activator 
functions, these new functions being chosen in some 
variational or self-consistent way such that the crystal 
Hartree-Fock equations are better satisfied.” (2) Other 
standard H-L zero-order states may be mixed into the 
original states by the crystal Hamiltonian Hg (thus 
generating the new set ®,). These two methods are 
equivalent insofar as a redistribution of charge in the 
zero-order states is effected in each case. We prefer to 
speak in terms of alternative (2), since one can, in 
principle, write down the detailed charge distribution 
of the standard zero-order states at once if the ap- 
propriate atomic functions are available. This avoids a 
certain degree of arbitrariness which would attach to 
alternative (1). Even if alternative (1) were taken, 
configuration interaction could hardly be disregarded 
since it seems to be important under alternative (2). 
Furthermore, excited activator states overlap con- 
siderably with neighboring atoms and the symmetry 
of the lattice may be especially important in determining 
the over-all charge distribution of the best zero-order 
states. The strongly perturbing states may themselves 
participate in determining the details of the absorption 
spectra of the centers. 


III. HEITLER-LONDON ELECTRON- 
TRANSFER STATES 


1. Discussion of Excited States 


It was shown in Sec. II that states other than the 
usual excited activator states must play an important 
role in most phosphors activated by heavy metals in a 
quantitative H-L application of the Seitz model. It was 
not necessary to specify the nature of these combining 
states. There are several plausible configurations upon 
which new H-L states can be constructed, and we 
consider three possibilities: (1) higher excited activator 
configurations (such as 6s7p, 6s7s, etc.); (2) excitons 
(i.e., excited states closely associated with the host 
crystal itself); and (3) electron transfer configurations, 
in which an electron from a neighboring halide ion is 
removed to the activator. Bloch states, which might 
best describe the highest one-electron levels of the 
crystal,”* will be immediately dismissed because of their 
relatively high energy. 

Higher excited Tl* configurations have been con- 
sidered by Butler’ in an attempt to explain the double 
excitation band which lies under the A absorption 
band.’ His assignments are not compatible with the 
minimum splitting condition of Sec. II, since he sets 
6=0.25 ev and places the 6s7p combining level too far 
away (1 ev) to justify strong mixing as the possible 


29 See the discussion by F. Seitz, The Modern Theory of Solids 
(McGraw-Hill Book Company, Inc., New York, 1940), pp. 
412-413. 

#7). A. Patterson and C. C. Klick, Phys. Rev. 105, 401 (1957). 
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+ 


(b) 


Fic. 1. A two-dimensional ionic lattice illustrating various 
zero-order H-L excited states of a crystal. Light + and — signs 
denote host lattice ions, while heavy + signs denote heavy metal 
impurities. Solid circles represent “excited’’ halide ions and dotted 
circles represent halide ions containing a hole. The configurations 
shown are (a) localized exciton on the excitation model; (b) 
slightly modified “(a)” state in a position to interact strongly with 
excited states of the impurity center; (c) localized exciton on the 
transfer model; (d) slightly modified “(c)” state in a position to 
interact with the center; (e) an electron-transfer state of the 
impurity center. 


cause of this small splitting. The enormous free-ion 
6s7p('P;) excitation energy of 15.6 ev makes it seem 
likely that the corresponding states in the crystal are 
lost in the continuum. We prefer not to consider these 
and similar states quantitatively in the present 
discussion. 

An exciton state which mixes with an impurity state 
state must have point symmetry (k=0, or any re- 
cirpocal lattice vector). States of localized excitation 
may in fact be considered, since they are to be used 
only as perturbing states. Two zero-order models of 
the electronic structure of the exciton in alkali halides 
have been proposed, and it is instructive to discuss them 
briefly in the present context. On the excitation 
model,*!*2 a valence electron of the halide ion is raised 
to a state in which most of its charge remains localized 
at the site of excitation, the rest being distributed over 
the lattice with cubic symmetry with exponential 
damping from the excitation site. A state of this type 
is sketched in Fig. 1(a). A halide ion close to a heavy 
metal activator ion can contribute a state similar to this 
which will probably mix strongly with an excited 
activator state [see Fig. 1(b) ]. On the electron transfer 
model, an electron of the halide ion is removed and 
added to a neighboring alkali ion, and appropriate 
linear combinations of hole states surrounding the 
atom to which the electron has been transferred* are 
constructed in order to satisfy point symmetry require- 


311), L. Dexter, Phys. Rev. 83, 435 (1951). 

# 1D. L. Dexter, Phys. Rev. 108, 707 (1957). 

% A. von Hippel, Z. Physik 101, 680 (1936). 

% A.W. Overhauser, Phys. Rev. 101, 1702 (1956). 

86 Equivalently, a linear combination of electron states around 
the hole. See the last paragraph of Sec. III of reference 34. 
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ments. A state of this type, sketched in Fig. 1(c), will 
also interact with excited impurity states under condi- 
tions such as those sketched in Fig. 1(d), but when the 
ion to which an electron has been transferred is the 
impurity itself [Fig. 1(e)_] one can hardly continue to 
think of the resulting state as a perturbing exciton. 
Such a state is what we call an “electron transfer state 
of the center”. 

Energetically, mixing of nearby localized excitons 
with excited states of the activator is probably more 
favorable than mixing of higher activator states. The 
first-order energy of the slightly modified localized 
exciton is certainly of the order of magnitude of the 
fundamental absorption energy of the crystal, regard- 
less of the model of the exciton’s electronic structure, 
and is therefore about 0.5 to 2 ev removed from the 
states responsible for C-peak absorption. 

We prefer to treat in greatest detail the electron 
transfer states of the luminescent center, since they 
seem to have the highest probability of lying close to 
the energies of the A and C peaks of the phosphors 
under consideration. If one modifies the observed 
fundamental absorption energy by the difference in 
ionization energies of the host and activator ions,** he 
arrives at an energy one or two ev below the funda- 
mental band in TI* activated salts, which is precisely 
the neighborhood of the B and C absorption peaks. 
This argument, which is incomplete in the case of 
Pb** activators because of the neglect of large polari- 
zation effects, has only heuristic value because it 
depends on the validity of a particular exciton model. 
Nevertheless, we consider electron transfer states 
worthy of quantitative attention on the grounds that 
they have often been considered qualitatively and 
correspond to charge-transfer states which are of 
importance in molecular spectra.*” 

While it is at present a practical impossibility to 
complete a rigorous H-L computation of the electron- 
transfer absorption energies and strengths of transitions 
because of the lack of atomic activator and halogen 
wave functions, it is possible to obtain much information 
on the basis of symmetry arguments and rough 
calculations. 


2. Description of Transfer States 


Since a locally excited electron may already spend 
part of its time on any of several ions because of overlap 
effects, the notion of “transferring” an electron is 
simply a device which enables us to construct zero-order 
states whose symmetries depend more directly on the 
lattice structure than in the case of excited activator 
states. A detailed treatment of transfer states in which 


*6P. D. Johnson and F. E. Williams, J. Chem. Phys. 21, 125 
(1953). These authors were concerned with the nature and 
position of the B absorption peak. 

57G. Herzberg, Molecular Spectra and Molecular Structure 
(D. Van Nostrand Company, Inc., Princeton, New Jersey, 1950), 
second edition, Vol. I, pp. 384, 576. : 
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a p-like hole is coupled to linear combinations of s-like 
electrons was given by Overhauser.* In the present 
problem, p-like hole functions are coupled to a #-like 
electron, and a typical configuration might be written 
T1(6s’6p)C1(3p*). Thus three times as many localized 
zero-order states can be constructed here, and an 
enumeration of the resulting energy levels is given in 
Table II. It is seen that one additional singlet Ty’ level 
and three additional triplet T',’ levels are possible in 
the CsCl lattice as compared with the NaCl lattice. 
We will return to this point shortly. 


3. Transition Probabilities and Energies 


It is instructive to treat the electron transfer states, 
like the states of localized excitation, in an approxi- 
mation which neglects configuration interaction. Only 
a crude quantitative picture will be obtained because 
most overlap effects will be ignored and the process of 
absorption depends for its very existence on overlap 
of wave functions (in particular, overlap of the activator 
atom 6 function after the transfer and the np halide 
ion function before the transfer). A consistent and 
accurate treatment should undoubtedly include overlap 
terms of order considerably higher than S*, but for 
simplicity we neglect all explicit overlap integrals and 
retain (a) two-center dipole matrix elements and (b) 
two-center exchange integrals. While numerical results 
thus obtained may not be relied upon for precision, it is 
reasonable to trust the gross properties of the matrix 
elements we compute. The inclusion of overlap effects 
is often accomplished by the substitution of sym- 
metrically orthogonalized orbitals for atomic wave 
functions. It is known that these orbitals have the same 
symmetry under the operations of the group of the 
crystal as the functions they replace,** so matrix 
elements found to be small or zero are probably small 
or zero to a high order in overlap. 

Only those levels having I,’ symmetry may be 
reached from the ground state (I; symmetry) by 
dipole-allowed optical transitions. Transition moments 
have been computed® under the foregoing simplifying 
assumptions and it is found that in both the NaCl and 
CsCl lattices one T; > Ty’ (singlet) transition has an 
accidentally zero probability. Thus one might expect 
three strong transfer absorption peaks in the former 
case, and four in the latter (see Table II). In the 
presence of appreciable spin-orbit mixing of the singlet 


TABLE IT. Enumeration of p*:s?p electron transfer states and 
levels in the two cubic ionic lattice types. The column marked 
I,’ gives the number of states having I'y’ symmetry. 


Triplet 
Levels I,’ 


Singlet 
Levels ry’ 


Lattice 
type 
NaCl 
CsCl 


States States 


._ = «+ 67~—«10 
=z 8 #«S . 2 


8. C. 
3 R. S. Knox (unpublished work). 


Slater and G. F. Koster, Phys. Rev. 94, 1498 (1954). 
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and triplet states, one may obtain many more absorp- 
tion peaks from this particular transfer configuration 
(as many as 18 in the CsC] lattice). 

For many years transfer states of the type discussed 
here have not been taken very seriously, one argument 
being that the halogen atom doublet structure, observed 
in the fundamental absorption of the host, is absent in 
the characteristic impurity absorption. Matrix elements 
connecting the singlet and triplet transfer states can 
however be readily shown® to be linear combinations of 
€sp(activator) and ¢,,(halogen), where ¢ is the standard 
spin-orbit parameter, computed for the activator and 
halogen atoms. Thus the situation here is quite different 
from that of either model of exciton states, in which the 
excited electrons go into atomic s or s-like states and 
do not contribute to the spin-orbit coupling. The 
halogen ground-state doublet separation is not likely to 
appear explicitly in the spectrum of the phosphor if 
transfer states are important. Splittings of any doublets 
which appear will be governed by linear combinations 
of the activator and halogen splittings. This is not a 
small effect; the Tl° ground-state doublet separation is 
0.97 ev. Thus in KCI:TI], any doublet splitting from 
0.11 to 1.08 ev is consistent with a simple electron 
transfer model. Even greater splitting can result from 
electrostatic interactions. In this connection we can also 
see that the minimum-splitting condition is not neces- 
sarily violated on a pure electron transfer model. If it 
were possible to isolate certain groups of singlet and 
triplet transfer states which could be held responsible 
for A and C peak absorption, the minimum splitting 
condition would appear roughly as follows: 


52> 2| k{ep(activator) —/¢,,(halogen) |. 


Here & and / are unknown combinations of coupling 
constants with unknown phases, but we include a minus 
sign to suggest possible cancellation due to the normally 
negative sense of almost-closed-shell spin-orbit energies. 
If k and / have approximately the same phase and 
magnitude, the minimum allowed splitting becomes 
smaller as the atomic number of the halogen increases. 

The results of parts 2 and 3 of this section are 
applicable to an electron-transfer model of exciton 
absorption in the thallous halides. This will not be 
discussed in detail since serious problems of zero-order 
state descriptions arise,” but it should be interesting to 
see how the characteristic TIC] absorption lines change 
when this compound is grown in the NaCl-type lattice 
structure.” 


IV. DISCUSSION 
1. Configuration Interaction 


In nearly all interpretive and theoretical work on 
alkali halide phosphors during the past two decades, 
there has been a tendency to associate excited activator 
states with the substitutional model and electron 


1, G. Schulz, Acta Cryst. 4, 487 (1951), 
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transfer states with the charged-complex model. These 
models have primarily to do with the geometry of the 
environment of the impurities and may be referred to as 
“structural models”. There is no reason to believe 
that both types of excited electronic states cannot exist 
in both structural models, and Seitz qualitatively 
discussed the transfer states in connection with the 
substitutional-ion model. If the charged-complex model 
is in fact the true structural model, then excited 
activator states must be viewed in the light of the 
results of Sec. II, in which it was not necessary to 
specify the detailed nature of the environment of the 
impurity. While a lower symmetry might relax some 
selection rules and allow more weak absorption peaks, 
the two principal absorption peaks would still be 
subject to the minimum splitting condition. Electron 
transfer peaks, whose number and transition proba- 
bilities depend quite explicitly on the activator’s 
environment, would need an analysis similar to that of 
Sec. III, possible only with knowledge of the details of 
this environment. We shall continue to discuss both 
kinds of zero order models of the electronic states on 
the basis of the Seitz substitutional model, since such a 
large effort has already been spent in quantitative work 
in this direction, and since there does exist some recent 
experimental and theoretical evidence for substitutional 
replacement (in KCI:Tl).“-* It should be noted, 
however, that the motion of Pb** impurity ions under 


applied electric fields appears to correspond to that of 
negatively charged complexes.* 

The fact that excited activator and electron transfer 
states may interact is readily established on the simpli- 
fied computational scheme of Sec. ITI. The value of a 
typical connecting matrix element 


ff ctttwentr, 


where ¢ is a zero-order activator 6s6p singlet state 
(see Sec. II) and ¢; is a typical electron transfer state 
of the center, is ~0.6 ev. This rather large coupling 
(between states which are presumed to lie only a few 
tenths of an ev apart) is further evidence that simple 
excited activator states provide an incomplete picture 
of the KCI: TI luminescent process. 

Although this estimate of the interaction energy is 
based on the electron transfer states of the center, a 
large interaction between the activator states and 
exciton states (see Sec. III) is also suggested, 
since the fundamental absorption band of the crystal 
lies only 0.5 to 2 ev above the T]-induced levels and the 
possibly diffuse nature of the exciton wave function 
could lead to a similarly large interaction matrix 


“1 P. Brauer, Z. Naturforsch. 6a, 560 (1951); 7a, 372 (1952). 

#W. A. Runciman and FE. G. Stewara, Proc. Phys. Soc. 
(London) A66, 484 (1953). 

“W. J. Fredericks and A 


1958 


B. Scott, J. Chem. Phys. 28, 249 
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element. The importance of this interaction has often 
been stressed by Dexter.“ 

If transfer states do have excitation energies 
comparable to the A and C absorption energies, their 
effect might well be explicit in absorption spectra. 
We have already alluded to the possibility that the A 
and C peaks are entirely of electron-transfer character 
and have pointed out that the absence of halide doublet 
splitting is not unexpected in such an assignment. 
Rather than allow the full burden of explaining the 
observed spectra to fall on either type of electronic 
excited state, however, we prefer to regard one type 
as a (possibly large) perturbation on the other. In 
spite of their useful symmetry properties electron 
transfer states have been shown to be unwieldy as 
detailed zero-order descriptions of excitons in the alkali 
halides, and this may well be the case in luminescent 
centers. 


2. Comparison with Experiment 
a. Absorption 


The phosphors KCI: T] and KI: TI have been studied 
extensively, and the following analysis will be based 
largely on experimental work on these systems. At low 
temperatures and low activator concentrations, there 
are at least three absorption peaks (A, B, and C)” 
whose integrated absorption coefficients are propor- 
tional to the number of activator ions. One additional 
peak of this sort occurs at 5.5 ev in KI:T] between the 
C peak and the fundamental absorption band,® and 
Eby and Teegarden* find a similar peak (D) at 6.7 ev 
in KCI:Tl at —180°C [see Fig. 2(a) ]. Of these the C 
peak absorbs most strongly, and as a rule, the peaks 
are nearly symmetric. However, in KI:T] the C peak 
seems to have three components, which Yuster and 
Delbecq feel are due to splitting of the three de- 
generate states of the excited activator 'P; level. At 
room temperature, the picture is about the same, but 
both the A and C peaks in KCI:TI1 begin to show some 
structure,** it again appearing that the C absorption is 
not composed of a single line. Still more drastic changes 
take place at high temperatures, where the B and C 
peaks interchange their low-temperature relative 
strengths. This phenomenon was first observed by 
Forr6“ and we shall refer to it as the “Forré effect.” 
At high TI* concentrations in KI:T] new absorption 
bands appear whose strength is proportional to the 
square of the concentration.® We choose not to discuss 
this phenomenon, which is generally felt to be caused 
by the interaction between nearby activator atoms. 
Finally, there are structure-sensitive effects. In CsI:T] 
there exists a ‘‘B” peak comparable in strength to the 


4 See, e.g., reference 16, p. 394. 

45 J. E. Eby and K. J. Teegarden, unpublished work (Uni- 
versity of Rochester, March, 1958). 

‘6 T). A. Patterson, Phys. Rev. 112, 296 (1958). 

47M. Forr6, Z. Physik 56, 534 (1929). 
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Fic. 2. Optical absorption of KCI:TI (a) at approximately 
— 180°C, (b) at room temperature (after Eby and Teegarden‘). 


A and C peaks, in contrast to the spectra of the other 
alkali iodides.! Eppler and Drickamer*® have found a 
similar peak in KI: T] when this phosphor is forced into 
the CsCl-type structure by high pressures. 

On the excited-activator model with no configuration 
interaction, these effects are difficult to explain. It is 
even impossible to relate A and C band integrated 
absorption coefficients to the corresponding oscillator 
strengths in the free ion, which should be possible if the 
tight-binding model were valid.!® The Smakula equation 
predicts that the oscillator strengths of the 4So— °P, 
and 1S)—'!P, transitions within the free Tl* ion will 
have a ratio g~ 1/6 on the basis of absorption strengths 
in the KCI: TI crystal,”4 while the actual free-ion ratio, 
which has not been measured, has the fairly reliable 
computed value g~ 1/28. A study of the actual magni- 
tudes of predicted oscillator strengths also fails to 
support the tightly-bound model.'® It was pointed 
out in reference 24 that a deduction of g from the 
absorption strengths in the crystal is rather sensitive 
to details of the theory of the luminescent center, and 
this has been borne out in subsequent attempts®”® to 
find a quasi-atomic oscillator strength ratio with which 
to compare the number obtained from the Smakula 
equation. The method of reference 9, in which experi- 
mental crystal absorption energies are used in place of 

'®R. A. Eppler and H. G. Drickamer, J. Phys. Chem. Solids 6, 
180 (1958). 
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Fic. 3. Excitation spectra for KCl:T] emission at 3050A 
(a) at approximately —180°C, (b) at room temperature (after 
Eby and Teegarden*). 


atomic term values, yields g~1/2, which is an over- 
estimate by a factor of 3. This method has been modified 
in reference 25 to yield g~1/7 although the simul- 
taneously predicted absorption energies (W¢=6.38 ev 
and W,4=4.78 ev) do not correspond to the experi- 
mentally observed peak absorption energies. Moreover, 
the formalism of references 9 and 25 is of rather re- 
stricted applicability. It is based on obtaining a value 
of H,,—H33 from a knowledge of 6 and |A3/, using 
essentially Eq. (12). Since Hi,—H33; must be a real 
number, the method fails whenever the minimum 
splitting condition is violated, i.e., whenever 6 is less 
than 2|H,;|. This is the case in all but the Tl-activated 
chlorides (see Table I). 

Perturbing electron transfer states, or quite similar 
combining states, may be responsible for many of the 
phenomena discussed above. In KC]:T] and KI: TI the 
D absorption peak, mentioned above, could be due 
primarily to a direct electron transfer state of the center 
which combines with the 'P, state. The B peak may also 
be explained in this way (see reference 36). If this is the 
explanation, it is evident from our estimate of the 
interaction matrix element (above) that strong 
configuration interaction is present, since the B—C 
and C—D separations are only about 0.4 ev. Further- 
more, one can expect a temperature variation of the 
total integrated absorption coefficient of a band if the 
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Fic. 4. Emission 
of KCI:TI under ex- 
citation with 6.35- 
ev photons (1960 A) 
at approximately 
— 180°C. (after Eby 
and Teegarden*®), 
The apparent double 
peak is probably a 
single peak centered 
at 5.0 ev experienc- 
ing reabsorption in 
the A band (see ref- 
erence 25). 
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Condon approximation breaks down.” In this approxi- 
mation the dipole matrix element involved in an 
electronic transition is taken to be independent of 
configuration coordinate. It is evident that electron 
transfer dipole matrix elements, which depend on 
overlap of wave functions, can have a strong and even 
exponential dependence on configuration coordinate.” 
The appearance with increasing temperature of new 
absorption bands under the A and C peaks in KC1:TI 
could, for example, be due to an admixture of singlet 
transfer states into the excited activator singlet state. 
The Forré effect might likewise be viewed as a (some- 
what spectacular) result of a breakdown of the Condon 
approximation. The appearance of a new absorption 
line when the lattice structure is changed from NaCl 
to CsCl type is not unexpected on the basis of electron 
transfer states according to our formulation in Sec. III, 
where we showed that one additional singlet state 
exists in the low-lying electronic configuration in 
the case of CsCl structure. It should be noted, 
in this connection, that there is some doubt as to 
whether the “B” peak observed by Eppler and 
Drickamer in KI:T] at high pressures is actually a 
displaced B peak or an entirely new peak, since the B 
peak at normal pressures lies outside the spectral range 
of their apparatus. Its relatively strong absorption 
indicates to us that it may be new. Finally, since transfer 
states are essentially unrelated to the free TI* ion and 
are probably mixed strongly into the excited Tlt H-L 
states, one no longer expects to find a precise relation- 
ship between oscillator strengths in the free ion and 
those deduced from the KC1:T] abosorption spectrum. 


# D. L. Dexter, Suppl. Nuovo cimento 7, 245 (1958), especially 
pp. 274-276. 

5 Dipole matrix elements for the three allowed singlet transi- 
tions were computed for KC]:TI] in the range R=5.2a9 to 6.0ao 
(R=separation between TI and nearest Cl shell), using the wave 
functions referred to in the Appendix. It was found that one 
decreases exponentially with R, one is nearly constant, and one 
actually increases with R in this range. 
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b. Dynamical Effects 


While lattice relaxation and related processes 
following absorption have been purposely avoided here, 
it is interesting to examine some recent excitation and 
emission spectra [Figs. 3(a), 3(b), and 4] in the light 
of the possibility of configuration interaction. It is well 
known that absorption in either the A or C band 
produces fluorescent emission of light simultaneously 
in two distinct bands (3050 A and 4750 A in KC1:TI). 
An important step in unraveling this effect was the 
discovery’ of two distinct excitation bands lying 
under the A absorption band in KC: TI. Light absorbed 
in the vicinity of 4.75 ev leads primarily to emission 
at 4750 A, while 5.0 ev absorption leads primarily to 
emission at 3050 A. A second important step was the 
recent discovery by Williams and Johnson®® and 
independently by Eby and Teegarden* that a fairly 
broad emission band, centered directly on the A 
absorption band, is excited by absorption in the C 
peak (see Fig. 4). Williams and Johnson constructed 
configuration coordinate curves which predicted this 
new emission, as shown in Fig. 5(a). The system 
originally oscillates around the point G, and absorption 
to A leads, after lattice relaxation, to emissions via 
JK (4750 A) and LM(3050 A). Absorption to C leads 
to emission EF whose energy falls within the absorption 
band GA, and reabsorption of EF light again leads to 
the two longwave emissions. Although this charac- 
terization of the system is strikingly successful in 
predicting the new emission, it ignores the double 
excitation band, and we propose an alternative scheme 
as shown in Fig. 5(b). These curves are based partly 
on Fig. 5(a) but are qualitative in origin and no effort is 
made to specify the exact electronic structure in 
contrast to reference 25. However, we feel that they 
have the following advantages: first, the upper excited 
state curve is flatter, which makes possible a broad 
emission EF. This emission band is in fact broader than 
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CONFIGURATION COORDINATE 
Fic. 5. Configuration coordinate curves describing dynamical 
effects in the KCI:Tl phosphor, (a) computed by Johnson and 
Williams,** (b) proposed in the present article. Vertical lines 
indicate electronic transitions obeying the Franck-Condon 
principle and the curves indicate the energy of the system as a 
function of a single configuration coordinate. 
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the absorption GA which it embraces. Second, these 
curves make an allowance for separate excitation of 
the two longwave emission bands; since A and A’ are 
separated by 0.25 ev there is a very small chance that 
an “equilibrium” between the populations of these 
curves will occur. Stimulation of both emissions by A 
band absorption is considered simply a result of the 
overlapping of the absorption bands GA and GA’. 
Third, the long wavelength emissions can remain 
distinct at room temperature as observed, whereas the 
double minima in Fig. 5(a) are separated by a barrier 
which is only kT in height at room temperature and a 
rather diffuse emission in the entire range of 2.5 to 4.0 
ev is actually predicted. Finally there is the problem of 
polarization of emitted light under 2475 A excitation. 
Klick and Compton® found that at liquid helium 
temperature KCI: TI centers excited with A-band light 
polarized along one of the cubic axes tended to emit 
with the same polarization at 3050 A but isotropically 
at 4750 A. Any polarization effects predicted on the 
basis of Fig. 5(a) must be identical for both emissions. 
The curves of Fig. 5(b) are independent and a difference 
in the center’s dynamical behavior, depending on the 
details of the electronic state to which it is raised, is 
possible. It should be emphasized that all of the curves 
in Fig. 5 are drawn under the assumption that the 
lattice retains its cubic symmetry in the excited state 
and that a single configuration coordinate suffices to 
describe the dynamical processes. This is only schematic 
in the case of Fig. 5(b), where a different coordinate 
might be important for each excited electronic state 
during relaxation and for the ground electronic state 
after luminescent emission. If the state represented by 
curve LA in Fig. 5(b) were to contain a large admixture 
of electron transfer states, the Jahn-Teller effect could 
be very large because of a rather violent charge re- 
distribution and thus be responsible for the Klick- 
Compton result. Little is known quantitatively about 
this effect except in very simplified models which have 
no resemblance to degenerate charge-transfer states. 

Dynamical processes accompanying absorption in 
the B peak probably involve some thermal activation, 
as pointed out by Dexter.” Although appreciable B 
absorption occurs at both low temperature and room 
temperature (Fig. 2), emission at 3050 A seems to result 
only at room temperature (Fig. 3). Since the question 
of radiationless de-excitation takes us rather far afield, 
we prefer not to speculate on this point at present. 


3. Conclusions 


It has been shown that Heitler-London states 
constructed solely from free activator-ion states cannot 
provide a complete description of the excited states of 
luminescent centers in alkali halide phosphors activated 
by heavy metals. It is emphasized that this does not 


51C, C. Klick and W. D. Compton, J: Phys. Chem. Solids 7, 
170 (1958). 
8 DPD. L. Dexter (private communication). 
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mean rejection of the Seitz structural model; rather, 
there is needed a re-examination of the relative im- 
portance of the zero-order electronic states involved.™ 
The possibility of electron transfer states being 
important in determining absorption phenomena is 
reopened, and it is shown that the absence of an 
observed splitting of the order of magnitude of the 
halide doublet splitting is not a sufficient reason to 
reject these states. The view finally adopted is that 
the states responsible for A and C absorption may 
consist largely of excited activator states, but with 
admixtures of nearby states of more complicated 
structure whose total absorption strengths can be 
temperature dependent. There results a more flexible 
model upon which structure-dependent and dynamical 
effects can be given a rough qualitative explanation. 
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APPENDIX 

The detailed nature of the atomic states involved in 
computing Hj; (see Sec. II) must be brought out to 
examine overlap effects. We choose atomic singlet 
and triplet states with L=1, J=1, and M=0, of the 
form 

gil P;, M=0)=2-', ¢(0'0-)— ¢(0-0*) |, 
¢g3@P;, M=0)=2-'[ g(1-0-) — ¢(—1*0*) ]. 

The notation of Condon and Shortley” is used, in which 
(a*c*) denotes a product of one-electron functions in 
which the 6p electron has orbital momentum m,=a 
and spin +3, depending on the sign of 6, and the 6s 
electron has m,;=c with spin indicated by d. In the 
present context the functions g(@’c*) include as factors 
all one-electron functions of the crystal and each 
function is symmetrically orthogonalized. The matrix 
element which interests us is 


(Al) 


Hy= | ot seas 
=4[(0+0-| Hs|1-0-)— (0-0+| Hs|1-0-) 
— (0*0-| Hs| —1+0+)+ (0-0*| Hs|—1*0*)], (A2) 


53 In a recent note, S. Makishima (unpublished) has suggested 
“transition within bonds” as responsible for absorption in these 
phosphors. A natural H-L description of the excited states on this 
electronic model, which is actually based on the Seitz structural 
model, would seem to consist of electron transfer configurations, 
the “bond” being described by overlap in the usual way. The 
author is indebted to Dr. C. C. Klick for calling his attention to 
this work and for providing him with a copy. 
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which reduces to” 
= (0'0-| Hs] 1-0-). (A3) 


Since Hg is a sum of one-electron operators and the 6p 
functions are orthogonal by spin summation, we need 
only compute the single term 


Ay; mest f $6 p+ “" NA s¢gepi _(r)dr. (A4) 


where 
¢a= fa—} Lop Spafaté dip Ly SypSpafy—***; 


and the f, are one-electron atomic wave functions. 
Here the usual overlap integral has been employed, i.e., 


Sa8 = [sorter = bas: 


Substituting (A5) into (A4) and dropping all terms of 
order S* or greater, we obtain 


H,;>= (113)0o+A +B+C, 


(AS) 


(A6) 


(A7) 


where 


(Hss)o= f fons" sfom dr, 


A = 3 > 2 (| Sspo3 a|°+ Sepi pb 2) (A13)0, 


B= } ds Ds Sg 6 p04 * Sa’ 6pl [stitched 


—3 Lis (s: 6 p0+ +f ietttsfen dr 
+S2 6p1 ff + of if sfar) ° 


We wish to show that B and C are too small to 
reverse the sign of A, which obviously has the sign of 
(H,3)0, the atomic off-diagonal matrix element. C is 


and 


Ss. KNOX 


always considerably smaller than A, since near each 
nucleus the product /gfe, either contains one relatively 
smooth function and one rapidly oscillating function 
or it is negligibly small. In the former case, the oscil- 
lations of the rapidly varying function reduce the 
integrals in C sharply by cancellation.™ If fg and fg: are 
on different atoms, the contribution to B is of order S* 
and is automatically discarded. If fg and fs are of the 
same spin or are both s functions the contribution to B 
is zero because of both the overlap integrals and the 
spin-orbit integral (it should be noted that s functions 
make a sizeable contribution to A). The remaining 
terms of B cannot overtake A because (i) the important 
virtual spin orbit energies /'fs*Hsfsdr are closely 
related to halogen spin orbit energies and are therefore 
always smaller than (H;3)o, and (ii) the orthogonality 
of fepo; and f¢p:- removes many terms in the summation 
which might otherwise help cancel terms in A [e.g., 
there are no terms involving (S,)*, where S, is the 
largest overlap between neighboring p functions |. We 
conclude therefore that the sign of A+B+C is the 
same as the sign of A and obtain from (A7) and (A8) 


| H13/> | Hi3| 0. (A9) 
Qualitatively this result is caused by a renormalization 
of the 6p wave functions after they are forced out of the 
overlap region. 
The diagonal spin-orbit-matrix element 


[ests o3dT 


has a considerably different form and virtual spin-orbit 
energies of neighboring atoms may be more important 
in order S*. This matrix element is however not used 
in the derivation of the minimum splitting condition. 


5 To demonstrate this argument quantitatively, computations 
were made for the cases of most serious overlapping in the KCI: TI 
system, using the best available wave functions [TI*: Douglas, 
Hartree, and Runciman, Proc. Cambridge Phil. Soc. 51, 486 
(1955); Cl-: D. R. Hartree and W. Hartree, Proc. Roy. Soc. 
(London) A156, 45 (1936)]. The result was C/A~10™ for 
6p—3p and 6p—3s overlap. The author is indebted to the solid 
state group of the Institute of Optics, University of Rochester, 
for the computation of a-functions used in this paper. 
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Curves have been obtained of the temperature dependence of the electron mobility in a set of n-type silicon 
samples of varying impurity content and compensation between about 30° and 100°K by combining data 
from electrical resistivity and Hall effect measurements. The curves have been used in an experimental test 
of the applicability of the Brooks-Herring formula to the ionized-impurity scattering of electrons in silicon 
under conditions for which the Born approximation is valid. Impurity concentrations in the samples were 
determined by analysis of the Hall vs temperature data. It was necessary to correct for the lattice-scattering 
contribution to the observed mobility in comparing the Brooks-Herring formula with the experimental 
results. It is found that the formula gives a good quantitative description of the results when an electron 
effective mass of 0.3 of the true mass is used, provided that the ion scattering is not too strong. When ion 
scattering is dominant, however, such as at low temperatures in relatively impure samples, there is a dis 
crepancy between formula and results which may be due to électron-electron interactions. 


I. INTRODUCTION 


*CATTERING by ionized impurity atoms consti- 
tutes one of the most important mechanisms 
limiting the mobility of current carriers in a semicon- 
ductor like silicon, particularly in relatively impure 
samples and at low temperatures. This paper describes 
an experimental study of the ionized-impurity scattering 
mobility of electrons in silicon, made primarily to test 
the existing theory. The most nearly rigorous treatment 
giving an expression for the mobility as a function of the 
concentration of impurity ions and the temperature, 
under conditions to which the Born approximation 
applies, was carried out independently by Brooks and by 
Herring. Their expression is the well-known Brooks- 
Herring formula,'~* which we shall present and discuss 
later. Four (other) important assumptions were made in 
the derivation of the formula; viz., that the scattering is 
describable by a (scalar) relaxation time, that the 
current carriers occupy states on spherical surfaces of 
constant energy in k space, that electron-electron inter- 
actions can be neglected, and that special scattering 
effects originating in the impurity cell or its immediate 
vicinity can be ignored. It is known or suspected that no 
one of these assumptions is completely justified for 
electrons in silicon.!? The main objective of the study 
reported here has been to try to determine, by careful 
experimentation and analysis of results, just how accu- 
rately one can describe the ionized-impurity scattering 
of electrons in silicon by the Brooks-Herring (BH) 
formula, and so to gain some insight into how ood, or 
bad, the above assumptions really are. No such experi- 
mental test of the theory had previously been made for 
silicon. 
Our approach has been to measure the electron 


1H. Brooks, in Advances in Electronics and Electron Physics, 
edited by L. Marton (Academic Press, Inc., New York, 1955), 
Vol. 7, pp. 85-182. 

2F. J. Blatt, in Solid-State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1957), Vol. 4, pp. 
199-366. 

3 P. P. Debye and E. M. Conwell, Phys. Rev. 93, 693 (1954). 


mobility, by combining electrical resistivity and Hall 
effect data,’ in a set of n-type silicon samples of varying 
impurity content and compensation over the range of 
temperature where ion scattering figures importantly in 
limiting the mobility, and then to try to fit the results by 
using the BH formula. The temperature interval (~30° 
to 100°K) and impurity concentrations (<10'* atoms 
per cm*) were also limited to the ranges where the Born 
approximation should be quite accurately applicable. 
There was always a certain amount of lattice scattering, 
and possibly other mechanisms also, so that it was 
necessary to separate the ion-scattering contribution 
from the others in order to make the comparison with 
theory. The samples were chosen such that, as much as 
possible, the mobility would be determined only by ion 
and lattice scattering. We have paid particular attention 
to making the most accurate measurement possible of 
the impurity concentration in each sample, since this is 
obviously requisite to a sensible quantitative evaluation 
of the BH formula. 

In the next section we describe the experiments and 
present the results obtained from them. In Sec. III we 
write down the BH formula and give a fuller discussion 
of it and of what modifications one might expect in it 
due to the failure for n-type silicon of some of the as- 
sumptions on which it is based, and in Sec. IV we 
analyze the results to determine how well they are fit by 
the BH formula. Section V presents conclusions drawn 
from the present study. 

II. EXPERIMENTS AND RESULTS 

We have measured the electrical resistivity and Hall 
coefficient as functions of temperature from around 30° 
to 300°K on a set of six phosphorus-doped n-type silicon 
samples of rather widely varying impurity content and 
compensation. The p-type minority compensating im- 
purity was boron. The two purest samples were cut from 
crystals grown in vacuum by the floating-zone method, 
and the other four were from crystals grown by the 
Czochralski method. No attempt was made to prepare 
the samples with any particular crystallographic orien- 
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Fic. 1. Hall coefficient vs temperature (°K) for n-type silicon 


samples SP6A, SP4A, and SM3. 


tation, but instead they were cut from the crystals in 
such a way as to give the best possible uniformity of 
impurity distribution. All of them were of the conven- 
tional “bridge” shape,? with the electrical contacts 
formed by alloying antimony-doped gold with the 
silicon. 

None of the samples exhibited any “thermal conver- 
sion” changes of resistivity due to the heat treatments 
they underwent during the alloying of contacts.‘ More- 
over, longer-time heat treatments on several samples cut 
from the same crystals as those used here and from 
others grown in the same (Czochralski) apparatus pro- 
duced no observable thermal conversion effects of the 
types reported, for example, by Fuller and Logan. 
Thus, the samples must have been relatively free of the 
dissolved oxygen which presumably causes the thermal 
conversion heat treatment effects; the two floating-zone 
samples would be expected to contain very little oxygen.‘ 
We are not aware of the presence of significant concen- 
trations in the samples of any other impurities or 


‘See C. S. Fuller and R. A. Logan, J. Appl. Phys. 28, 1427 
(1957); and Kaiser, Keck, and Lange, Phys. Rev. 101, 1264 
1956). 
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Fic. 2. Hall coefficient vs temperature (°K) for n-type silicon 


samples SP1A, SP2A, and SM2. 


defects which could conceivably act as scattering 
centers. 

The experiments were carried out with the samples 
mounted in a liquid-helium cryostat similar in design to 
that of Fritzsche and Lark-Horowitz.® The sample tem- 
perature was measured by a platinum resistance ther- 
mometer, and all voltages were read on Rubicon type B 
potentiometers. The magnetic field for the Hall effect 
was provided by a Varian 12-inch electromagnet and 
was measured by a Rawson rotating-coil gaussmeter. 
The magnetic field was generally kept weak enough that 
the Hall measurements were essentially of the coefficient 
in the limit of vanishing field strength, and it is implicit 
in the remainder of this paper that only the ‘“‘weak- 
field” Hall effect be considered.!? It was sometimes 
necessary, however, to compromise with this condition 
in order to keep the Hall voltage large enough for accu- 
rate measurement, but the observed Hall mobility 
should differ from the true weak-field value by only a 
few percent in such cases. 

The Hall coefficient vs temperature data are plotted 
in Figs. 1 and 2. Plots of the Hall mobility uz vs temper- 


°H. Fritzsche and K. Lark-Horowitz, Physica 20, 834 (1954). 
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ature for the six samples are given in Fig. 3. The Hall 
mobility is defined as the ratio of the Hall coefficient Ry 
to the resistivity p; i.e., 


hu=Ru/p. (1) 


We have chosen to plot the Hall mobility rather than 
the resistivity, itself, simply because it is the more 
useful quantity for our later analysis. 


III. PRELIMINARY DISCUSSION OF 
BROOKS-HERRING FORMULA 


This section contains information which will be 
needed to analyze the experimental results. We have 
already pointed out that the Brooks-Herring formula is 
based on the important assumptions that the Born ap- 
proximation applies, the relaxation time is a scalar, the 
energy surfaces are spheres, electron-electron interac- 
tions are negligible, and impurity cell effects can be 
ignored. The expression for the relaxation time ry as a 
function of the ion concentration ;, derived for these 
assumptions, is!? 

x?(2m*)}e3 


yatN fin 1+ (2ka)*) —1/[1-+ (2ka) 2)" 


where x is the dielectric constant (x= 12 for silicon), m* 
is the carrier effective mass, ¢ is the carrier energy, g is 
the electronic charge, and ka is the product of the 
carrier’s wave number and the effective distance at 
which the scattering potential is cut off. The condition 
for applicability of the Born approximation is, essen- 
tially, that 2ka be much larger than unity,? so that the 
term in curly brackets in (2) can legitimately be re- 
placed by {In[(2ka)? ]—1}. 


The (drift) mobility is given by 
Mar=Q{t1)/m*, (3) 


where (77) is the Maxwellian average.'? It is not possible 
to carry out the integration involved in taking this 
average analytically, because (2ka)? is a (linear) func- 
tion of €; however, since the logarithmic term is, itself, 
only a slowly varying function of the energy, a reason- 
able and accepted approximation is to remove it from 
the integrand and to set its value at that corresponding 
to the value of ¢« for which the integrand has its maxi- 
mum; vz., 3kT. In this approximation, the expression 
for the mobility is 
T? 
— 
Nr{inb—1} 
27/2 Rix? 


1=—— (5) 


wigim*? 


24rm*«(kT)? 
bs ——_—___—_-. (6) 
n' Ph? 


(4) 


where 


The n’ in (6) is related to the density » of electrons in 
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the conduction band (for m-type material) and the 
densities Np and N44 of donor and acceptor atoms by? 


n'=n+(n+Na)[1—(n+Na)/Nd]. (7) 


It should be noted that the {Inb—1} term in Eq. (3) 
is a function of the degree of compensation in a sample, 
through its dependence on Np and Na, and of the 
carrier density; it is a term which in effect weights the 
ion concentration N; according to the amount of shield- 
ing of an ionic charge by the free carriers and by 
distribution of electrons over adjacent impurity sites. 
Thus, two samples which contain equal ion concentra- 
tions at some temperature will in general exhibit differ- 
ent mobilities if they contain different relative numbers 
of donors and acceptors. 

Now, if the assumptions behind the BH formula were 
completely correct for electrons in silicon, one could 
expect to fit Eq. (4) to experimental mobility results, 7 
being calculated from the known values of the effective 
mass and the other parameters in (5). Since, however, 
probably none of the assumptions is fully justified in the 
actual case of electrons in silicon, it is of importance to 
inquire what kinds of changes might occur in Eq. (4) as 
a consequence. 

Let us first consider together the assumptions of a 
scalar relaxation time and spherical energy surfaces, 
since they are somewhat related. It is now well known 
that there are six equivalent energy minima in the con- 
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duction band of silicon, located along the [100]-type 
axes in k space at distances of about 0.85 of the recip- 
rocal lattice vector from the center of the Brillouin 
zone.® The surfaces of constant energy at each minimum 
are prolate spheroids, which can be represented by 
equations of the form 


Wskftk, k? 
sete) 
2 m,* m* 


where for silicon the effective mass parameter transverse 
to the spheroid principal axis has the value m,* 
= (0.19+0.01)mo, and the longitudinal mass is m* 

(0.98+0.04)mo. 

Ion scattering cannot cause electron transitions be- 
tween states in different conduction band minima, be- 
cause it cannot provide the large momentum change 
required. The dominant contribution to the ion scat- 
tering comes from very small scattering angles. This 
fact leads, however, to the expectation that the relaxa- 
tion times for scattering along the two principal direc- 
tions of the energy spheroids of a single minimum will be 
different because of the difference in effective masses, 
assuming that a relaxation time can even be defined for 
such an anisotropic case. Thus, the occurrence of 
anisotropic energy surfaces in the conduction band of 
silicon probably causes the relaxation time to be a tensor 
rather than a scalar, and may even make the use of a 
relaxation time unjustified.’ 

Ham’ has calculated the relaxation times for pure ion 
scattering for the principal spheroid directions assuming 
small-angle scattering and finds that 7,;/7,~4, where the 
subscripts / and ¢ refer to motion parallel and perpen- 
dicular, respectively, to the major axis. Brooks! points 
out that it is uncertain how to average these principal 
values over all directions to obtain a mobility, but that a 
plausible method suggests that the average value of the 
coefficient 7 in Eq. (4) is probably less than 10.6X 10", 
which corresponds to an (apparent) effective mass in 
(5) of m*=0.2mo, where mp is the true electron mass. 
The units to be used for » throughout this paper 
1 giving the mobility in 


(8) 


are (cm-volt-sec-degrees?) 
cm?/volt-sec. 

Even though electron-electron interactions were neg- 
lected in deriving the BH formula, they are actually 
expected to be rather effective when ion scattering is 
dominant in a sample. We shall only briefly sketch the 
reasons here, since they have been discussed in detail 
elsewhere by Debye and Conwell. When ion scattering 
dominates, the relatively large momenta which can be 
acquired from the electric field by the higher-energy 
electrons due to their long mean free paths will be par- 
tially redistributed among the other electrons by elec- 
tron-electron interactions, resulting in a lowering of the 
over-all mobility below what it would be in the absence 
of such interactions. In the extreme, the ion scattering 


‘ 


( 
- 


:. Feher, J. Phys. Chem. Solids 8, 486 (1959), 
’. S. Ham, Phys. Rev. 100, 1251 (1955). 
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mobility could be lowered to 60% of that predicted by 
the BH formula. Since the effect should be important 
only when ion scattering is dominant, it would manifest 
itself in an apparent decrease with decreasing tempera- 
ture of the coefficient 7 necessary to fit mobility data by 
the BH formula in relatively impure samples. Electron- 
electron interactions can lower the mobility for any 
scattering mechanism which is energy dependent, such 
as lattice scattering also, but the effect should be much 
less important for lattice than for ion scattering.* 

There seems to be no way at present in which to make 
any sort of a meaningful quantitative estimate of im- 
purity cell effects. Brooks! has indicated that one would 
qualitatively expect such effects to strengthen the 
scattering by an ion and to make it less energy de- 
pendent than represented by Eq. (2). A discussion of the 
Born approximation assumption will be given in Sec. IV 
in connection with the experimental results. 


IV. ANALYSIS AND DISCUSSION OF RESULTS 


The objective in this section is to determine how well 
the mobility data can be described by the Brooks- 
Herring formula, and particularly to find the proper 
value of the coefficient 7 relating the ion scattering 
mobility to the impurity concentrations and tempera- 
ture, assuming that the BH formula gives the correct 
functional dependence on these parameters. To do this 
we must first deduce from the Hall effect and mobility 
data the ion concentration .V; and drift mobility ua as 
functions of temperature in each sample. A discussion of 
possible uncertainties and errors in the procedure to be 
described below will be given later in the section. 


Analysis of Data 


We want to use the drift mobility for comparison 
with theory rather than the Hall mobility partly be- 
cause the existing (analytical) expression for the de- 
pendence of the actual mobility in a sample on the ion 
and lattice scattering contributions, war and wat, refers 
specifically to drift mobility. The ‘‘mixed scattering” 
expression is as follows’: 

— 


Ma=HadL L+-3"| Cir cosr+Six sinx— ae , (9) 
y) 


where 2°= 6ya1/uar. It is derived under the assumptions 
that the relaxation time for lattice scattering depends on 
the carrier energy as 

(10) 


— | 
TEZecE * 


, 


and that the energy dependence of 7; is as given in Eq. 
(2), with the logarithmic term again set at its value for 
«= 3kT to permit analytic integration. In general, the 
best argument for dealing with the drift mobility is that 
it is much the simpler to treat, both conceptually and 
mathematically. The drift mobility can be determined 
sufficiently accurately for our purposes from the meas- 
ured Hall mobility for each of the samples, so that the 
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considerably greater difficulty involved in dealing with 
the Hall mobility is avoided. Actually, it can be shown 
that no additional error is introduced by deducing the 
drift mobility from the Hall, because essentially the 
same steps involved in doing so would have to be per- 
formed anyway in comparing the Hall mobility with 
theory. 

The problems of finding the ion concentration and 
drift mobility as functions of temperature turn out to be 
inseparably related for reasons made clear below. The 
most reliable and accurate way of determining N7 is 
from the Hall vs temperature curves. The method is well 
known and has been discussed recently by us*® and 
others’’" for both p-type and n-type silicon. It involves 
fitting the theoretical statistical carrier density vs tem- 
perature equation for a semiconductor containing both 
donors and acceptors to an experimental curve obtained 
from Hall data. For n-type silicon, the equation is! 


n(n+N a) 2.75X 1057 ie— 0! kT 


- ——_= —_—_—____—— i; Ae 
(Np—Na)—n 14+5e-4/*FT+ So; ge 4 /*T 
The factor 2.75 10!°7? is the effective density of states 
in the conduction band, which derives its value from the 
known effective masses quoted previously. The quantity 
€, is the ionization energy of the donor impurity, ~ 0.044 
ev for phosphorus, and A is the splitting energy of the 
“1s” level,” which for the phosphorus donor is about 
0.01 ev.*-” The A; and g; are the separations in energy 
from the ground states and the degeneracies, respec- 
tively, of the various excited states of the donor 
impurity.” 

At very low temperatures where n<Nu4, Eq. (11) 
simplifies to an equation linear in the carrier density, 
which can then be solved for V4 to give 


(Np—Na) 2.75X 10! Tie- «0! #? 


Va= 


——— (12) 
n 1+-5¢e—4/4T 


This equation applies to the temperature range where 
the inRy vs 1000/T curves appear to be straight lines in 
Figs. 1 and 2. Thus, one can solve for the acceptor con- 
centration, knowing » at some low enough temperature. 
The 5e~4/*? term is much smaller than unity at very low 
temperatures, so that satisfactory results can be ob- 
tained by using the rough value of 0.01 ev for A. The 
quantity (Vp—WNa) is simply m at temperatures high 
enough that essentially all of the uncompensated donors 
are ionized. The ionized impurity concentration is then 


8 Long, Motchenbacher, and Myers, J. Appl. Phys. 30, 353 
(1959). 

9D. Long and J. Myers, Bull. Am. Phys. Soc. 4, 145 (1959) ; also 
D. Long and J. Myers, following paper [Phys. Rev. 115, 1119 
(1959) ]. 

Pp, A. Lee, Brit. J. Appl. Phys. 8, 340 (1957). 

11 E. H. Putley, Proc. Phys. Soc. (London) 72, 917 (1958). 

2 W. Kohn, in Solid-State Physics, edited by F. Seitz and D. 
bay (Academic Press, Inc., New York, 1957), Vol. 5, pp. 
257-320. 
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Fic. 4. Hall factor r vs ua/uar ratio for n-type silicon. 


found from the relation 


N1=2Na+n, (13) 


and is a function of temperature through the tempera- 
ture dependence of x. 

Now, the carrier density is to be determined from the 
Hall coefficient according to the relation* 


n=r/Ruq, (14) 


where the “Hall factor” r is the ratio of the Hall 
mobility to the drift mobility. Thus, knowing r at all 
temperatures for a sample, one can both determine V 4 
and deduce wag from the observed yu. The two related 
problems posed above therefore reduce to the one 
problem of finding r as a function of temperature. 

The Hall factor depends both on the energy band 
structure and on the relative strengths of different 
scattering mechanisms, and is in fact given by the 
product of an energy band part and a scattering part,! 
for the isotropic scattering being assumed here. The 
energy band part is easily calculated for n-type silicon 
from the known mass parameters and is equal to 0.86. 
The scattering part has been calculated by Jones and 
others,'® using the relaxation time-energy dependence 
relationships of Eqs. (2) and (10). Their results are 
plotted as a curve of seat 0S the ratio wa/uar. Blatt" and 
Mansfield'® have pointed out, however, that a more 
careful calculation results in a lowering of the values of 
Yscatt Near the end of the curve where ion scattering is 
dominant. This is brought about by recognizing that the 
energy in the logarithmic term of Eq. (2) should really 
be approximated by (9/2)kT when calculating the Hall 
mobility instead of by 3kT, because the Maxwellian 
integral (7,*) involved in the Hall mobility has its 
integrand maximum at this higher energy. Figure 4 
shows curves of r vs wa/uar for our samples in which are 
18H. Jones, Phys. Rev. 81, 149 (1951); V. A. Johnson and K. 
Lark-Horowitz, Phys. Rev. 82, 977 (1951). 

“4 F. J. Blatt, Phys. Rev. 105, 1203 (1957). 

15R, Mansfield, Proc. Phys. Soc. (London) B69, 862 (1956). 
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included the 0.86 energy band factor and the Blatt- 
Mansfield correction, the magnitude of which we have 
simply estimated for each sample over the range of 
#ta/ar- In constructing Fig. 4 we had to recalculate the 
weak-ion-scattering end of the curve from the tables of 
Beer et al.,‘° since the published curves® are not accurate 
at that end. It is interesting to note in Fig. 4 that r<1 
over the range in which ion scattering is weak but still 
not negligible; we have been able to demonstrate this 
fact for several of the samples studied here, at tempera- 
tures where ion scattering was of the required strength, 
by observing that the Hall coefficient tended to become 
larger with increasing magnetic field strength as it ap- 
proached the infinite-field situation where r= 1'. 

We have used the following iterative procedure to 
deduce the most nearly correct Hall factor vs tempera- 
ture curves from the experimental results. We began for 
each sample by assuming that r= 1 at all temperatures, 
and used a value of m obtained under this assumption 
from Eq. (14) and the Hall data at some low tempera- 
ture (generally around 30°K) to determine N4 from 
Eq. (12). The ionization energy to be used in Eq. (12) 
was found from the following expression, which is 
simply Eq. (12) solved for €, with m evaluated at tem- 
peratures T,; and 72, both of which are in the range 
where n<N«: 


k 
€ 


" QT t/T) 


n,/T 3 1+5¢e-4/er 

x{in(’ — )+in(- er )} (15) 
no/T 3 1454/02 

From the resultant N4, the known dependence of 
on temperature, and Eq. (13), we then obtained N; as a 
function of temperature. The next step was to calculate 
the ion scattering mobility for these NV; in the tempera- 
ture range of interest, using the BH formula with 
n=8.6X10'7, which corresponds to m*=0.3mo. [We 
have also used this effective mass in calculating the 
quantity 5 of Eq. (6); the exact value used is unim- 
portant because of the logarithmic dependence on 6. ] 
Of course, this means employing a result which we are 
really proposing to determine by the present procedure, 
but it is both unavoidable and justifiable for two main 
reasons. First, the procedure of comparing experiment 


volves finding that value of » which will give the most 
consistent description of several inseparably related 
types of experimental results; i.e., it is not possible to 
analyze the data by a procedure consisting of a succes- 
sion of well-defined, independent steps. Second, r is not 
very sensitive to the exact ratio of wa to war for most 
ratios anyway, as can be seen in Fig. 4, and is therefore 
relatively insensitive also to the value of 7. Further 
justification will appear later. 

16 Beer, Armstrong, and Greenberg, Phys. Rev. 107, 1506 
(1957). 
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Once this first war vs T dependence was known, we 
could find the ratio uy/uar in the same range, using the 
Hall mobility data. It was then possible to construct an 
r vs T curve by combining the values of this last ratio at 
various temperatures with Fig. 4, assuming also that ux 
can be used in place of ug at this stage. This first Hall 
factor curve was then used (as an improvement over the 
r=1 assumption) in a second iteration, which started 
from values of m calculated from the Hall data by means 
of this first curve. It was also used to correct the ob- 
served yy values to ug in first approximation. 

The above procedure was continued for each sample 
until the r vs T curve remained practically unchanged in 
successive iterations. It should be noted here that the 
value of €, usually changed slightly from one iteration to 
the next, but the changes were never larger than about 
0.0005 ev. Also, there was a general slight decrease of the 
(final) ionization energy with increasing impurity con- 
centrations from one sample to another; thus, the 
energy varied from 0.0445 ev in SP6A to 0.0425 ev in 
SM3. The last values of NV; and jg obtained are then 
presumed to be the most nearly correct that it is pos- 
sible to determine from the data. 

The final Hall factor vs temperature curves for three 
representative samples are plotted in Fig. 5. It is ap- 
parent that r is never very different from unity except 
at the lowest temperatures in the more impure samples 
(SP1A and SM3), so that the initial assumption that 
r=1 at all temperatures was not far wrong in most 
cases. The final ug vs T curves for all six samples are 
plotted in Fig. 6. The drift mobility curves are notice- 
ably different in shape from the Hall mobility curves of 
Fig. 3 only at the lowest temperatures in the relatively 
impure samples, as expected from the behavior of the 
Hall factor. 

The first two columns in Table I list the values of V4 
obtained for each sample under the r= 1 assumption and 
using the final r vs T curve. The third column lists the 
results for Vp obtained by combining (Vp—N 4) with 
the N4 from the second column. It is interesting and 
important to note in Table I that the two values of Na 
are roughly the same for each sample, even though they 
might have been expected a priori to be quite different. 
The reason for the near agreement is that the change in 
the value of » used in calculating N«4 from Eq. (12), 
caused by the difference in the dependence of the Hall 
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3. 5. Hall factor r vs temperature curves for samples 
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factor on temperature between the final r vs T curve and 
the r=1 case, turns out to be largely compensated by 
the accompanying change of e,. For example, when the 
Hall factor curve assumes a shape like that for sample 
SM3 in Fig. 5, n will be larger at around 30°K than for 
the r=1 case, but the exp(—e,/kT) term in Eq. (12) 
will also be larger due to the smaller €,. Since these two 
effects proved to be of approximately the same magni- 
tude in all of the samples, V4 is relatively independent 
of the detailed dependence of the Hall factor on tem- 
perature. This fortunate occurrence permits us to be 
reasonably confident of the correctness of the values of 
Na and Np given in Table I, as it means that the results 
found are not very sensitive to any assumptions made in 
deriving the r vs T curves. Of course, it does not elimi- 
nate possible errors due to inaccurate absolute measure- 
ments of ¢€,, which we feel might easily cause the values 
in Table I to be wrong by as much as 20% (correspond- 
ing to an error of about 0.0005 ev in e,). The difficulty of 
making an accurate determination of the ionization 
energy leads to probably the largest single source of 
error in this entire investigation. 


Test of Brooks-Herring Formula 


The crucial test of the BH formula occurs now as we 
determine how well it describes the mobility behavior in 
Fig. 6. The criterion for agreement of the formula with 
experimental results can be expressed as follows. There 
must be a single (constant) value of the coefficient 7 
which will permit one to reproduce the experimentally 
observed (drift) mobility curve for any sample by using 
Eq. (9) to combine the values of waz, calculated from 
Eq. (4) and the known N; and 3, with those of waz at all 
temperatures. The lattice scattering mobility vs temper- 
ature curve for electrons in silicon obviously has to be 
unique; i.e., independent of sample purity. We have 
plotted this curve in Fig. 6, as derived from the observed 
mobilities in the purest sample, SP6A, using Eq. (9) to 
subtract the ion scattering contributions calculated 
from Eq. (4) with 7=8.6X10!”. The shape of the curve 
is quite insensitive to the magnitude of n, because the 
ion scattering is so weak in this purest sample. 

Also shown for each of the other samples in Fig. 6 are 
points representing the drift mobility as calculated from 
Eq. (9) at a number of temperatures between 30° and 
100°K, using n=8.6X10" in determining war and the 


TABLE I. Concentrations V4 of acceptors and Np of donors in 
phosphorus-doped silicon samples, as deduced from Hall data. 


Impurity concentrations in cm~* 

Sample Forr=1 For final r vs T curve 
designation Na Na Nob 
0.74X 1018 
0.10 10" 
3.1 X10" 
0.73 X 10'* 
3.6 X10 
3.6 1015 


0.75 X 10% 
0.10 10" 
3.8 X10" 
0.83 X 1015 
3.3 X10'5 
3.3 105 


2.8 X10% 
2.35X 10" 
6.7 X10" 
2.3 X10'§ 
3.9 105 
4.5 X10'5 


SPO6A 
SP4A 
SP1A 
SP2A 
SM2 
SM3 
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Fic. 6. “Observed” drift mobility vs temperature curves for six 
n-type silicon samples, and lattice-scattering drift mobility curve 
for electrons in silicon derived from SP6A. The points shown 
represent drift mobilities calculated from Eq. (9). In order to 
avoid confusion the points for SM2 are not shown, but they would 
lie in approximately the same positions with respect to the ob- 
served mobility curve as those for SM3. All calculations here used 
n=8.6X 10". 


(uppermost) curve of Fig. 6 for waz. If the BH formula 
is to describe the data correctly, these points for a 
particular sample must fall on the corresponding ob- 
served drift mobility curve. We see in Fig. 6 that the 
agreement is good at all temperatures for the purer 
samples, but only at the higher temperatures in the 
range of interest for the more impure ones. The calcu- 
lated points lie consistently higher than the observed 
mobilities for samples SP2A, SM3, and SM2 at the 
lower temperatures. Thus, the BH formula does seem to 
exhibit the correct functional dependence of the ion 
scattering mobility on the impurity concentrations and 
temperature, except, apparently, when the ion scat- 
tering is particularly strong. 

The achievement of good agreement of the BH 
formula with most of the data does not indicate how 
sensitive the fit actually is to the magnitude of 7 in- 
volved. We have, of course, partially forced the agree- 
ment by using the foregoing value in the derivations of 
the Hall factor curve for each sample and of the lattice 
scattering mobility curve in Fig. 6. In order to illustrate 
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Fic. 7. “Observed” drift mobility curves for sample SP/A, and 
lattice-scattering drift mobility curves derived from SP6A, using 
values of »=6.6X10" and 7=11.2X10!". The points shown 
represent drift mobilities of SPA calculated from Eq. (9) for 
these two values of 7. 


how meaningful the fit is, we give plots for sample 
SP1A in Fig. 7 of the observed drift mobility curves and 
the points calculated from Eq. (9) for the two cases 
where »=6.6X10"" and n=11.2X10"", representing 
values 1.3 and 0.77 times as large as that used in Fig. 6. 
There are two different “observed” mobility curves for 
the two values of n simply because of the corresponding 
difference in the shapes of the Hall factor curves used to 
correct Hall to drift mobility; the waz vs T curve also 
changes shape slightly. It is clear by comparison of 
Figs. 6 and 7 that the n»>=8.6X10" value used in Fig. 6 
gives better agreement between points and curve (for 
SP1A) than either of the other two. This conclusion is 
borne out still more strikingly by similar comparisons 
for the less pure samples (at the higher temperatures), 
although the results are not shown here. 

We pointed out in Sec. III that when ion scattering is 
dominant, electron-electron interactions should lower 
the mobility below that predicted by the BH formula, 
and the more impure samples studied here exhibit ex- 
actly such an effect at the lowest temperatures in Fig. 6. 
The fact that the points calculated for these samples 
from Eq. (9) lie noticeably above the observed drift 
mobility curves is evidence that the ion scattering cor- 
rection given by the BH formula is not large enough at 
the lower temperatures; i.e., that a smaller 7 would be 
required to fit the data, in accordance with the expected 
effect of electron-electron interactions. The necessary 
value for sample SM3 at 30°K, for example, turns out 
to be about 0.9 times as large as that which fits the 
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mobility data at the higher temperatures and in the 
purer samples. This reduction is quite reasonable in 
magnitude for electron-electron interactions, although 
it actually represents a rather small quantitative dis- 
crepancy from the BH formula. The three impure 
samples show the deviations from agreement with the 
BH formula only when uar/uar>3, indicating that ion 
scattering is definitely stronger than lattice scattering 
when the deviations occur. Thus, electron-electron inter- 
actions appear to provide a reasonable explanation for 
the mobility behavior when ion scattering is dominant. 


Discussion of Assumptions and Errors 


We must now inquire into what influence any assump- 
tions and errors made in arriving at the above results 
and conclusions may have had on them. Several fairly 
clear possible sources of uncertainty are discussed below. 

The use of Eq. (9) in separating the ion and lattice 
scattering contributions to the mobility might introduce 
some error even when electron-electron interactions are 
unimportant. A basic assumption behind (9) is that the 
lattice-scattering relaxation time depends on the carrier 
energy as in Eq. (10). That energy dependence leads to 
a T—-® Jaw for the lattice scattering drift mobility; i.e., 
bat& 7-5, which is characteristic for the scattering of 
carriers between states in one energy extremum by low- 
momentum, low-energy acoustic phonons (intravalley 
scattering).!:? It is well known from experiment, how- 
ever, that ua,« T-*-> above about 200°K in n-type 
silicon.!” This stronger dependence can be explained by 
invoking intervalley and/or optical-mode scattering as 
additional mechanisms to lower the mobility at rela- 
tively high temperatures (~200°K and above) mark- 
edly below what it would be due to acoustic intravalley 
scattering alone. Herring has discussed these ideas in 
detail elsewhere,!*!% and so we will not do so here. If 
these additional mechanisms are the cause of the 
stronger temperature dependence, and there seems to be 
no other conceivable cause, one would expect the de- 
pendence to reduce to a J—!-° law at low enough tem- 
peratures (<200°K), since both intervalley and optical- 
mode scattering can be significant only when enough of 
the necessary high-energy phonons are excited. There- 
fore, at the low temperatures of interest here both these 
additional mechanisms are probably relatively unim- 
portant, and the waz vs T behavior should then be close 
to that for intravalley acoustic scattering alone. It can 
be seen in Fig. 6 that the lattice scattering mobility 
curve derived from the SP6A data does tend toward a 
T“* law with decreasing temperature and that the 
slope on the log-log plot is only slightly steeper than 
—1.5 over most of the range between 30° and 100°K, 
having an average value in fact of about — 1.65 between 
the two temperatures. This conclusion about the slope 

oa W. Ludwig and R. L. Watters, Phys. Rev. 101, 1699 
(19390). 


16 C. Herring, Bell System Tech. J. 34, 237 (1955). 
9 B, N, Brockhouse, Phys. Rev. Letters 2, 256 (1959). 
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is largely independent of the particular value of 7 used in 
making the ion scattering correction in the SP6A data 
because of the weakness of ion scattering in this sample 
(see Fig. 7). 

It is, nevertheless, important to consider what error 
even this rather small deviation from a 7-5 law might 
lead to in our results. Any such deviation in the 30° to 
100°K range in silicon, caused by intervalley (or 
optical-mode) scattering, will most likely correspond to 
an effective energy dependence of the relaxation time 
only slightly different from 7,«e~}. This can be seen 
from the following typical expression for the relaxation 
time for combined acoustic and intervalley (or optical- 
mode) lattice scattering, which is due to Herring!*: 


or) 
7 hw hw 
(€/hw+1)' (€/hw—1)! or O x 


The two terms within the square brackets in Eq. (16) 
are the intervalley contributions; the second term is 
zero when e<fw, where fw is the energy of the phonon 
involved in an intervalley scattering process. The 
quantities w; and w2 measure the strength of scattering 
by the acoustic and intervalley mechanisms, respec- 
tively. It is clear from the form of Eq. (16) that if the 
carriers which provide by far the greatest part of the 
conduction have energies less than fw, the dependence 
of rz will be effectively somewhat weaker than that in 
Eq. (10), regardless of the relative strengths of in- 
travalley acoustic and intervalley scattering; it will be 
only slightly weaker if the acoustic scattering is domi- 
nant, which seems to be the case below 100°K in n-type 
silicon. The effect of the second term within the square 
brackets in (16) is to diminish the contribution to the 
conduction from carriers with e>fw; this “cutoff” effect 
then tends effectively to strengthen the (negative) 
energy dependence of 71, and it will be more important 
the stronger the ion scattering. The “effective” energy 
dependence of 7, will depend somewhat on the relative 
importance of ion and lattice scattering. 

Nearly all of the conduction is provided by carriers 
with energies less than about 6kT, so that the effective 
energy dependence of 77, will generally be weaker than 
e~ below 100°K if the active intervalley phonons have 
energies corresponding to temperatures higher than 
around 600°K, where iw=kT. This is expected to be so 
in silicon for phonons from all branches except the 
transverse acoustic ones, for which the required phonon 
may have an energy corresponding to as low as around 
200°K.!® Even in this last case, however, the relaxation 
time energy dependence should vary little from ¢~}, 
because of the predominance of the intravalley acoustic 
scattering. The above argument is necessarily speculative 
due to the present lack of knowledge about electron- 
phonon coupling, intervalley scattering (which will in- 
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volve Umklapp processes), and optical-mode scattering 
in silicon, but it is unlikely that a better understanding 
of such questions would change the essential conclusion 
reached ; viz., that the effective energy dependence of rz 
is not much different from e~! below 100°K. 

The consequence of the above conclusion is illustrated 
by the following example. We have calculated the drift 
mobility for combined lattice and ion scattering for the 
two extreme cases of 7, «¢~! and 7,=constant under 
the condition that waz/uar=90.5, which represents an 
intermediate-strength mixture of the two mechanisms, 
but with lattice scattering a bit the stronger. The 
constant-7 1, case gave a drift mobility about 16% higher 
than that for the usual 7,«e~! case. Thus, we would 
expect Eq. (9) to produce a value of ua only a very few 
percent too low for the slightly weakened 7 ,-dependence 
situation discussed above. This type of error would then 
affect the results in such a way as to tend to make the 
points calculated from Eq. (9) in Fig. 6 slightly too low 
compared to the observed mobility. The cutoff effect 
mentioned earlier will, however, work against this error 
and possibly overbalance it in some cases, making the 
calculated points lie either correctly or a bit too high. In 
any event, even though the energy dependence given in 
(10) would be a poor approximation at temperatures 
much above 100°K, it is probably a good one at the 
temperatures of interest to us here, a conclusion which 
also lends justification to our use of the published 
r US wa/mar Curves to construct Fig. 4. 

Another source of error in using Eq. (9) is the ap- 
proximation made in order to perform the integration; 
viz., setting the carrier energy at 3kT, because the 
integrand maxima for the mixed-scattering situations 
always occur at energies somewhat less than 3k7.* 
Debye and Conwell* have pointed out that this ap- 
proximation will make the points calculated from (9) lie 
too low, and that the discrepancy will be greatest for 
roughly equal strengths of ion and lattice scattering. 
They have found, though, that the error in wg is only a 
very few percent at most. We have determined the error 
for sample SP1A at 50°K, where war~uar, by nu- 
merically evaluating the integral from which Eq. (9) 
was derived, without letting e=3k7; we find it to be 
only about 3%, and therefore probably not noticeable in 
our study. 

Thus, no serious error of the above types is likely to be 
introduced by using Eq. (9) to separate the ion and 
lattice scattering contributions to the mobility when 
electron-electron interactions are not important. It 
should be noted here that electron-electron interactions 
can be expected to reduce the observed mobility by a 
couple of percent even when ion scattering is not 
dominant,’ so that this effect would tend to compensate 
at least partly for the small inaccuracies involved in 
using Eq. (9). 

It has been implicitly assumed in our analysis of 
results that the lattice (as well as ion) scattering is 
isotropic, an assumption which should be correct for 
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intervalley scattering but which may fail for intravalley. 
Herring and Vogt” have shown that for scattering 
processes which either conserve energy or randomize 
velocities, the only effect of anisotropy is to weight each 
effective mass parameter (longitudinal and transverse) 
with the corresponding component of a relaxation time 
tensor; both intravalley and ion scattering fall into this 
category. Our use of Eq. (9) actually implies the as- 
sumption that both lattice and ion scattering are 
isotropic, since otherwise a more complex expression, 
taking into account different relaxation times in differ- 
ent directions, would have to be invoked. The present 
lack of any really reliable information about scattering 
anisotropies in n-type silicon precludes a more rigorous 
treatment, and our analysis may therefore suffer some 
unavoidable weakness as a result. Even if we knew the 
anisotropies, however, the analysis would undoubtedly 
be considerably more complex and difficult than the 
precision of this study warrants.” Equation (9) should 
provide a reasonable averaging of any such anisotropies, 
and anyway our purpose throughout has been to de- 
termine how well the BH formula works for electrons in 
silicon without considering scattering anisotropies. 

One place in which our analysis would not likely suffer 
from the neglect of scattering anisotropy would be in the 
energy band part of the Hall factor. Even though this 
factor is dependent on the mass parameters, it is very 
insensitive to their ratio for prolate spheroids,'* so that 
even a rather pronounced scattering anisotropy would 
not change its magnitude much from 0.86. 

We must give further consideration to the applicability 
of Eq. (9) to cases in which electron-electron interactions 
(apparently) are important, such as for samples SP2A, 
SM3, and SM2 at the lowest temperatures. The main 
effect of such interactions will be a lowering of the over- 
all mobility, but a secondary effect will tend to keep the 
mobility from being reduced quite as much as would 
otherwise be expected. Electron-electron interactions 
cause an effective weakening of the energy dependence of 
the ion scattering relaxation time, because they reduce 
the contributions of the higher-energy carriers. The 
weaker energy dependence will then give a slightly 
higher wa for a given wat/uar ratio than for the case to 
which Eq. (9) applies. Thus, any correction of (9) to 
take into account the electron-electron interactions 
would be expected physically to cause an even greater 
discrepancy between the calculated points and observed 
curve ; the neglect of this correction therefore cannot be 
invoked to explain any part of the deviation of the points 
from the curve in Fig. 6. 

Another manifestation of error due to electron- 
electron interactions could be in the use of the published 
r vs T curves in the determination of V4 for the more 
impure samples from the lowest temperature Hall data. 
Here, the effectively weaker energy dependence of the 
ion scattering relaxation time would tend to reduce 


” C. Herring and E. Vogt, Phys. Rev. 101, 944 (1956). 
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somewhat the steepness of the curve in Fig. 4 at the end 
where ion scattering is dominant,” but we have already 
seen that NV, is insensitive to the shape of the r vs T 
curve, so that this effect should be unimportant. The 
consistency of the results for the more impure samples 
with the others at the higher temperatures (in Fig. 6) is 
further evidence that the Na values for the impure 
samples are close to correct. 

In short, we have considered rather extensively such 
possible errors as described in the preceding two para- 
graphs which might in some manner explain the 
anomalous behavior of the low-temperature mobility in 
samples $P2A, SM3, and SM2 and have concluded that 
the anomalies are probably due to some real effect like 
electron-electron interactions, even though it is quanti- 
tatively small, as remarked earlier. The effect might, 
however, be due instead in some obscure manner to our 
neglect of scattering anisotropy in the analysis, or to the 
possibility that the ions do not scatter independently in 
these samples of rather high impurity content, and so 
one should not believe that we have proven the existence 
of electron-electron interactions. Actually, these inter- 
actions may be too weak to give even the rather small 
observed discrepancies, because of the very low electron 
densities present in the cases being considered. Note 
that impurity cell effects, discussed earlier, would also 
tend to produce the kind of behavior observed; these 
effects might be important enough in such strongly 
doped samples. 

It is always possible in a study like the present one 
that scattering mechanisms other than the two con- 
sidered above are limiting the mobility significantly. An 
obvious such mechanism is scattering by the neutral 
impurity atoms. We have estimated the strength of this 
scattering in each of the samples between 30° and 
100°K, using the Erginsoy formula with modifications 
proposed by Brooks! and a Bohr radius corresponding to 
the observed ionization energy of P, and have found it 
to be negligible in all cases to the precision of our data 
and analysis. Actually, we had arranged for such to be 
the case by choosing for study mostly rather highly 
compensated samples in which the impurity ions gener- 
ally far outnumber the neutral centers. It should be 
noted, however, that by taking neutral-impurity scat- 
tering into account, a part of the low-temperature dis- 
crepancy between points and curve in Fig. 6 would be 
removed for sample SP2A, but it would have negligible 
effect for SM3 and SM2. 

Scattering by ‘‘extraneous” impurities, like oxygen, 
for example, or by defects like dislocations could also be 
important. We have paid particular attention to avoiding 
any of these unwanted imperfections but cannot state 
with complete assurance that none appreciably affected 
the mobility, since their scattering effects are not yet 
understood well enough.!? Our samples are probably as 
oxygen-free as can be expected, especially the floating- 


’ 


21 R. W. Keyes, J. Phys. Chem. Solids 6, 1 (1958). 
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zone samples.‘ Perhaps the best indication that no 
unwanted imperfections were important in the scat- 
tering is the fact that we were able to make a consistent 
description of the mobility curves for six samples of 
widely varying impurity content grown by two entirely 
different methods under the assumption that the mo- 
bility was limited only by ion and lattice scattering. 

An assumption underlying the entire investigation has 
been that the Born approximation is valid for the sam- 
ples studied in the 30° to 100°K range. Its failure would 
manifest itself in a weaker scattering than predicted by 
the BH formula and in a difference in scattering cross 
section between donor and acceptor ions.? The absence 
of such behavior and the general agreement of the BH 
formula with the data are evidence that the assumption 
was valid, but we can illustrate the reason further with 
the data and results now available. The Born approxi- 
mation becomes better with increasing temperature and 
decreasing impurity concentration.? Therefore, if it is 
applicable to one of the most impure samples at 30°K, 
it will certainly apply to the purer samples and at higher 
temperatures. The condition is that the (2ka) term in 
Eq. (2) be much larger than unity. If we now set the 
energy in this term equal to kT to correspond roughly to 
the average-energy electron, it becomes equivalent to 
(b/3)}, where 0 is as defined in Eq. (6). This quantity is 
easily calculated for sample SM3 from results now 
known and has a value of 12.5 at 30°K; thus, the Born 
approximation should be adequate for the average 
electron and should also apply well to almost all the 
other electrons in the distribution. 


Shielding Effect 


There is one final piece of evidence to be taken from 
the experimental results which lends further credence to 
the over-all applicability of the BH formula to n-type 
silicon. Samples SM2 and SM3 were cut from different 
regions of the same crystal; Table I shows that they 
contain almost the same boron acceptor concentrations, 
but that their donor concentrations are quite different. 
Thus, at low temperatures where n<Na, so that 
Nr=2N 4 [from Eq. (13) ], the ion concentrations in the 
two samples are very nearly equai. Furthermore, they 
have such high ion concentrations that the mobility at 
around 30°K is almost completely determined by ion 
scattering alone. Now, Figs. 3 and 6 show that the 30°K 
mobility in SM3 is definitely higher than that in SM2, 
even though their ion concentrations are the same. This 
difference can be readily explained from the BH formula 
as resulting from the different values of the logarithmic 
shielding term for the two samples. We find in fact that 
the observed mobility difference at 30°K is in order-of- 
magnitude agreement with that calculated from Eqs. 
(7), (6), and (4), using the values of V4 and Np from 
Table I. It would probably not make sense to expect 
better than order-of-magnitude agreement because of 


MOBILITY IN Si 1117 


the electron-electron interactions which apparently in- 


fluence the mobilities in these samples at 30°K 
V. CONCLUSIONS 


The Brooks-Herring formula evidently gives a good 
quantitative description of the mobility in relatively 
pure samples of n-type silicon but breaks down to some 
extent when ionized-impurity scattering becomes quite 
strong. The coefficient 7 to be used in fitting the BH 
formula to the data for the purer samples must have a 
value in the vicinity of 8.6X10!’, corresponding to 
m*=().3mo, with the limits of uncertainty in » probably 
not greater than +25%; an unfortunate multiplication 
of errors could, however, conceivably cause the true 
value to be even farther from that quoted here. We 
should like to be able to pin down the magnitude more 
precisely, but there are too many possible sources of 
error, especially in the measurement of impurity con- 
centrations. One should not place undue emphasis on 
finding an accurate value of n, however, since we could 
almost as well (in these rather strongly compensated 
samples) treat the ratio of » to Ny as the essentially 
constant parameter, to be determined from the data, in 
demonstrating the general agreement of the functional 
form of the BH formula with the observed mobilities. 
This procedure would effectively bypass any large error 
in y, most of which would be due to the rather large 
possible errors in the measurement of impurity con- 
centrations. 

Nevertheless, it is interesting to note that the above 
value of 7 is the same that one would most likely use in 
trying to calculate the ionized-impurity scattering mo- 
bility of electrons in silicon from the BH formula if it 
were naively assumed that the formula should apply 
without question, since the average effective mass of 
electrons in silicon is 0.3m to one significant figure, 
almost regardless of how the average is determined.” 
That is, if one neglects the actual complex conduction 
band structure of silicon and does (in principle) an 
experiment which measures an effective mass as though 
the energy surfaces were spheres, a value of 0.3m would 
undoubtedly be obtained. The implication here is that 
any failures of the assumptions on which the BH 
formula is based are not important enough to cause a 
noticeable change in the form, or even apparently the 
numerical relationship, of the dependence of the mo- 
bility on the impurity concentrations and temperature, 
provided that conditions are such that ion scattering is 
not too much the dominant mechanism. Thus, any 
deviations from the BH formula evidently occur within 
the limits of uncertainty in our study and therefore are 
obscured; we have certainly not proven that the BH 
formula is rigorous for electrons in silicon, but have 
simply shown that it is a fairly good approximation. 


* For example, the conductivity and density-of-states effective 
masses, which are calculated from the two spheroidal mass 
parameters according to different averaging procedures (see refer- 
ence 1), are both equal to 0.3mp to one significant figure. 
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The value of n found, including the uncertainty* in it, 
also agrees with the prediction by Brooks,' stated 
earlier, that it should be less than 10.610" for the 
situation in which it would represent an average coeffi- 
cient relating the mobility to the impurity concentra- 
tions and temperature for anisotropic scattering over 
the spheroidal energy surfaces. Thus, the fact that our 
result happens to be in quantitative agreement with 
what would be expected from a simplified picture is not 
inconsistent with anisotropic scattering. As pointed out 
earlier, the (expected) existence of anisotropic ion scat- 
tering'* would make most of our analysis leading to the 
value of 7 somewhat too naive, but the result found 
should represent a reasonable average. The reason why 
we have obtained such good general agreement of the 
BH formula with the experimental results in spite of 
neglecting scattering anisotropies may be contained in 
the following considerations. Laff and Fan* have found 


* Note added in proof.—Recent extensive calculations we have 
made for mixed ion and lattice scattering situations have shown 
that the approximation of setting the carrier energy at 3&T in 
Eq. (9) will give a mobility three or four % too low over a rather 
wider range of relative values of ua; and waz than we had believed 
it would when writing this paper. In particular, the calculated 
points in Fig. 6 should lie three to four % below the curves over 
most of the temperature range for SP/A and at the higher tem- 
peratures for SP2A and SM3 if the proper value of 7 is used. This 
suggests that a slightly stronger ion scattering would give an 
improved description of the data, and we find that an » corre- 
sponding to an effective mass of close to 0.4m9 would be better 
than the 0.3m» mass used in constructing Fig. 6, provided that the 
impurity concentrations are kept the same. Of course, this larger 
mass, and the smaller 7 associated with it, still fall well within the 
limits of uncertainty specified in Sec. V. An interesting point, 
though, is that the use of a stronger ion scattering in Fig. 6 will 
tend to reduce the low-temperature discrepancy between the BH 
formula and the data for the less pure samples, thereby leading 
to a better description of these data by the formula. We should 
re-emphasize that the large possible errors in the measurement of 
impurity concentrations still make the value of » quite indefinite. 

*%R. A. Laff and H. Y. Fan, Phys. Rev. 112, 317 (1958). 
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from magnetoresistance experiments that even a small 
admixture of another type of scattering mechanism 
(neutral-impurity in their case) reduces the scattering 
anisotropy considerably in n-type germanium (which 
also has a spheroidal band structure), while varying the 
relative strength of the additional mechanism had little 
effect on the magnitude of the ion-scattering mobility, 
itself. There was always some limitation of the over-all 
relaxation time in our samples by lattice scattering 
(which is probably not nearly so anisotropic as ion”), 
and this quite possibly may have tended to “smooth 
out” the scattering considerably, reducing the relaxa- 
tion-time ratio markedly from its value of 4 for pure ion 
scattering. An important next step in the investigation 
of ion scattering in m-type silicon would be to carry out a 
magnetoresistance study similar to that done on ger- 
manium by Laff and Fan.¥ 

-An interesting product of the present project is the 
lattice-scattering mobility vs temperature curve of 
Fig. 6, which we actually consider to be one of the most 
important results presented here. It represents, to our 
knowledge, the first experimental demonstration of the 
shape of the curve to such low temperatures, and it does 
appear to verify the theoretical expectation that the 
temperature dependence should reduce from the 7~?* 
law observed at high temperatures toward a 7'° law as 
the temperature is decreased.'*:° 
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An experimental study has been made of the energy level structure of a phosphorus donor impurity in 
silicon, using Hall coefficient and Hall mobility measurements on six samples of widely varying impurity 
content and compensation. The main purpose was to test the Kohn-Luttinger theoretical model which 
predicts a splitting of the sixfold degenerate (excluding spin) ground ‘‘1s” level, with a single state being 
depressed in energy by between 0.009 and 0.015 ev relative to the remaining fivefold degenerate level. The 
splitting energy can be measured by comparing carrier concentration vs temperature curves corresponding to 
this energy level scheme with experimental curves derived from Hall data. The curves for our samples all 
agree well with the Kohn-Luttinger model for splitting energies of between 0.009 and 0.012 ev, in agreement 


with the theoretical prediction. 


HIS paper is concerned with an experimental 

investigation of the energy level structure of 
group V donor impurities in silicon, made primarily to 
test the theoretical model proposed by Kohn and 
Luttinger.!? This investigation is closely related to the 
study of ionized-impurity scattering reported in the 
preceding paper* (referred to hereinafter as LM1), and 
we have in fact used here the same Hall coefficient and 
Hall mobility data reported in LM1. Our specific 
interest has been to explore certain details of the donor 
energy level structure which are not amenable to 
investigation by other common experimental tech- 
niques. A preliminary report has already been given 
elsewhere.‘ 

Kohn and Luttinger have calculated the type of 
energy level scheme to be expected for a group V donor 
in silicon, taking into account the known structure of 
the bottom edge of the conduction band.':? They began 
with the well-known effective-mass equation, which 
permits the detailed motion of a nearly free electron in 
the lattice to be described by an effective mass different 
from the true electronic mass. The solutions of this 
equation give the energy levels of the ground and 
excited states. In analogy with the hydrogen atom, the 
ground state can be denoted by “1s” and the excited 
states by the other usual such symbols. However, in 
the case of the donor in silicon, the ‘‘1s”’ level is sixfold 
degenerate (excluding spin), because the wave function 
for this level is constructed from the Bloch functions of 
the six equivalent conduction band minima. This is the 
first of two important differences between the energy 
level scheme of an actual group V impurity in silicon 
and that of a true hydrogen-like atom. The second is 
associated with the ionization energy. The effective- 
mass theory predicts an ionization or ground-state 
energy of 0.029 ev for the well-established values of the 

1W. Kohn and J. M. Luttinger, Phys. Rev. 98, 915 (1955). 

2?W. Kohn, in Solid State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, Inc., New York, 1957), Vol. 5, 
pp. 257-320. 

3D. Long and J. Myers, preceding paper [Phys. Rev. 115, 1107 
(1959) ]. 

4D. Long and J. Myers, Bull. Am. Phys. Soc. Ser. II, 4, 145 
(1959). 


electron effective mass in silicon; whereas, the observed 
ionization energy in phosphorus-doped silicon, for 
example, is about 0.044 ev.?* Kohn and Luttinger have 
explained the discrepancy by a failure of the effective- 
mass theory for electron motion rather close to the 
donor ion; when the electron is moving in a tight orbit, 
the concept of an effective mass and its applicability 
tend to lose validity. Because the wave function for 
one of the six “‘1s”’ states has a nonzero, finite value at 
the position of the donor ion, it can be shown to be 
depressed in energy with respect to the other five “1s” 
states, which are relatively unaffected due to their zero 
wave functions at the donor ion. Thus, there should be 
a splitting of the “1s” level into a single state at ~ 0.044 
ev below the conduction band edge, to agree with the 
observed ionization energy, and a fivefold degenerate 
level at an energy only slightly below that predicted by 
the effective mass theory. The resulting scheme is shown 
in Fig. 1. The “1s” splitting energy will be referred to 
as A in the remainder of the paper. We see that its 
value should lie between 0.009 and 0.015 ev. 

The energies of the excited states, which all lie within 
about 0.011 ev of the band edge, have been measured 
by infrared absorption methods and are found generally 
to agree fairly well with the theoretical predictions.?® 
Of course the excited states should be well described by 
the effective-mass theory; because of their large orbits, 
their energies are accurately calculable. 

The upper, fivefold degenerate ‘‘1s” level has not to 
our knowledge previously been observed either directly 
or by its indirect effect on any experimental result. One 
would not ordinarily expect to observe an optically- 
induced transition between the two “‘1s”’ levels, because 
selection rules should prevent it. On the other hand, 
there is nothing to prevent thermal excitation of elec- 
trons into the upper “1s” level, and so we should be 
able to detect its presence and measure A by means 
of an experiment which determines the distribution of 
a given number of electrons over the energy levels. The 

’Picus, Burstein, and Henvis, J. Phys. Chem. Solids 1, 75 
(1956) ; H. J. Hrostowski and R. H. Kaiser, J. Phys. Chem. Solids 
7, 236 (1958). 
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Fic. 1. Theoretical energy level spectrum for a phosphorus donor 
impurity in silicon (after Kohn and Luttinger). 


practical way to do this is to obtain a curve of the tem- 
perature dependence of the concentration of conduc- 
tion electrons, as determined from Hall data, and then 
to correlate the shape of the curve with the existence 
and position of the upper “‘1s’’ level, since the fraction 
of the electrons which will be in the conduction band 
at a certain temperature is a function of the energies 
and degeneracies of all the levels available to them. 
The following statistical equation gives the dependence 
of m on the temperature T for the Kohn-Luttinger 
model for -type silicon*'*: 


2.75X10"Tie—%0/*? 


(NV —Na)—n 145e~S*# 74, ge Silk 


The g; and A, are the degeneracies and energies, respec- 
tively, of the various excited states. The other symbols 
in (1) are conventional and are defined in LM1. It can 
be seen in Eq. (1) that the existence of the upper “1s” 
level (and to a lesser extent also the excited states) 
makes the value of » at a particular temperature lower 
than if only the single state at energy ¢, were present. 
We have already in LM1 described the iterative 
method which is used to derive the most nearly correct 
vs T (or more exactly, Inn vs 1000/7) curve for a sample 
of phosphorus-doped m-type silicon from Hall effect 
and Hall mobility data, and we have derived such 
curves from the data reported in LM1 for six samples 
of rather widely differing impurity content and com- 
*E. H. Putley, Proc. Phys. Soc. (London) 72, 917 (1958). 
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pensation. These samples and their n vs T results are 
ideally suited to the present investigation also, and so 
we shall simply appropriate them for the present pur- 
poses. Reference should be made to LM1 for details of 
the experiments and the derivation of n vs T curves and 
for information about sample purity, etc. The most 
interesting portion of the Inn vs 1000/T curve for 
sample SP1A, which is of intermediate purity for the 
group of samples studied, is shown in Fig. 2. Arguments 
are given in LM1 which indicate how accurate one can 
expect such a curve to be. 

Once the best possible Inn vs 1000/T curve has been 
obtained for a sample, it is a straightforward matter to 
find the value of A giving the best fit of Eq. (1) to it. 
This can be done conveniently from the following 
expression, which is simply Eq. (1) solved explicitly 
for A: 


| 0.55 X10" Tle-«!/k? 
A=4T In| ——— i 
| n(n+Na)/L(No—Na)—n] 


= Hat Esgerstry) . (2) 


Table I lists values of A calculated from Eq. (2) for 
each sample at several typical temperatures in the 
range where the upper “1s” level has the greatest 
influence on the 2 vs T behavior, but where the excited 
states are relatively unimportant. We see that the 
values of A all lie between 0.009 and 0.012 ev, and there- 
fore within the theoretically predicted range. There is 
perhaps some indication of a slight decrease of A with 
decreasing temperature for several of the samples. This 
effect may be due to the further splitting of the upper 
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Fic. 2. Experimental carrier concentration vs temperature 
curve for sample SP1A, and points calculated from Eq. (1) for 
A=0.010 ev and for A= ~, 
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“1s” level into threefold and twofold degenerate levels, 
with the threefold level lying lower, which has been 
predicted by Kohn and Luttinger,’ but our inability 
to determine n vs T curves which we can be sure are 
exactly correct prevents us from making a meaningful 
resolution of this splitting from the experimental results. 
If a further splitting of this type really does exist, the 
values of A given here represent an average energy of 
the split levels. 

Figure 2 shows that portion of the experimental 
Inn vs 1000/T curve for sample SP1A which is most 
sensitive to the existence of the upper “‘1s”’ level, as well 
as some representative points calculated from Eg. (1) 
for A=0.010 ev to illustrate the nature of théa@it of 
Eq. (1) to the experimental results. Some points for 
A=» are also shown to point up the effect of the upper 
“1s” level. The type of agreement of the experimental 
curve with the Kohn-Luttinger model shown in Fig. 2 
is quite typical of that found for the other five 
samples also. 

The most important source of possible error in the 


TABLE I. Values of A calculated from Eq. (2) for six phosphorus- 
doped silicon samples at temperatures where the upper “1s” level 
has the greatest influence. 





Values of A, in ev 
T2=55°K T1=65°K 
0.011 0.011 
 T:=65°K os T3=75°K 
0.011 0.012 
0.010 0.010 
0.010 0.010 


0.010 0.011 
0.011 0.011 


Sample 
SP6A 


T1 =45°K 
0.010 
T1=58°K 
0.0095 
0.009 
0.009 


0.010 
0.010 








SP4A 
SP1A 
SP2A 
SM2 
SM3 


results for A in Table I and Fig. 2 would seem to reside 
in the derivation of the m vs T curves from the Hall 
data; we have indicated in LM1 how the Hall factor r 
relating ” to the measured Hall coefficient is somewhat 
sensitive to impurity concentrations, to how one calcu- 
lates the ion scattering contribution to the mobility, 
and to several other such sources of uncertainty. It is 
possible, however, to become convinced that it really is 
not necessary to know the temperature dependence of 
the Hall factor for a sample very accurately, because A 
proves to be quite insensitive to it. All that is required 
is to know the dependence in only an approximate way, 
which we certainly do. As an example of the insensitivity 
of A, we give in Table II values of A for sample SP1A 
for a few of the successive approximations made in 
converging on the supposedly correct Hall factor be- 
havior for this sample.* We see that even in the first 
approximation, where it was assumed that r=1 at all 
temperatures, A still lies between 0.010 and 0.013 ev. 
The values of A are not quite this insensitive to r for 
all the other samples at all temperatures, but these 
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TABLE IT. Values of A calculated from Eq. (2) for sample SP1A 
for a few of the successive approximations or iterations made in 
converging on the supposedly correct behavior of the Hall factor r.* 





Values of A, in ev 
at 65°K 


Approximation at 55°K at 75°K 

First (r=1 at all 

temperatures) 
Second 


Final 


0.013 
0.010 
0.010 


0.010 
0.010 
0.009 


0.011 
0.010 


® See reference 3. 


results do show that it is not necessary to know the 
Hall factor behavior very accurately to pin down A 
within rather narrow limits. 

There are several other sources of possible error which 
come to mind. It is conceivable that the electron 
effective mass parameters might change with increasing 
temperature from their values determined at 4°K by 
cyclotron resonance’ or that the donor energy levels 
might be temperature dependent. If either effect were 
important, the 0.55X10!® factor in Eq. (2) could be 
changed considerably, thereby changing A. However, 
there is no evidence for either of these effects, and in 
fact Macfarlane and co-workers* have recently found 
that the mass is probably almost a constant over the 
temperature range in which we are interested. The 
actual energy level structure for the donor impurity 
may not be as nearly discrete as required by the model. 
This would be particularly true for large donor con- 
centrations, but we have concentrated mostly on rela- 
tively pure samples. 

It is our opinion that the experimental results and 
analysis used here are sufficiently precise to make the 
values of A quoted meaningful; that is, to establish A 
as lying between 0.009 and 0.012 ev. In reaching this 
conclusion, we have considered all the details and 
possible sources of error discussed in LM1. The best 
justification for it, however, is the consistency among 
the values of A calculated for the six samples studied; 
these samples cover a particularly wide range of im- 
purity concentrations and compensation, leading to a 
variety of types of Hall factor vs temperature curves as 
well as variations in other properties and effects, and 
yet each sample gave essentially the same value of A. 

In summary, we find from Hall experiments that the 
pronounced ‘‘1s” level splitting predicted by Kohn and 
Luttinger does exist for phosphorus donors in silicon 
and that its value lies within the 0.009 to 0.015 ev 
range predicted by theory. It would be interesting to 
make similar studies of other group V donors in silicon, 
particularly bismuth for which the splitting energy 
should be still larger. 


7 See reference 3 for a listing of these values. 
§ Macfarlane, McLean, Quarrington, and Roberts, Phys. Rev. 
111, 1245 (1958). 
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Crystalline Imperfections and 1/f Noise* 


James J. Bropuy 
Physics Division, Armour Research Foundation, Chicago, Illinois 
(Received April 1, 1959) 


The 1// noise of single-crystal silicon and germanium has been examined as a function of naturally occur- 
ring imperfection densities, dislocations produced by plastic deformation, and imperfections resulting from 
fast-neutron irradiation. In all cases the noise power decreases with increasing crystalline imperfection. The 
results may be quantitatively explained by assuming that 1/f noise is proportional to the square of the 
minority carrier lifetime and accounting for the decrease in lifetime due to imperfections. 


I. INTRODUCTION 


HE 1/f noise levels of single-crystal semiconduc- 
tors are observed to vary considerably from 
sample to sample for macroscopically identical speci- 
mens. Surface conditions! are known to be extremely 
important and it is conceivable that bulk properties, 
such as crystalline imperfections, could also contribute 
to this variation. It has been reported?* that plastic 
deformation increases the noise level, and dislocations 
have been taken to play an important role in mechan- 
isms leading to 1/f noise.*-4 
A more complete examination of the effect of crystal- 
line imperfections on 1/f noise has been carried out on 
silicon single crystals having a range of naturally oc- 
curring imperfection densities, germanium single crys- 
tals with imperfections produced by plastic deforma- 
tion, and germanium crystals damaged by fast-neutron 
irradiation. In this work the 1/f noise power is found 
to decrease with increasing imperfection density. 


II. SAMPLE PREPARATION 


Three sets of silicon samples were cut from adjacent 
regions of three separate boules. Samples from crystal 
A ranged in resistivity from three to seventy ohm-cm 
(n-type) as shown in Table I. Crystals B and C were 
grown under conditions different from that of A and 
are similar except for conductivity type. Standard 


TABLE I. Characteristics of silicon samples. 


Dislocation Noise 
density constant 
(107 cm~?) (10744) 


Crystal No. 
and Sample 
conductivity No. 


Resistivity 
(ohm-cm) 


~ 
tN 


0.82 61 
51 

8.. 
19 


A(n) 7L 
A(n) 3R 
A(n OR 
A(n) 1R 
A(n) 1L 
Bin 2N 
Bin 1N 
B(n) 1NB 
C(p) 3PB 
C(p) 4PB 


_ tN 
mt CN he OW 
S w S Nm 


mnie 


* Work supported by the Office of Naval Research. 

' Maple, Bess, and Gebbie, J. Appl. Phys. 26, 490 (1955). 
2 J. J. Brophy, J. Appl. Phys. 27, 1383 (1956). 

‘1. Bess, Phys. Rev. 103, 72 (1956). 

*S. R. Morrison, Phys. Rev. 104, 619 (1956). 


bridge-shaped specimens were fabricated by sand- 
blasting such that the dimensions of the main sections 
were 7.6 mmX3.0 mm. Thicknesses ranged from 0.5 
to 1.0 mm. Electrodes were attached by ultrasonic 
soldering and the surfaces were chemically etched. 

Imperfection densities were determined by a modified 
x-ray diffraction Laue technique’ using a microfocus 
x-ray tube. This method has the advantage of examin- 
ing the sample in transmission and of being relatively 
rapid. X-ray line broadening determined in this way 
was used to compute dislocation densities from the 
expression® 

Npo=6°/9X, (1) 
where @ is the half-width of the x-ray reflection, and 
is a constant equal to 3.135X10-* cm for this experi- 
ment. Equation (1) assumes that the imperfections 
contributing to the broadening are random edge dis- 
locations. The range of dislocation densities found for 
these samples is shown in Table I. 

The plastically deformed germanium crystals were all 
originally 3-ohm-cm #-type and were similarly fabri- 
cated into bridges 7 mmX2.2 mmX0.25 mm. They 
were plastically deformed by bending in air at about 
600°C after a rigid surface cleansing. After deformation 
they were etched again and leads attached with tin 
solder. As shown in Table II the resistivity increased 
with increasing deformation. The dislocation density 
introduced by the bending was computed from the 
standard relation’ 


Np=1/3.27X 10-5R, 


where R is the radius of bending. 

The samples prepared for neutron irradiation were 
of 30-ohm-cm n-type germanium shaped into bridges 
6.4 mmX3.2 mmX0.5 mm. The surfaces were etched 
and leads attached by tin soldering before irradiation. 
The minority carrier lifetime was determined by pho- 
toconductive decay for each crystal before irradiation, 
as shown in Table III. 

The total neutron doses shown in the table were ob- 
tained by wrapping each sample in 3-in. cadmium and 


5. V. Azaroff and R. H. Bragg, Bull. Am. Phys. Soc. Ser. IT, 
3, 111 (1958). 

6 Gay, Hirsch, and Kelly, Acta Met. 1, 315 (1953). 

7A. H. Cottrell, Dislocations and Plastic Flow in Crystals 
(Oxford University Press, London, 1953), p. 29. 
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inserting them into Armour Research Foundation’s 
homogeneous reactor for varying irradiation times. 
Fast neutron flux at the sample position was ~9.6X 10° 
neutrons/cm? sec, which was determined by foil activa- 
tion measurements. The sample temperature during 
irradiation was 27°C. After irradiation, the 10“ and 10'5 
neutrons/cm? specimens were found to be somewhat 
activated due presumably to impurities in the tin 
solder and copper leads. The crystals were allowed to 
decay for a week to facilitate handling. 

The resistivity and lifetime after irradiation are 
shown in the table. The more heavily irradiated speci- 
mens have converted to p-type material and have life- 
times too short to measure by photoconductive decay. 
The changes in resistivity and lifetime are in good 
quantitative agreement with previous work.® 


III. NOISE MEASUREMENTS 


The 1/f noise power density of single-crystal speci- 
mens is approximately proportional to the square of the 
de current and also nearly inversely proportional to the 
frequency. In comparing the noise levels of similar 


TABLE IT. Characteristics of plastically deformed 
germanium samples. 


Noise 
constant 
(10744) 


Dislocation 
density 
(106 cm~?) 


Resistivity 
after def. 
(ohm-cm) 


Bending 
radius 
(cm) 

1 me tee 160 
10 6.0 3.1 22 
10 6.6 ait 19 

5 13 I 20 

21 jE 
15 2.6 


specimens it is convenient to define a dimensionless 
constant, C, by the expression 


(AV?)=CV%/f, (3) 


where (AV?) is the mean square 1/f noise voltage 
density at frequency f and V is the de voltage across 
the noise probes. For ohmic samples this noise constant 
is equivalent to those quoted in current-dependent 
expressions and it may be related to current carrier 
fluctuations.”° 

The value of C for each of the samples was deter- 
mined from Eq. (3) by standard noise measurements. 
In each case the noise at several frequencies was ob- 
served to verify the 1/f character and the variation 
with V checked to establish the approximate square 
law behavior. All samples were examined experiment- 
ally to be sure electrode effects were negligible.” The 
noise constants quoted in the tables are calculated from 
measurements made at 100 cps. The irradiated samples 

§ Curtis, Cleland, Crawford, and Pigg, J. Appl. Phys. 28, 1161 
(1957). 

9H. Y. Fan, in Solid State Physics edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1955), Vol. 1, p. 284. 

10 J. J. Brophy, Phys. Rev. 106, 675 (1957). 
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TaBLE IIT. Characteristics of irradiated germanium samples. 


Integrated Resistivity, 
flux (ohm-cm) 


(neutrons/cm?) Initial Final TO T Co 


Noise constant 
(10718) 


Lifetime (usec) 


10" 28 29 30 30 200 
10" 25 26 40 40 150 
10” 29 34 30 10 380 
10” 32 35 15 9 60 
1018 29 43 70 2 190 
108 30 43 40 io 280 
4X 108 28 13 30 <1 150 
104 26 6 70 tee 350 4.6 
10" 25 ae 30 vee 240 Sample 
broken 
<0.1 
<0.1 


1015 28 0.7 30 tee 120 
1015 30 0.6 20 tee 170 


were measured both before and after bombardment 
except for the most heavily damaged crystals which 
had noise levels too low to determine conveniently. 


IV. RESULTS 


The data presented show that the noise constant 
decreases with increasing imperfection density. This 
behavior may be quantitatively explained by the follow- 
ing analysis. We may assume, as Montgomery has 
suggested," that the 1/f noise voltage is proportional 
to the minority carrier lifetime, 7, so 


C=C'?r’. (4) 


Now 7 may be written 

1/r= (1/70) +RN, (5) 
where 7» is the initial lifetime before introduction of 
imperfections and may be determined primarily by 
surface recombination, NV is the dislocation density or 
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Fic. 1. Variation of the noise constant with dislocation density. 
The silicon crystals have naturally occurring dislocations while 
the germanium specimens were plastically deformed. 


11H. C. Montgomery, Bell System Tech. J. 31, 950 (1952). 
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Fic. 2. Variation of the noise constant with fast-neutron 
irradiation of germanium crystals. 


integrated fast-neutron flux, and & is a damage constant. 
The inverse proportionality between lifetime and dis- 
location density is well established,” as is the same 
behavior for fast-neutron irradiation.* Combining Eq. 
(4) and Eq. (5), the noise constant becomes 


C=Co/(1+70okN)?, (6) 


where Co=C’r,? and is a constant with respect to the 
change of imperfection density. 

The variation of the noise constants with imperfec- 
tion density for the three series of samples is plotted in 
Fig. 1 and 2. The data for the germanium samples are 
compared with Eq. (6) by adjusting the constants Co 
and rok to obtain the best fit. Satisfactory agreement 
between the behavior of Eq. (6) and the experimental 
data are obtained. The range of imperfection density for 
each group of silicon samples is not sufficient to make 
such a matching but here too the trend of the data is 
in agreement with Eq. (6). The reason for the large 
difference between crystal A compared to B and C it 
unknown. Since A was grown on different equipment, is 
is possible that other structural differences exist. The 


Fic. 3. Noise power as a function of time for a deformed 
sample. At higher currents, a higher noise level occurs for about 
30 minutes. 


Kurtz, Kulin, and Averback, Phys. Rev. 101, 1285 (1956). 

13 J. P. McKelvey, Phys. Rev. 106, 910 (1957). 

4G. K. Wertheim and G. L. Pearson, Phys. Rev. 107, 694 
(1957). 
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meager data available for crystals B and C seem to 
show no difference between p- and n-type conductivity. 

From the value of rok thus determined for the plas- 
tically deformed samples and 7o measured for the un- 
deformed sample (5 ysec) the damage constant, k, is 
calculated to be 0.2 cm?/sec. This compares favorably 
with the value 0.4 cm?/sec reported" from direct life- 
time measurements. Similarly, a k of 2.1 10~* cm*/sec 
is calculated from the irradiated sample data, which is 
to be compared with 4.3X10~* cm*/sec determined® 
from lifetime studies of irradiated germanium. 

As noted above, it has been reported that plastic 
deformation greatly increases 1/f noise in germanium.’ 
The previous results were obtained on heavily deformed 
crystals (- and 1-cm radii) and exhibited an anomalous 
I* dependence of the noise power on current. The noise 
power had a 1/f spectrum, however. One of the speci- 
mens of Table I bent to a 2.5-cm radius which showed 





° 


PEAK NOISE 
SLOPE =2.2 


Fic. 4. Dependence 
of noise power on cur- 
rent for the two noise 
levels of the deformed 
sample of Fig. 3. 
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traces of this behavior was studied in more detail and 
appears to offer evidence for a second noise mechanism 
in heavily deformed samples. 

This crystal exhibits short bursts of much higher 
noise level which are particularly evident at high bias 
currents. The bursts are sporadic and stop after about 
30 min of current flow. In order to study this noise the 
output of the mean-square vacuum-tube voltmeter was 
connected to a chart recorder and the noise level plotted 
as a function of time for periods of several hours. An 
instrument time constant of 100 sec was used in order 
to smooth out irregularities caused by the bursts. 

Tracings of several runs at different bias currents are 
shown in Fig. 3. The noise level is constant for several 
minutes after switching on the current and then in- 
creases as the bursting begins. After about 30 min the 
bursting stops and the original noise level is regained. 
The effect is progressively less evident at smaller cur- 
rents. Having once gone through this cycle, the bursts 
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do not reappear unless the sample is allowed to rest at 
zero current for several days. Current reversal will 
show the effect but here again after current has passed 
in each direction no further bursting is observed until 
the specimen recovers. The details of the noise level 
plot as a function of time are not reproducible but the 
incubation time, duration, and peak noise level are 
consistent from trial to trial at the same current. 

The quiescent noise power varies as the current 
squared, as shown in Fig. 4. The peak noise, however, 
increases approximately as the fourth power. It appears 
that two noise mechanisms are acting and that this 
particular sample separates them clearly. The high 
noise behavior which occurs in very heavily deformed 
crystals is not time dependent. For the present work, 
the “normal” noise level showing the square law be- 
havior was used to compute the noise constant. 


V. DISCUSSION 


The above results indicate that the effect of appre- 
ciable crystalline imperfection densities in germanium 
and silicon is to decrease the noise level through reduc- 
tion in minority carrier lifetime. The good quantitative 
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agreement is obtained even though the sample resis- 
tivity is appreciably altered by introduction of imper- 
fections. This is so even in the case of the heavily 
irradiated specimens which convert from n-type to 
p-type. Probably the presence of these large imperfec- 
tion densities overrides any resistivity effect. 

The strong influence of minority carrier lifetime thus 
established appears to favor the importance of minority 
carriers over majority carriers in 1/ f noise, as suggested 
by Montgomery." However, as shown in Table III, the 
correlation between the noise constants and minority 
carrier lifetimes of the 11 supposedly identical samples 
before irradiation is only suggestive of this trend and is 
by no means a strong correlation. 
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The effects of 4.5-Mev electron bombardment on the electrical properties of n- and p-type InSb are 
studied. Isochronal annealing experiments carried out on samples bombarded at 80°K indicate three regions 
of rapid annealing, the first two between 80°K and 200°K and the third near room temperature. It is shown 
that the distribution of bombardment-produced energy levels is altered by heating a bombarded specimen 
to 200°K. The changes which occur as a result of this heat treatment suggest that energy levels are shifted 
as defects rearrange themselves into positions of greater stability. For samples bombarded at 200°K, the 
positions of energy levels and the rates at which they are generated are determined from careful studies of 
the rates at which they are generated are determined from careful studies of the temperature dependence 
of carrier concentration. Mobility changes are utilized to identify donor or acceptor behavior. The levels 
introduced into the forbidden band appear to be multiply ionized. 


I, INTRODUCTION 


HE effect of high-energy particle bombardment 
on the electrical properties of a semiconductor is 
usually interpreted in terms of the introduction of donor 
and acceptor sites. According to a model by James and 
Lark-Horovitz,? interstitials are expected to be donors, 

* Supported by the U. S. Atomic Energy Commission. 

} Submitted as partial fulfillment of the requirements for the 
degree of Doctor of Philosophy at Purdue University, Lafayette, 
Indiana, 1958. 

t Present address: Battelle Memorial Institute, Columbus, 
Ohio. 

1K. Lark-Horovitz, in Semiconducting Materials, edited by 
H. K. Henisch (Butterworths Scientific Publications, Ltd. London, 
1951). 

2H. M. James and K. Lark-Horovitz, Z. physik Chem. 198, 107 
(1952). 


and vacancies are expected to be acceptors, in the case 
of elementary semiconductors. This model has been 
confirmed in its qualitative aspects for germanium?‘ 
and silicon,® and has been utilized in the interpretation 
of neutron-bombarded indium antimonide®’ and gal- 
lium antimonide.’ 

§ Cleland, Crawford, and Pigg, Phys. Rev. 98, 1742 (1955). 

4 Cleland, Crawford, and Pigg, Phys. Rev. 99, 1190 (1955). 

5H. Y. Fan and K. Lark-Horovitz, in Report of the Bristol 
Conference on Defects in Crystalline Solids (The Physical Society, 
London, 1954). 

6H. Y. Fan and K. Lark-Horovitz, in Effect of Radiation on 
Materials, edited by Harwood, Hausner, Morse, and Rauch 
(Reinhold Publishing Corporation, New York, 1958), p. 166. 

7J. W. Cleland and J. H. Crawford, Jr., Phys. Rev. 95, 1177 
(1954). > 

8 J. W. Cleland and J. H. Crawford, Jr., Phys. Rev. 100, 1614 
(1955). 





1126 Ly AN. 


In the present work, thin samples of indium anti- 
monide were bombarded with 4.5-Mev electrons. The 
cross section for producing a primary displacement can 
be calculated with the aid of the differential cross 
section for Coulomb scattering, which has been deter- 
mined in the relativistic range by Feshbach and 
McKinley.* This calculation requires a knowledge of 
the threshold displacement energy, the minimum 
energy imparted to an atom which will result in a dis- 
placement. This quantity has been determined experi- 
mentally by Klontz and Lark-Horovitz"” to be ~30 ev 
for germanium. More recent work"-” has indicated that 
permanent damage is introduced at approximately half 
this energy, but it has not been shown that these defects 
are the same type as are introduced at the higher energy. 
The threshold for InSb has recently been determined by 
Eisen et al.* to be approximately 7 ev. Application of 
the theory of Snyder and Neufeld,'* as modified by 
Seitz and Koehler," yields for the total rate of genera- 
tion of vacancy-interstitial pairs the value 24/cm for a 
threshold displacement energy of 7 ev. If the threshold 
energy were assumed to be 30 ev, the calculated rate 
of generating pairs would be approximately 3.2/cm. 

The distribution of the defects is a factor which might 
influence very strongly their electrical properties. It is 
estimated for the present case that the primary vacancy 
and any secondary vacancies and interstititals produced 
by the primary knock-on should all lie within a diameter 
of approximately sixteen atomic spacings (on the 
average). The energy levels of such closely spaced 
vacancies and interstitials very likely would be per- 
turbed. Thus an alteration of the electrical properties 
of bombarded samples could be effected not only by 
recombination of the vacancies and interstitials, but 
also by rearrangements of the defects into positions of 
greater stability. 


II. EXPERIMENTAL SETUP 


In the present work the Hall coefficient and con- 
ductivity of a variety of p- and n-type single crystals 
were determined as functions of the bombardment flux 
and temperature. Bombardments were carried out at 
liquid nitrogen and at approximately dry ice tempera- 
tures. Isochronal, or pulsed, annealing experiments were 
also carried out. The effect of bombardment on mobility 
was investigated, and compared with the theory of 
Brooks and Herring.'® 


9 W. A. McKinley and H. Feshbach, Phys. Rev. 74, 1759 (1948). 

FE. E. Klontz and K. Lark-Horovitz, Phys. Rev. 82, 763 
(1951). 

“J. J. Loferski and P. Rappaport, Phys. Rev. 98, 1861 (1955). 

2 W. L. Brown and W. M. Augustyniak, Bull. Am. Phys. Soc. 
Ser. II, 2, 156 (1957). 

18 F, H. Eisen, P. W. Bickel, and A. Sosin (unpublished report). 

4 W. S. Snyder and J. Neufeld, Phys. Rev. 97, 1637 (1955), and 
99 1326 (1955). 

18 F, Seitz and J. S. Koehler, in Solid-State Physics, edited by 
F. Seitz and D. Turnbull (Academic Press, Inc., New York, 
1956), Vol. 2, pp. 380-383. 

16 P. P. Debye and E. M. Conwell, Phys. Rev. 93, 693 (1954). 
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The Hall coefficient and resistivity were meaured by 
standard potentiometric techniques. The bombard- 
ments were carried out in a bombardment chamber, 
shown schematically in Fig. 1. The samples were 
bombarded through a hole in one of the pole pieces of 
the Hall magnet. This allows alternate bombardments 
and measurements to be made without alteration of the 
position of the sample. The bombardments were 
carried out in vacuum (~10-> mm Hg). The samples 
could be kept at any temperature above that of liquid 
nitrogen. The temperature of a sample was determined 
by means of a thermocouple placed in thermal contact 
with the sample. The sample and reservoir were elec- 
trically insulated from ground so that the accumulated 
charge could be collected to determine the bombard- 
ment flux. 


III. BOMBARDMENTS CARRIED OUT AT LIQUID 
NITROGEN TEMPERATURE 


In order to observe as much of the damage as possible, 
bombardments were initially carried out at liquid 
nitrogen temperature. Figure 2 shows the Hall coefh- 
cient and conductivity plotted as a function of the 
bombardment flux for a typical initially n-type sample. 
This shows that the concentration of electrons decreases, 
then the sample becomes p-type and the concentration 
of holes increases. This behavior is due to the capture of 
electrons or release of holes by bombardment-produced 
acceptor states which lie below the Fermi level. During 
bombardment the Fermi level is obviously shifting 
toward the valence band. 
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Fic. 1. Schematic drawing of bombardment chamber. 
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p-type samples undergo a monotonic change in hole 
concentration as long as complications due to annealing, 
or possibly long-lifetime trapping effects, are negligible. 
The concentration of holes increases if the Hall coeffi- 
cient is greater than 2000 cm*/coul and decreases if the 
Hall coefficient is less than this value. Thus, as bom- 
bardment progresses, the Fermi level approaches a 
constant value which may be called the “final Fermi 
level.” The fact that samples with a low Fermi level, or 
high hole concentration, lose holes as a result of bom- 
bardment, indicates the existence of donor levels above 
the Fermi level which give up electrons and become 
positively charged. These experiments thus indicate 
the existence of bombardment-produced donors and 
acceptors. 

In Fig. 3 the carrier removal rates are tabulated by 
plotting initial removal rates, An/@, for small bombard- 
ment flux ¢, versus the position of the Fermi level, ¢ 
(plotted with solid circles). EZ. is the bottom of the 
conduction band and F, is the top of the valence band. 
Neglect, for the present, the other points which refer 
to bombardments at dry ice temperature. The reason 
for analyzing the data in this way can be seen by sub- 
tracting the neutrality equation which applies to the 
unbombarded specimen from the corresponding ex- 
pression which applies after bombardment. The follow- 
ing equation is obtained if the sample is initially in the 
exhaustion region: 


—An+Ap gi 
—_———-=), —_——co 
o 1+7; expl(E:i—§)/kT ] 


nst, (1) 


where An or Ap is the carrier concentration after 
bombardment minus the initial carrier concentration, 
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Fic. 2. Variation of Hall coefficient R and conductivity o with 
bombardment for an initially n-type sample bombarded at 
liquid nitrogen temperature. 
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Fic. 3. Removal rate data for bombardments at liquid nitrogen 
and at dry ice temperatures. Carrier concentrations were deter- 
mined at 80°K. 


gi is the rate per centimeter of path of generating the 
centers responsible for a level at E; above the valence 
band, ¢£ is the Fermi level, y; is a statistical weighting 
factor which in the case of rather simple types of centers 
should be 3 for donors and 2 for acceptors. The bom- 
bardment flux, ¢, is the number of electrons per cm? 
which strike the sample. It is evident that if the 
introduced energy levels are several times kT apart, a 
plot of the left-hand side of Eq. (1) versus the Fermi 
level should drop rapidly in the vicinity of a bombard- 
ment-produced level, and should remain nearly constant 
when ¢ is not near a level. Data plotted in this manner 
provide what is frequently called a ‘“removal-rate 
curve.” This method of analysis was first used by Fan 
and Lark-Horovitz.® 

Equation (1) implies that the value of An/®@ corre- 
sponding to a given Fermi level is independent of the 
amount of bombardment necessary to move the Fermi 
level to that position. This should be true as long as 
there are no other energy levels present originally in the 
region of the forbidden band explored, and if there are 
no other complicating factors such as annealing, or 
nonequilibrium distribution of electrons among the 
centers. 

The solid lines in Fig. 3 represent —An/¢ or Ap/o 
values during bombardment of the same sample. In 
constructing Fig. 3 the following constants were used: 
effective mass of electrons, 0.015mo; effective mass of 
holes, 0.17mo; energy gap, (0.29-3.9X10~‘T) ev. 
These values are reported by Hrostowski ef al.'’ and are 
in reasonably good agreement with other sources. In all 


17 Hrostowski, Morin, Geballe, and Wheatley, Phys. Rev. 100, 
1672 (1955). 
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TaBLE I. Comparison of measured mobility changes with the 
calculated changes based on the Brooks-Herring formula and the 
assumption that all levels are single-ionization levels. 





A(1/pu)/¢ Temperature 
Carrier initial (measured A(1/p)/¢ of 
concentration at 80°K) calculated bombardment 
Type (105 cm) (107% volt sec) (10-* volt sec) (°K) 


0.21 80 
1.30 80 
0.11 200 
0.88 200 


n 3.4 1.6 
p 3.6 4.5 
n 1.3 0.8 
p 4.5 6.0 





cases except where the specimens were degenerate, the 
carrier concentration was determined according to the 
formula n= (32/8)(1/Re), where R is the Hall coeffi- 
cient in cm*/coul. In cases of degeneracy the carrier 
concentration was calculated from the transport equa- 
tion using quantum statistics and assuming 100% 
impurity scattering. This latter calculation was used 
only in cases where the conductivity and Hall coefficient 
were nearly constant over a large temperature range. 

The middle section of the removal-rate curve for 
liquid nitrogen bombardments is not included because 
of slow changes with time (probably annealing) which 
become more pronounced as the Fermi level is lowered 
from the conduction band. 

The Bohr model applied to donors and acceptors 
predicts the first ionization potential of each to be 
0.0008 ev. and 0.009 ev, respectively. These levels do 
not show up on the removal rate curve, as is evidenced 
by the nearly constant removal rates in the vicinity of 
the band edges. It is very likely that these levels are 
suppressed by the large carrier concentrations. The 
introduced levels in the forbidden band are very likely 
the result of multiply ionized states. This fact is also 
borne out by considering the change in the reciprocal of 
mobility with bombardment in Table I. The calculated 
changes in mobility, obtained by assuming all centers 
to be only singly ionized and by applying the Brooks- 
Herring formula for impurity scattering,'® are not large 
enough to account for the observed changes. 

According to the removal rate curve, Fig. 3, there 
appears to be a level in the vicinity of 0.03 ev above the 
valence band, and several levels near the middle of the 
gap. The rate of generation of the centers responsible 
for the 0.03-ev level, as estimated from the change in 
removal rate, is approximately 3.5/cm. Plots of logR 
versus 1/T confirm the existence of a level at 0.03 ev in 
partially annealed samples. 

A remarkable feature of these bombardments is the 
decidedly greater removal rate for n-type samples as 
compared to p-type samples. This could be an indication 
either that many more acceptors than donors are 
introduced, or that the acceptors tend to be more highly 
ionized. 

Tsochronal annealing experiments were performed on 
p- and n-type samples of varying initial concentrations. 
The term “isochronal annealing” is intended to imply 
that the sample is annealed at different temperatures 
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but kept at each temperature the same amount of time. 
Then after each annealing period the sample is returned 
to a low temperature, in this case liquid nitrogen 
temperature, for measurement of the property of 
interest, in this case the Hall coefficient and resistivity. 

The results for mildy bombarded n-type samples are 
easier to understand, since for these samples the Fermi 
level did not approach any bombardment-produced 
energy levels (i.e., the carrier concentration was linear 
with flux). The results are plotted in Fig. 4. The 
quantity m4 is the carrier concentration at liquid 
nitrogen temperature after the sample has been an- 
nealed to the temperature 74, but not above it. mo is 
the initial carrier concentration. The change in carrier 
concentration is divided by the amount of flux the 
sample has received so that all samples could be 
compared conveniently. The shapes of the curves are not 
critically dependent on the selection of annealing 
period, or the temperature interval. 

The following comments are pertinent to the annealing 
of n-type InSb: (1) Annealing occurs in the direction 
of restoring the initial concentration and mobility. 
(2) By the time a sample has reached room temperature 
(or slightly above) the initial concentration and 
mobility are almost completely restored. (3) Most of 
the annealing occurs in three rather well-defined tem- 
perature regions: 80-85°, 120-150°, and 250-330°K. 
This suggests three different annealing processes, which 
will be referred to as number one, two, and three, 
starting with the one at the lowest temperature. (4) The 
low-temperature process (number one) is very likely 
made less conspicuous by annealing which occurs during 
bombardment. 

The results of the same experiment performed on 
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Fic. 4. Annealing of n-type InSb, measurements at 80°K. 
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p-type samples are indicated in Fig. 5. One observes the 
following: (1) There seems to be general agreement with 
n-type samples as to the regions of rapid annealing, 
except that the regions seem not so well defined in the 
case of the p-type experiments. This could be caused 
by the presence of bombardment-produced levels which 
lie close to the Fermi level during certain stages of 
annealing. The process which occurs at the intermediate 
temperature appears to be shifted slightly to higher 
temperature; therefore, this might be a different 
process from the second process mentioned above for 
the n-type samples. (2) The first two processes, except 
for the most pure sample, occur opposite to the direction 
of restoring the initial concentration (compare the 
first two processes in the case of n-type specimens). 
Only process three occurs in the direction of restoring 
the initial concentration. Thus, annealing is not, in 
general, the reverse of bombardment. (3) Annealing to 
as high as 373°K does not restore the initial concentra- 
tion and mobility of the p-type samples. 

Changes in mobility occur along with changes in 
carrier concentration. During the first two processes the 
mobility of p-type samples actually becomes smaller. 
Only in the third annealing stage does the mobility 
increase. On the other hand, as an n-type sample is 
annealed its mobility increases along with the increases 
in carrier concentration. 

The annealing processes between 80° and 200°K 
always consist of either a decrease in hole concentration 
or an increase in electron concentration. This means 
that the total bound charge becomes more positive or 
less negative. Thus, either many more acceptors than 
donors anneal out, or there is a general shifting of energy 
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Fic. 5. Annealing of p-type InSb, measurements at 80°K. 
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levels toward the conduction band. It is believed that 
these first two processes are the result of rearrange- 
ments of defects which lie very close to each other, and 
possibly also of recombination of very close vacancy- 
interstitial pairs. 

The mobility of n-type samples increases during the 
first two annealing processes. The mobility of the p-type 
samples decreases, in spite of the fact that the number 
of defects, and consequently the number of scattering 
centers, appear to be decreasing. These changes in 
mobility might be partially explained by the accompy- 
ing changes in carrier concentration, which would 
produce more screening in the case of the n-type 
samples and less screening in the case of the p-type 
samples. However, in comparing changes in the re- 
ciprocal of mobility for samples of comparable carrier 
concentration bombarded at two temperatures (see 
Table I), it is found that this quantity changes more 
rapidly for p-type samples bombarded at dry ice 
temperature than for p-type samples bombarded at 
liquid nitrogen temperature. Some mechanism which 
works opposite to the decrease in the number of 
scattering centers must be responsible for this effect. 
There are two such mechanisms possible: a shifting of 
donor levels toward the conduction band, thus making 
the donors more highly ionized; or a separation of 
closely spaced donors and acceptors, the effect of which 
would be to decrease their mutual shielding. 

It will be noted that the third annealing process can 
be explained in terms of vacancy-interstitial recombina- 
tion, since in both n- and p-type samples the changes 
tend to restore the initial conditions. But the p-type 
samples, in contrast to the n-type samples, are not 
completely restored to their initial conditions. This 
indicates that after the third anneal there is either an 
excess of introduced donors over acceptors, or an equal 
number of each, the introduced donors and acceptors 
being unequally ionized only when the Fermi level is 
near the valence band. 

p-type samples, while remaining p-type during the 
first two annealing stages, have been observed to 
convert to n-type after the third stage of annealing. 
This fact is consistent with the observations of Cleland 
and Crawford’ who observed conversion of p-type to 
n-type when InSb was bombarded with high-energy 
neutrons at room temperature. These authors also 
noted a decrease in mobility during annealing of p-type 
gallium antimonide.® 


IV. BOMBARDMENTS CARRIED OUT AT 
DRY ICE TEMPERATURE 


In the above annealing experiments the first two 
processes are difficult to interpret; however, the third 
process might consist of recombination of some of the 
vacancy-interstitial pairs. Bombardments were there- 
fore carried out at a temperature slightly below the 
onset of the third annealing stage (200°K, or approxi- 
mately dry ice temperature) in order to obtain more 
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Fic. 6. Temperature variation of Hall coefficient of a p-type 
sample with various amounts of bombardment as a parameter, 
bombarded at 200°K. 


information concerning the defects stable at this 
temperature. 

At 200°K most samples are nearly intrinsic ; therefore, 
all removal rate and Fermi level determinations were 
made at liquid nitrogen temperature. The samples were 
kept at 200°K only during bombardment. This pro- 
cedure also allows comparison of the removal rate 
curves for the two types of bombardments. Samples 
bombarded at this temperature are more stable than 
samples bombarded at liquid nitrogen temperature, as 
far as long-period stability is concerned. 

n-type samples still become p-type when bombarded 
at this temperature; however, the final Fermi level 
(determined at 80°K) has shifted from 0.03 ev in the 
case of samples bombarded at liquid nitrogen tempera- 
ture to approximately 0.08 ev for samples bombarded 
at 200°K. The removal-rate curve, constructed from 
bombardments carried out on several samples, is shown 
in Fig. 3. The open circles are initial removal rate values 
for different samples, and each solid line represents 
An/@ values for the same sample, as before. The 
triangles separated by dotted lines represent values too 
far apart to justify connection with a solid line. The 
crosses represent An/@ values for samples after they had 
been bombarded at liquid nitrogen temperature, warmed 
to 200°K for at least 30 min, and then cooled back to 
liquid nitrogen temperature. 

A comparison of removal-rate curves for liquid 
nitrogen and dry ice bombardments shows that the 
latter do not exhibit the marked asymmetry of the 
former. The distribution of energy levels introduced at 
dry ice temperature is quite different from that pro- 
duced at liquid nitrogen temperature. Apparently the 
levels most effected by warming from 80° to 200°K lie 
between /,+0.05 ev and £,—0.03 ev. 

From the shape of the removal-rate curve it is 
possible to make rather crude estimates of the positions 
of the levels introduced at 200°K. On the p-type side 
there appears to be a level in the vicinity of 0.04 ev and 
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possibly another one near 0.08 ev. On the n-type side 
there are certainly levels present in the range 0.03 to 
0.10 ev, but An/@d changes almost linearly over this 
range which amounts to approximately 10&7. If this 
change were the result of a single level, it would occur 
over a range of approximately 4&7. It therefore appears 
that there are at least two and possibly more levels in 
this range which are separated by less than 4kT and are 
consequently unresolved. These curves also suggest 
that the level which was at 0.03 ev in the case of liquid 
nitrogen bombarded samples has shifted to approxi- 
mately 0.04 ev, if these two levels result from the same 
type of defect. 

Another method of determining energy levels consists 
of analyzing the variation of carrier concentration, or 
Hall coefficient, with temperature after a known amount 
of bombardment. This amounts to fitting Eq. (1) to 
data in which the variables are carrier concentration and 
temperature, the flux being constant. In general this 
equation is too complicated to handle; but if in certain 
cases the Fermi level remains sufficiently close to a given 
level over a reasonable temperature range, and if there 
are no other levels close to the level under consideration, 
Eq. (1) can be simplified to the following form: 


exp(Eo;/kT) 
= {A;N./p} { (gi—C;—Ap/¢), (Cj+Ap, ¢)}; (2) 
where 


E;= Eojt+a;T, 


A;=7;e7!*. 


Eo; is the activation energy (at T=0) of the level under 
consideration, A; is a constant involving the statistical 
weight factor and the temperature coefficient a; of the 
energy level, and C; is a constant involving some of the 
rates of generating other levels and can usually be 
determined from the removal-rate curve. The quantity 
J, is the effective density of states, 


N,=2(2am*kT)}/h. 


The parameters adjusted in making a fit are g; and C;. 
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Fic. 7. A fitting of p-type data to Eq. (2). g:=1.54 cm™ and 
C,;=2.44 cm. The slope of the solid line corresponds to 
Eo, =0.048 ev. 
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This method of determining energy levels could not be 
applied to samples bombarded at liquid nitrogen 
(which anneal upon warming) since the apparatus was 
not designed to achieve the required low temperature. 
Figure 6 shows a plot of logR versus 1/T with flux as a 
parameter for a p-type sample bombarded at 200°K. 
The above analysis (see Fig. 7) was made for curve B 
and for similar curves obtained from other p-type 
samples. 

The ordinate of the graph of Fig. 7 is proportional to 
the right-hand side of Eq. (2). The quantities plotted 
were calculated from experimental Ap/¢ values, using a 
value of C;= 2.44 cm“. It can be shown that if the level 
under consideration is the first level above the valence 
band, C; must equal the initial carrier removal rate of a 
sample whose Fermi level is very near the edge of the 
valence band, i.e., Ci=2.5 cm (see Fig. 3). gi was 
adjusted to make the points lie on a straight line. The 
straight line drawn in Fig. 7 corresponds to gi=1.54 
cm and Eo,:=0.048 ev. The estimated uncertainties in 
gi and £o are, respectively, +0.1 cm™ and +0.005 ev. 

Curves E, F, and G of Fig. 6 demonstrate very clearly 
the level near 0.08 ev which was barely resolved by the 
removal rate curve. This will be called the second level. 
Analysis of these curves yields g2>=1.340.3 cm™, and 
FEo2=0.081+0.003 ev. 

An equation analogous to Eq. (2) can be written for 
n-type samples. Figure 8 shows a set of temperature 
curves for an n-type sample with flux as a parameter. 
An attempt to analyze these curves and similar curves 
from other n-type samples gave conflicting results. This 
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is not surprising in view of the fact that the shape of 
the removal-rate curve suggests that the levels on the 
n-type side are too closely spaced to enable an analysis. 
The only estimation of the number of centers re- 
sponsible for this group of levels is obtained from the 
drop in —An/¢ as the Fermi level passes through them. 
This is approximately 1.7 cm™!. Thus, each of the three 
sets of levels are introduced at approximately the same 
rate, i.e., at approximately 1.5/cm. 

To determine which levels are donors and which are 
acceptors it is necessary to rely on mobility changes. 
Both n- and p-type samples which showed a negative 
slope of log(R/p) versus logT before bombardment 
showed a positive slope after appreciable bombardment, 
thus demonstrating the introduction of ionized scatter- 
ing centers by bombardment. Figure 9 shows a plot of 
the reciprocal of Hall mobility, p/R, against flux for 
the n-type sample of Fig. 8. Positions of the Fermi 
level are also listed. The initial rise is almost linear and 
is apparently due to the introduction of ionized defects. 
After a flux of approximately 50X 10'%/cm? the carrier 
concentration is dropping very rapidly. This produces 
less free-carrier shielding and consequently greater 
scattering which results in an upward curvature of p/R. 
With larger fluxes the curve levels off, in spite of the 
fact that the carrier concentration in this range is still 
decreasing. This leveling off occurs while the Fermi 
level passes through the range 0.03 to 0.085 ev which is 
exactly the range in which —An/@ decreases in Fig. 3. 
This leveling off is interpreted to mean that the scatter- 
ing per introduced defect is decreasing, or the magnitude 
of the charge on the centers responsible for the levels 
on the n-type side is decreasing as the Fermi level is 
lowered through these levels. This behavior indicates 
that these centers are acceptors. Similar behavior is 
observed for the p-type sample of Fig. 6, and by the 
same reasoning it is inferred that the level at approxi- 
mately /,+0.048 ev is a donor. The character of level 
number 2 remains undecided. It should be pointed out 
that the above interpretation does not consider the 
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screening effect which closely spaced donors and 
acceptors might have on each other. 

The initial change of the reciprocal of Hall mobility 
with flux for both n- and p-type samples is greater than 
the value calculated assuming all centers singly ionized 
(see Table I). Thus, the centers must be multiply 
ionized. The calculated values would be decreased still 
further by considering the effect of mutual screening 
due to the proximity of the donors and acceptors. 


V. CONCLUSIONS 


Electron bombardment of indium antimonide pro- 
duces remarkably different effects, depending on the 
temperature of bombardment, or the temperature to 
which a sample has been raised after bombardment. The 
greater value of the final Fermi level for samples 
bombarded at dry ice temperature as compared with 
samples bombarded at liquid nitrogen temperature, and 
the different shapes of the removal-rate curves in the 
two cases, this curve in the latter case being quite 
asymmetrical, point to a change in the distribution of 
levels as a sample is heated from liquid nitrogen 
temperature to dry ice temperature. There is further 
evidence from the annealing data that after the samples 
were warmed to room temperature there existed a still 
different level distribution, possibly all donors. 

The levels which lie within the forbidden band, or 
sufficiently far into the forbidden band to be detected, 
are associated with multiply ionized states. The level 
picture for liquid nitrogen bombardments is incomplete, 
but one level was detected at 0.03 ev above the valence 
band. The sites responsible for this level are introduced 
at an estimated rate of 3.5/cm The calculated rate is 
24/cm for a threshold displacement energy of 7 ev. If 
this is the correct threshold value for calculating the 
number of displacements introduced by 4.5-Mev elec- 
trons, then one must assume either that only a fraction 
of the total number of defects are detected by changes in 
carrier concentration, or that many of the defects 
introduced anneal rapidly at liquid nitrogen tempera- 
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ture. In view of the fact that annealing does occur at 
liquid nitrogen temperature, irradiations at a still lower 
temperature would be of considerable interest. 

The energy level picture is more complete for bom- 
bardments at dry ice temperature than for those at 
liquid nitrogen temperature. There are two levels on 
the p-type side at 0.048 ev and 0.081 ev, and a group 
of levels in the region 0.03 to 0.10 ev below the conduc- 
tion band. Each of these three sets of levels is introduced 
at approximately the same rate, 1.5/cm. The level at 
0.03 ev above the valence band appears to be a donor 
and the group of levels below the conduction band 
appears to be acceptors. 

Apparently many of the defects introduced at liquid 
nitrogen temperature are not stable at dry ice tempera- 
ture, since the rate of generating defects appears to be 
considerably smaller at the higher temperature. 

Samples bombarded at liquid nitrogen temperature 
and gradually annealed to higher and higher tempera- 
ture showed three stages of rapid annealing, the first 
two occurring between liquid nitrogen and dry ice 
temperature, the latter near room temperature. The 
annealing changes which occur between liquid nitrogen 
and dry ice temperature cannot be explained in terms of 
recombination of vacancies and interstitials only. It is 
felt that geometrical rearrangements of some of the 
defects which are not annihilated plays an important 
role in these annealing processes. 
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The carrier concentration of n-type InAs increases during irradiation with 4.5-Mev electrons. The in- 
crease is followed to a carrier concentration of 10!7/cm*. The carrier concentration of p-type samples de- 
creases with irradiation. The increase in the electron concentration suggests that bombardment-produced 
donors are at least doubly ionized, even when the Fermi level is in the conduction band. Initially p-type 
samples exhibited anomalies which may result from n-type conduction in the vicinity of dislocations. 


I. INTRODUCTION 


N a previous paper’ the effects of electron irradiation 
on the electrical properties of indium antimonide 
were discussed. Similar experiments were performed on 
indium arsenide, another intermetallic compound quite 
similar to InSb. These experiments must be considered 
preliminary because material of sufficient quality to 
justify a detailed study was not available. Nevertheless, 
even the gross behavior of InAs upon bombardment is 
remarkably different from that of InSb and other semi- 
conductors, and is thus of considerable interest. 

All samples were polycrystalline and contained im- 
purities in concentrations of 10'6/cm® or greater. The 
p-type material was probably heavily compensated. 
Good discussions of the electrical properties of InAs 
are available in the literature.?~4 

The experimental procedure was thesame as described 
in the above reference,’ except that in the present case 
only bombardments at liquid nitrogen temperature were 
carried out. The energy of the bombarding electrons 
was 4.5 Mev. The specimens were approximately 0.15 
to 0.30 mm thick, considerably less than the range of the 
bombarding electrons. 


II. EFFECT OF BOMBARDMENT ON n-TYPE InAs 


Bombardment increases the carrier concentration of 
n-type samples, even though it is initially quite large. 
Figure 1 illustrates the changes in carrier concentration 
and the reciprocal of Hall mobility versus bombardment 
flux. The carrier concentration was calculated by the 
equation n=1/Re, where R is the Hall coefficient in 
cm*/coul. The sample of Fig. 1 is very nearly degenerate 
initially, and becomes more degenerate as bombardment 
proceeds. This behavior indicates that donors are intro- 

* Supported by the U. S. Atomic Energy Commision. 
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degree of Doctor of Philosophy at Purdue University, Lafayette, 
Indiana, 1958. 
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2 Folberth, Madelung, and Weiss, Z. Naturforsch. 9a, 954 (1954). 

3 F, A. Cunnell and E. W. Saker, in Progress in Semiconductors, 
edited by Alan F. Gibson (John Wiley & Sons, Inc., New York, 
1957), Vol. 2, p. 58. 

4H. Welker and H. Weiss, in Solid State Physics, edited by 
F. Seitz and D. Turnbull (Academic Press, Inc., New York, 1956), 
Vol. 3. 


duced which are ionized even though the Fermi level is 
in the conduction band. The increase in the reciprocal 
of mobility is apparently the result of additional scat- 
tering by the introduced ionized defects. The initial 
rate at which the concentration of electrons increases 
is dn/dp=6.1/cm. This behavior is quite different from 
that of other semiconductors such as InSb, Ge, and Si. 
These materials always exhibit a decrease in carrier 
concentration if degenerate, or nearly degenerate, speci- 
mens are bombarded. Such behavior is attributed to the 
introduction of donor and acceptor states in the for- 
bidden band. 

An annealing experiment indicated that very little 
annealing occurs until a temperature of approximately 
150-175°K is reached. The changes in Hall coefficient 
and resistivity during annealing occur in the direction 
of restoring the initial conditions. 


III. EFFECT OF BOMBARDMENT ON 
DEGENERATE p-TYPE InAs 


A p-type sample with Hall coefficient of 8.1 cm*/coul 
was bombarded for the purpose of determining the re- 
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Fic. 2. Bombardment of p-type InAs. 


moval rate. The carrier concentration of this sample 
was so large that only a few percent change could be 
effected by a rather long bombardment. The carrier 
removal rate for this sample, calculated by the equation 
p=1/Re, was —dp/dp=10.2+0.5/cm. 

The rate at which holes are removed from the degen- 
erate p-type sample is nearly twice the rate at which 
electrons are introduced into a nearly degenerate n-type 
sample. The fact that these two rates are not equal in- 
dicates that some levels are introduced in the forbidden 
band. 


IV. ANOMALOUS BEHAVIOR OF ~-TYPE SAMPLES 


Bombardment of a p-type sample considerably more 
pure than the degenerate sample described above might 
be expected to produce a negative Hall coefficient after 
a reasonable amount of flux. Since the major effect of 
bombardment is to introduce donors, the Hall coeffi- 
cient of an initially p-type sample should increase,’ go 
through a very large maximum, become negative, and 
after passing through a very large negative maximum 
should approach zero or a small negative value. The 
theoretical value of the maxima in R for InAs bom- 
barded at liquid nitrogen temperature is of the order of 
10*cm*/coul. Obviously such a large Hall coefficient is 
not measureable. In the region of the conversion from 
p- to n-type the sample should behave as an insulator. 
In a practical case, where there may be considerable 
inhomogeneity present, the maxima in Hall coefficient 
and resistivity will be considerably lower than the theo- 
retically predicted values. Nevertheless, the general 
shape of the bombardment curves just described should 
be observed. Analogous behavior has been observed in 
the case of electron bombardment of InSb,! for example. 

Samples of InAs having an initial Hall coefficient of 
the order of 100 cm*/coul do not behave in the manner 
described above. The variation of Hall coefficient and 
conductivity as a function of the bombardment flux is 
shown in Fig. 2 for an initially p-type sample which was 

®K. Lark-Horovitz, Semiconducting Materials (Academic Press, 
Inc., New York, 1951). 
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etched before bombardment. The deviations from the 
expected behavior are even greater for unetched 
samples; these become m-type without showing any 
positive maximum. 

In Fig. 2 the fluctuation in R at a flux of 6.7 X 10'®cm-? 
is the result of slight annealing after the sample had 
remained overnight at liquid nitrogen temperature. The 
changes in Hall coefficient and conductivity both for 
small bombardments and for the latter stages of bom- 
bardment behave as one would predict from the be- 
havior of the degenerate n- and p-type samples; that is, 
the concentration of holes appears to decrease at first, 
and later when the samples is n-type the concentration 
of electrons appears to increase. These changes in carrier 
concentration agree reasonably well with the values de- 
termined for the degenerate n- and p-type samples 
above. The initial change in hole concentration for the 
sample of Fig. 2 is —dp/d@=9/cm. The change in elec- 
tron concentration near the end of the bombardment is 
dn/do=6.15/cm. However, for intermediate values of 
flux where the conductivity should become very small 
the behavior is anomalous. The appearance of the curves 
of Fig. 2 suggests that in the flux region of (2 to 10) 
X10! electrons/cm? some other conduction mechanism 
is present which is -type in character. It seems not 
unreasonable to suggest that this spurious conductivity 
be the result of some sort of inhomogeneity such as 
grain boundaries, surfaces, or dislocations. 

Folberth and Weiss® have found that the Hall co- 
efficient of samples of InAs whose donors have been 
partially compensated by the introduction of acceptors 
changes sign twice as the temperature is varied over a 
suitable range. This fact suggests that such a double 
reversal of Hall effect might also be observed if a p-type 
sample were compensated by the proper amount of 
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Fic. 3. Temperature curves showing the double reversal of Hall 
coefficient in bombarded InAs. 


®Q. G. Folberth and H. Weiss, Z. Naturforsch. 1a, 510 (1956). 
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bombardment. In order to observe this effect a p-type 
sample was bombarded at liquid nitrogen temperature, 
but before each temperature run was made, the sample 
was warmed to 290°K for 25 minutes. After this period 
of time the amount of annealing at this temperature was 
small, and at lower temperatures negligible. In Fig. 3 
three temperature curves for this sample are plotted. The 
Hall coefficient is plotted linearly in order better to 
illustrate the changes in sign of R. The first curve cor- 
responds to zero bombardment, curve II to a flux of 
0.47 X 10!®cm~, and curve ITI toa flux of 1.07 10'%cm~. 
This sample, before bombardment, showed a very pro- 
nounced dip in the Hall coefficient which is not well 
understood. It is possible, however, that this dip is the 
result of the polycrystallinity of the sample. Curves IT 
and III illustrate the transition from a single reversal 
to a double reversal. Whether or not this double re- 
versal and the behavior observed by Folberth and Weiss 
are caused by the same mechanism is a question yet to 
be answered. It appears at least plausible that electronic 
conduction along grain boundaries, surfaces, or disloca- 
tions might explain the double reversal behavior as well 
as the apparent spurious conductivity observed during 
bombardment. 


V. DISCUSSION AND CONCLUSIONS 


The effects of radiation damage on the electrical prop- 
erties of semiconductors may frequently be interpreted 
in terms of a model suggested by James and Lark- 
Horovitz’ which postulates that interstitials are donors 
and vacancies are acceptors. In the present experiments 
on InAs it was found that the electrical behavior of 
bombarded n-type samples could be explained by the 
introduction of donor levels of very low activation 
energy. No necessity of assuming the existence of ac- 
ceptors was encountered ; nor was this assumption ruled 
out, since acceptors might be introduced at a slower 
rate, or might be less highly ionized than the donors. In 
view of experiments performed on other semiconductors 
(see reference 1 for a discussion of these experiments), 
which demonstrate that both donors and acceptors are 
introduced by bombardment, the latter assumption 
seems more reasonable. Nor is it unlikely that the donors 
be so easily ionized. For example the Bohr model’ 


applied to a doubly ionized donor site predicts an elec- 
tronic orbit of 106 angstroms, and the second ionization 
potential to be approximately 0.0113 ev. The same cal- 
culation for the first ionization potential of the acceptors 
gives 0.028 ev. These calculations were made under the 
assumption that the dielectric constant® of InAs is 12, 


7H. M. James and K. Lark-Horovitz, Z. physik Chem. 198, 107 
(1952). 
8 F. Oswald and R. Schade, Z. Naturforsch. 9a, 611 (1954). 
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the effective mass*® of electrons 0.03mpo, and the effec- 
tive mass of holes 0.3m. The very low ionization 
energies of the donors is obviously the result of the small 
effective mass of the electrons. 

A calculation of the rate at which primary vacancy- 
interstitial pairs are introduced, utilizing the cross sec- 
tion for differential Coulomb scattering, and an 
assumed 30 ev for the threshold displacement energy, 
yields the value 2.96/cm. Consideration of the secondary 
displacements should not increase the calculated 
number of displacements by more than 30 or 40%. 
Threshold experiments performed" on other semi- 
conductors suggest that the threshold displacement 
energy may lie in the range 15 to 30 ev for most mate- 
rials. Thus the rate of introducting Frenkel pairs is ex- 
pected to lie between approximately 4/cm and 8/cm. 
Or the net amount of bound charge introduced per 
Frenkel pair is expected to be approximately 6/8=0.75 
to 6/4=1.5 for n-type samples. If the donors are doubly 
ionized and the acceptors singly ionized, the net bound 
charge introduced per Frenkel pair would be 1.0 for 
n-type samples (assuming that vacancies are acceptors 
and interstitials are donors). 

The anomalous behavior of p-type samples during 
bombardment has been attributed to a spurious con- 
ductivity which has negligible effect when the concen- 
tration of either holes or electrons is very large, but 
which obscures the changes in hole and electron con- 
centration when both are small. This spurious conduc- 
tivity might consist of conduction along grain bound- 
daries, since these samples were polycrystalline; how- 
ever, in view of heat treatment studies reported by 
Dixon"® one is tempted to ascribe this behavior to 
conduction in the vicinity of dislocation lines. Dixon has 
shown that the double reversal of InAs can be attributed 
to inhomogeneity produced as a result of the segregation 
of n-type impurities near dislocations. 
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A formal theory of one-electron states in insulators and semi- 
conductors is developed from a many-particle point of view. The 
techniques of second quantization are utilized for this purpose in 
a manner analogous to that introduced recently for the study of 
Fermi liquids, i.e., by the study of matrix elements of the electron 
field operator which describe the propagation of particles or holes. 
Both types of motion are described symmetrically by means of 
the one-particle Green’s function or propagator. The utility of 
these constructs for the present study derives from the existence 
of a gap against single-particle excitation. 

The basic result of this paper is that the motion of electrons 


I. INTRODUCTION 


T has long been customary to explain the phe- 

nomenon of vacuum polarization in quantum 
electrodynamics by comparing the vacuum with a 
polarizable medium, for example a dielectric. It was 
rather a surprise to the author, therefore, to discover! 
that the formal quantum theory of electrically and 
magnetically susceptible media from the many-particle 
point of view was only in its embryonic stages. 

The work to date with which this paper is most 
closely linked, that of Kohn,? has been concerned with 
the following problem. Consider a point impurity 
charge imbedded in an insulator or semiconductor, 
supposed to have cubic symmetry, and to be at the 
absolute zero of temperature (we ignore lattice vibra- 
tions). It is then shown from first principles, using only 
rather general properties of the type of solid under 
consideration, that the motion of an extra electron in 
the field of the impurity is described by a Schrédinger- 
like equation of the form 


2 eg 
(-—"-)ro- EF(r). (1) 
+ K*r 


Here m* is the effective mass of the conduction band, 
q the impurity charge, and «* an effective dielectric 
constant. Equation (1) is applicable to those orbits 
which do not overlap appreciably with the impurity 
charge distribution. Equivalently the radius of the 
orbit must be large compared with the lattice-spacing 
parameter. In a second paper,’ Kohn was able to show 
that indeed x*=x, where x is the conventionally defined 
static dielectric constant of the solid. 

* Supported in part by the U. S. Atomic Energy Commission. 


1 For this revelation the author is indebted to Professor W. 
Kohn. 

2W. Kohn, Phys. Rev. 105, 509 (1957); see also J. Lindhart, 
Kgl. Danske-Videnskab. Selskab, Mat.-fys. Medd. 28, No. 8 
(1954); J. Hubbard, Proc. Roy. Soc. (London) A240, 539 (1957) ; 
P. Noziéres and D. Pines, Nuovo cimento 9, 470 (1958); Phys. 
Rev. 109, 1062 (1958). 

3W. Kohn, Phys. Rev. 110, 587 (1958). 


near the bottom of the conduction band in the presence of external 
electric and magnetic fields whose spatial variation over one 
lattice spacing is small and which contain no frequencies compa- 
rable with the gap frequency is governed by a simple Schrédinger 
equation. The latter contains as parameters only the effective 
mass (as measured in a cyclotron resonance experiment) and the 
static dielectric constant and magnetic permeability of the solid. 
Our proof, within the restriction of a fixed, perfect lattice, takes 
into account all many-body effects. A similar theorem obtains for 
the motion of holes. 


Equation (1) is in remarkable agreement with ex- 
periment if one substitutes for m* the value measured 
in a cyclotron resonance experiment.‘ Plausible as is 
this identification on grounds of ‘‘gauge invariance,’’ it 
has not been established from first principles. 

One of the purposes of this paper is to provide such 
a foundation. More generally, we treat from scratch 
the general “one-electron” problem of insulators and 
semiconductors and prove (piecemeal) the intuitively 
appealing theorem conjectured by Kohn? that the 
entire response of solid plus extra electron to an external 
electromagnetic field A,(r,), satisfying the condition, 


\9Ay| 4) faAy| AE 
a /\ai« | VEX a 
Ox; | a } ot} h 


is described rigorously by a one-particle equation 
involving the three phenomenological constants m*, x, 
and wu, where wu is the static magnetic permeability. 
Here a is the lattice parameter and A£ a characteristic 
energy of the order of electron volts. 

In carrying out this program, we have employed the 
method of second quantization. The procedures utilized 
are closely related to those introduced recently in the 
study of fermion liquids.® The exposition is, however, 
completely independent of that work. Our guiding 
image throughout this paper has been the analogy 
between the system studied, impurity plus electron 
imbedded in the crystal and the hydrogen atom, proton 
plus electron imbedded in the vacuum. Indeed, except 
for the somewhat greater formal complexities introduced 
by the periodic potential, our procedures will duplicate 
the similar procedures of quantum electrodynamics, 
developed there to deal with the one-electron problem 
in an external field. 

In outline the present paper starts in Sec. II with 
formal definitions of the static dielectric constant and 


‘ For this comparison see W. Kohn, Phys. Rev. 98, 1856 (1955). 
5A. Klein and R. Prange, Phys. Rev. 112, 994 (1958); R. 
Prange and A. Klein, Phys. Rev. 112, 1008 (1958). 
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magnetic permeability which permit their relation to 
the dynamical motion of extra electrons in the solid to 
be identified readily at a later stage. The succeeding two 
sections then develop a formal description of “one- 
electron” states in the conduction band, the main 
purpose of these developments being to incorporate the 
hypothesis of energy gap into the theory in a manner 
which permits a relatively straightforward exploitation 
when external fields are introduced. The final three 
sections are then concerned directly with the central 
theorem of the paper, building by relatively easy stages 
to the full result. 


II. DEFINITION OF DIELECTRIC CONSTANT 
AND MAGNETIC PERMEABILITY 


In order to be able to discuss, at our pleasure, the 
ground state of our “crystal,” or the different states 
obtained by the addition or removal of electrons, we 
use the method of second quantization. We introduce 
operators ¥(r), ¥t(r) which destroy and create electrons 
at the point r, and which satisfy the usual anticom- 
mutation relations 


(¥(1),0(r')} = I(n),yt(r')} =0, 
{V(1),0'(r')} =6(r—-r’). 


Choosing atomic units in which h=e=2m=1, the 
crystal proper will be described by the Hamiltonian 
(we ignore spin and spin-dependent forces), 


(3) 


Hy= fav Vi (rn) vy r)+ 3 f array Yi(r)ypi (r’) 


1 
x Mev f trer vind 


|r—r 


1 
X——pi(r’), (4) 
jee | 


containing in addition to the energy of the electrons 
their interation with a fixed lattice charge density 
pi(r). Of the latter we require 


pi(t+ta)=p(r), 


where the ta are the fundamental translation vectors 
of the lattice. 

To exploit this periodicity we introduce the three 
translation operators T., defined by the equations 


TW (r)T a t=(r+ 2). (6) 


We may note an explicit representation for these 
operators. 


(5) 


a=1, 2, 3, 


7 


T= exp(—iP-+.), (7) 


where P is the total momentum operator 


P= f asyi(n)(-ivw(n, 


TO 
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lor the system described by Ho, Eq. (4), we designate 


the complete set of eigenstates Y(,k,v), 


Aw (n,k,v) = E(n,k,v)V (n,k,v), (9) 


by the number of electrons, , the crystal momentum k, 
and the catch-all index v. The ¥(n,k,v) are eigenstates 
OT Le, 


Ta (n,k,v) = exp(—ik-74)¥ (n,k,v), (10) 


with eigenvalues exp(—ik-+.), where k is confined to 
the first Brillouin zone. Furthermore, we shall suppose 
that ¥(n,0,0)=Wo= |0) represents the ground state of 
the perfect crystal, which will serve as a reference state 
in all subsequent discussions. 

To define the dielectric constant of our system, we 
add the impurity charge density p;(r) and thus the 
perturbation 


1 


—p1(r’). (11) 


= f drd'r Ww) 
lee" 

In our total Hamiltonian we have omitted nondy- 
namical contributions to the energy, i.e., the interaction 
of pr(r) with pz(r) and with itself, but we shall re- 
member their forms at the appropriate instant. 

Now let the impurity charge density be a super- 
position of two point sources, 


p1(r)=qi6(r—1)+926(4— 12), (12) 


where |rj—r2|>>a, the lattice parameter, and let us 
study the ground state Wo(q1,g2) of Hot+H1 which goes 
over into Vo as g; and g2—> 0. The dielectric constant x, 
is defined by the occurrence in 
Eo(q1q2)= (Wo(qige), (Hot+H1)Vo0(qig2)) 
+9192/|ti—12|, (13) 

of a term of the form qig2/x|r1—r2|. Using the vari- 
ational principle, the term linear in q:, for instance, is 
gi(OEo(qig2)/9q1)a o= (¥o(0g2), [dH;/dqi Jo 

X WVo(Og2) git 9ige/| r1— 82|- 


We have further that 


(14) 


Po ( r,J2) 


| (15) 
1 


(¥o(0q2), [0H1/0q1 |oVo(0g2) ) = far 
where 


po(,g2) = (Wo(0gz), ¥1(r)y (4) Wo(Og2)) (16) 


is the electron charge distribution in the presence of qo. 

To evaluate (16) to first order in g2, we turn first 
to the study of the general electron charge density in 
the presence of an impurity distribution p;(r), 


poLt,pr]= (WoLer], ¥t(r)y (1) VoLer J) 


5poLr,pr | 
= ma(t)+ fa’ : | pr(S)+::: 
5pr(s) 0 


(17) 
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as a functional Taylor series in the impurity density 
p1(r). The first term po(r) is merely the periodic charge 
density in the unperturbed ground state |0). The 
second term, the one we are actually after has an 
essential ingredient the distribution 


R(r,8) = Spo 1,01 }/5p1(8) | o. (18) 


Since R(r,s) is characteristic of the unperturbed situ- 
ation, it has the translational symmetry of the lattice, 


R(r,8)= R(r+ ta, 8+ a). (19) 
Since R(r,8) should be a peaked distribution in the dif- 
ference coordinate r—s, it is convenient to write 


R(r,s)= @(s,t), t=r-—s, (20) 


and to carry out a moment expansion, 


R(s,t) = Ro(s)d(t) +2 Ro(s)V75(t)+---, 


where 


sro(s)= fat H(s,), ai(s)= far ?PR(s,t), 


and we have, for the first time, made explicit use of the 
cubic symmetry. 

Inserting the definitions and results of (18)— (22) 
into Eq. (17), we find that 


SpolL_t,01 ]= pol t,01 ]—po(r) =Ro(r)pr(r) 
+§V7[Ro(n)pr(r)J+---. (23) 
Finally with p;(r)=926(r—rz), (23) contributes to Eq. 
(15) the amount 
Ro(2)ge 


— $g2R2(11)6(11— 2) +: a 
| | 
| f2—T1| 


(24) 


in which we may ignore the second and other similar 
terms as short-range interactions. The remaining term 
is not yet of the required form, however, since we have 
made the error of studying the interaction of two 
microscopic point charges when, of course, we should 
have studied the interaction of macroscopic point 
charges, i.e., charges with dimensions large compared 
with a (but small compared with |r,;—r2|). Under the 
latter conditions, it is correct to replace ®o(r) by 
(Row, the average of Ro over a unit cell.® Collecting 
results, we have from (13), (14), (15), and (24) that 


ri— Fe| [02E0(qige) | Oqi9q2! 0 | 
=1+(Ro)w. (25) 


ci= lim 
f1—f3|-> © 


In addition to the reduction to the long-range 
Coulomb interaction by the dielectric constant, we 


6 The actual error incurred in this replacement will depend on 
the fluctuations of ®o(r) about its average, the symmetry prop- 
erties of p;(r), etc. For example if the deviations of ®o(r) from 
its average value can be neglected and p;(r) has inversion sym- 
metry about its center, the relative error is of order (r?)/| r2—1,|?, 
where (r*) is the mean square extent of p;(r). 
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have seen that there are further effects of two types. 
There is the type of short-range interactions which 
arise when the two charge densities overlap appreciably 
and which would be present on the average also for an 
initially uniform medium. These are represented in part 
by the second term of (24). But there are also the 
fluctuations which arise as a consequence of the perio- 
dicity of the lattice, and which prescribe the intro- 
duction of extended charge distributions separated by 
a distance large compared to the lattice parameter, or 
what is equivalent if point charges are used, the aver- 
aging of the interaction over a unit cell. 

To complete this section we carry through the 
analogous considerations which define the magnetic 
permeability of our solid. In place of the perturbation 
H;, we introduce a perturbation H, due to a steady 
external or impurity current j7(r), with associated 
vector potential A;(r) [V-A;(r)=0], 


Ha=— f a'r j(0)-Aslr)-3 fdr jr (r)-Az(r) 


1 
== f ara j()-—$ intr) 
ie~?| 


1 
=3 f arar jn(e)- ——j;(r’), (26) 
= 


where j(r) is the usual electron current density, 


1(r) =i Vt (ry (r)—Y' (rn) VY (rn) | 

—A;(r)yi(r)y(r). (27) 
For j;(r), we choose, as before, a sum of two localized 
distributions 


jr (r) = j16(r— 11) +526(r— rr). (28) 


We now study the electron current distribution in the 
presence of jr(r), 
iLt,j7] = Molin), i(r)Wo(5r)) 

3 djLti3r] | 


=F fe —_j+---, 
OFT, m S) 


(29) 


m=1 


where the term independent of j;(s) vanishes, and where 
the derivative is understood to be evaluated at zero 
impurity current. We are thus led to study the tensor 


5 jiLt,j1 J/5j1,m(S) =SimJ (1,8), (30) 


again taking cognizance of the cubic symmetry. In 
analogy to the expansion (19), we write 

J (1,8) = J(8,t) = Jo(s)6(H+ 5 52(s)V5(H+---, (31) 
with 


sols) f a J(s,t), sa(s)= f a ?g(s,t). (32) 





MANY-PARTICLE APPROACH 


Identifying as before the term in the energy of the form 


— jie jo/n| m— fol, 
we find that 
wo =14+(Jo)m, (33) 


where (Jo)a is the average of Jo(s) over a unit cell. 

It may be well to complete the prosaic considerations 
of this section by foreshadowing their significance for 
the problems of actual interest, the so-called ‘‘one- 
electron” problems. Consider, for instance an impurity 
charge distribution p;(r). In the ground state of the 
crystal this produces an additional potential ¢7(r) 
which for a small impurity is 


1 
ex(t)= far inet ; [oxte)+ f e's or(s)rs, (34) 
r=} 


according to Eqs. (17) and (18). The potential ¢;(r) 
can furthermore be decomposed into two parts 


q 
¢1(r)=—+6¢7(r), (35) 


Kr 


where g is the total charge associated with p;(r), 
assumed centered about the origin. The “short-range”’ 
potential 6¢;(r) contains whatever higher multipole 
potentials, if any, are generated by pr(r) as well as 
certain polarization potentials whose range is com- 
parable to that of p;(r) itself. It is important to em- 
phasize again that in (32) x is a true constant equal to 
the static dielectric constant if at least one of the 
following two conditions is met: (i) The impurity dis- 
tribution is roughly constant over the dimensions of a 
unit cell. (ii) The total charge induced in the immediate 
vicinity of a point impurity charge is essentially inde- 
pendent of position in the unit cell. With these provisos 
we then aim to show that an electron in the conduction 
band of the solid feels only the force due to the first 
term of (32), except in the immediate vicinity of the 
impurity, where additional short-range interactions 
may intervene. Similar remarks obtain for the vector 
potential. 


III. WAVE FUNCTIONS FOR SINGLE PARTICLES AND 
HOLES; EFFECTIVE MASS 


Before we can carry out the program formulated 
above, we must first develop a description of single 
particles or holes ‘‘added” to an otherwise perfect 
insulating crystal in the absence of external fields. In 
effect we wish to compare the system of perfect insulator 
plus one electron with energy levels E(n-+1, k, v) with 
the ground state of the insulator, energy Eo. The dif- 
ference 


E(n+1, 0, 0)—Ey= 0, (36) 


between the ground-state energy of V+1 electrons and 
that of our reference state is, of course, the (negative) 
binding energy of the extra electron. We shall have 


TO 
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more occasion to consider the difference 
E(n+1, k, 0)— Eo= e(k) Seoteik?+---, 


for small k, where ¢,;=(m/m*), the ratio of actual to 
effective electron mass. The expansion in (37) is valid 
as long as ka<<11. 

We shall be particularly interested in the states 
characterized by (37), the lowest band. In our insu- 
lator, they are distinguished from all other states 
E(n+1, k, v), v¥0 by the condition 

E(n+1, k, v)—Ey>e0+Ak, 
where AE plays the role of energy gap against excita- 
tion of an “electron” in the system of m+1 electrons.’ 
The content of Eqs. (37) and (38) may be re-expressed 
by the following two equations: 


E(n+1, 0, v)—E(n+1, 0, 0) > AE, 


(37) 


v¥0), (38) 


(39) 
and 


E(n+\, k, v)—E(n+1, k, 0)>0, (40) 


for k not too large. 

Relations of the above type permit us to introduce 
a distinction between single-particle and collective 
states. For small k, we shall assume the former to be 
nondegenerate except for direction of k. We shall find 
it possible to describe many of the properties of the 
single-particle states by introducing a suitable ampli- 
tude or wave function. We tentatively introduce the 
function fx(r,t), 


f(r, =2(Wo, ¥(r,t)¥ (n+1, k, 0)), 


which may be interpreted as the amplitude for finding 
the ground state of the perfect crystal if we remove an 
“electron” at the point r,t from the state V(7+1, k, 0). 
Here © is the volume of the sample. 

Transferring the time dependence to the state 
vectors, we have 


f(r.) = fx(r) exp —ie(k)¢], 


(41) 


(42) 


describing the motion of the particle with energy ¢(k). 
Furthermore from Eqs. (6) and (10), we find that 


fu(tt+ta)= exp(ik- ta) fx (1), (43) 


the usual relation for the Bloch functions. It is therefore 
of interest to pursue this lead further by deriving an 
effective Schrédinger equation for f_(r,t). This can be 
done by studying the Heisenberg equation of motion 
for the operator (r,t), 


id (r,t) =[y(r,t),Ho | 


1 
= = vy (n)+ far pu(e’ 


v (r,t) 
r 


1 
+ far weaned ~p(r,t). (44) 


r—r| 


7 We refer here to the detailed discussion of W. Kohn, reference 
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Computing the matrix element of (44) corresponding 
to the definition (41), we meet the equation 


(10+ V?) fx(t,t) 


1 
fer ——{pxr(t’) fe(r,t) +0! (Wo, ot (r’,t) 


r’—r| 


Xo(0' Oy (1,1)¥(n+1, k,0))}. (45) 
Equation (45) is, of course, the first of an infinite 
system of coupled equations. To obtain these, we can 
start by using Eq. (44) to construct an equation for the 
amplitude in (45) involving three operators, etc. 

We do not wish to pursue this procedure in detail. 
Here, all we ask of the reader is that he envisage some 
general elimination procedure which permits us to 
relate all amplitudes other than f;(r,t) to the latter. 
Carried to completion, such a procedure will permit us 
to replace the right-hand side of (45) by a structure 
of the form 


- five, r’;t—U’) fx(r’t’)d*r'dt’, (46) 
which may be taken as the definition of the integral 
operator V(r, r’; t—?’). 

Introducing the Fourier transform (and using the 
same symbol) 


V (r, ro) fev (er dat, (47) 


(45) becomes, with the help of (42), (46), and (48), 
[eW+V YAO + f Ver; el) Ale a0, (48) 


which may be viewed as an eigenvalue equation for the 
energy band e(k), as determined by the nonlocal, 
energy dependent “potential” V(r,r’; e(k)). It is easy 
to see from Eqs. (43) and (48) that 
exp(—ik-t2)V (r+7a, 1’; e(k)) 
= V(r, +72; e(k)) exp(ik- <2) 
= V(r,r’; e(k)). 

For future purposes it is convenient to augment Eq. 
(48) with an alternative and equivalent formulation. 
To derive the latter we can expand exp(—ik-r) fx(r) 
in a Fourier series 


fe(r)=> exp[i(k+- xm): 1rJAu(%m), 


(49) 


(50) 


where the x,, are the vectors of the reciprocal lattice, 
exp(i*m*Ta)=1. We also expand 

1 
V(r,0'; €(k))=— D0 Vic(%m,%m’ 5 €(k)) 


m,m’ 


Xexpli(%m+k)-r—i(%m +k)-r’]. (51) 
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By means of (50) and (51), Eq. (48) is transformed in 
straightforward manner to the form 


Le(k)+ (K+ Xn)? JA (Xn) 
+X V(vnytn 5 €(k))An(Hn)=0. (52) 


Starting from Eq. (52), we can now, in our mind’s eye, 
carry out a second elimination procedure, by which 
means we can “solve” for the amplitude A,x(0). For 
example to lowest order we have 


Le(k) +#-+V (0,0; e(k))]4x(0)=0. (53) 
Taking into account the coupling to the other ampli- 
tudes replaces V (0,0; e(k)) by a generalized operator 
> (k,e(k)), and our equation becomes 

Le(k)+4°+2 (k,e(k)) ]4x(0)=0. 
In contrast to Eq. (48), Eq. (54) yields directly an 
eigenvalue equation for the determination of €(k), 


«(k) —#?-+3(k,e(k))=0. 


(54) 


(55) 
In later developments we shall make fundamental use 
of (55) as an operator identity in an arbitrary operator k. 

The significance of the amplitude A,(0) is seen if we 
expand the operator y(r) in a Fourier series appropriate 
to the volume of the solid, 


1 
¥(r)=— Dd aye**''. 
Q} k 


1 
A;(0)= fare ot hl) 
2 


1 
=— (Yo, a(k)¥ (n+ 1, k, 0)) (57) 
Q 


is the amplitude for finding a particle of momentum k 
and the “vacuum” in the +1 particle state 


V(n+1, k, 0). 
A wave packet of such states 


F(r,t)=d0' axAx(0) explik-r—ie(k)t], (58) 
k 


where the summation is confined to the first Brillouin 
zone, satisfies the equation 


(id. + V?+2(—i¥, id,) JF (r,t) =0. (59) 


IV. PARTICLE-HOLE GREEN’S FUNCTIONS 


In the next section we shall turn to the problem of 
actual interest, the modification of the results of the 
previous section brought about by the introduction of 
external fields. In this section, we intrude some addi- 
tional developments for the field-free case which are 
essential for an understanding of the nature of the 
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operator 2 of Eq. (54). Here we introduce the particle- 
hole propagator or Green’s function defined by the 
equations 


G(r, finda > G(k, k’; seit 2, 


Q) ,k’ 


G(k, k’ ; t—t’) =i(Wo, T (a(ké)at (k’t’) Wo), 


(60) 


where the symbol 7 means 
T (a(kt)at (k’t’))=a(kt)at(k’’’), 
= —at(k’t’)a(ki), 
We proceed to the computation of the general 
structure of G(k, k’; ‘—?’). For t>1’, we have, upon the 
introduction of a complete set of intermediate states, 


G(k, k’; t—?’) 
=i LY (la(kt)|n+1, p, v) 


n+1, p.v 


X (n+1, p, v| at(k’2) |0) 


t>t' 


t<t' = 


=i2 >> exp[ —ite,,(p)(t—?’) JA p,,(p—k) 
I P 


Pp 


X6(p—k— xm) A p,»*(p—k’)6(p—k’— 


Km’) 


=i2 >> expl—ies4(K+%m) (t—t’) JA + Xm, »(%m) 


X Ak + xm, o* (Km)5 (K+ X%m— k’— Km). (62) 


The meaning and origin of the symbols in (62) is as 
follows: The energies ¢,;(p) are defined as 

¢4(p)=E(n+1, p, v)— Eo, (63) 
whereas the amplitudes A ,,,.(p—k) are given as 
214 ,(p—k)=(0| ax| +1, p, v) 

= 014 ,..(p—k) exp[—i(p—k)-t4]. (64) 
The last relation follows from the equation 

T QT «!= dy exp(ik: ta), (65) 


equivalent to Eq. (6), and from Eq. (10). On the other 
hand it implies that A,,(p—k)=0 unless p—k=x,, 
where x,, is a member of the reciprocal lattice. 

If we insert (62) into the first equation of (60), we 
find for />?’, most conveniently by dividing the total 
momentum summation into the contributions from the 
various Brillouin zones, that 


G(r, r’; t-U’) 


42 expLip: (r—r’)—ie4(p)(t—’) | 


XL # 


m,m! 


Ap, v(Km). too (Ra) 


XexpLikK OR ie 1K»! f f 
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Proceeding analogously, we obtain for t<1’, 


G(r, r’, i—’) 
=—i > explip: (r—r’)—ie_(p) (t-?’) ] 
Pp. 


a) Bs, »* (Km) 


XexpliK»- 1 


xX > B,,.(K 
IK’ |, (67) 
where 

é-(p)= Ky—E(n—1, —p, »), (68) 
and 
(69) 


By»(p—k)=(0|axt|n—1, —p, v). 


Equation (66) describes the now familiar single-particle 
states, whereas (66) refers to single-hole states. 

The results (66) and (67) suggest the introduction 
of a reduced, translationally invariant propagator, 
namely, the contribution to G, Eq. (60) arising from 
the summation over the first Brillouin zone only in the 
k,k’ spaces. We thus define G(r—r’;t—?’) by the 
equation 


G(r—r’; t—1’) 


1 
=— >’ G(k, k’; iv’ )eie 
Q) k,k’ 
=10,(t—1') © expLip- (r—r’) 
py 
t’) ]|A,»,,(0)|? 


—i0_(t—t') & exp[ip- (r—r’) —ie,_(p)(t—V’) ] 
Pp. 


—1e,,(p)(t— 
X | By,-(0)|?, (70) 


where @ are step functions in time, such that 6,+6_=1. 
If we write further 


r= S(p,!), (71) 
P 


g(pw)= f e*“'C(p,t)dt, 


4) 


and 


we find directly that 


- p+(p,€4(P)) 
+ eee 


G(P,«) 
y —wte,, (p)- 1n 


_ p-(P,e—(P)) 7 
rz ——————, (73) 
v —wte_(p)+in 
in which the limit 7 — 0 is understood and 


p+ (p,er4(p))= | A p»(0) |? 
p_(p,¢(p))= | B, .(0)|2 . 


We now apply Eq. (73) to a situation of particular 
interest. We separate the term v=0 from the remainder 


(74) 
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of the summation and assume that p is small enough so 
that the spectral considerations of Eqs. (39) and (40) 
apply. We therefore assume that 

(75) 


€+(p)—€o.(p)>AE(p), v0, 


i.e., the existence of a gap. We also assume symmetry 
between particles and holes in the following senses, 
€o;.(p) = €o_(p) =e0(p), ‘ 
0 p) =<o( (76) 
€o(p)—e_(p)>AE(p), v0. 


We also take note of the highly symbolic nature of the 
summations in (73) and define for v¥*0, a summation 
for fixed energy, 

DX. ps (pes(P))=ps(e(p)). 


When incorporated into (73), the results of (75)— (77) 
tell us that the former may be written in the form 


(77) 


Z(p) ps (e(p) )de 


G(p,w) = 


+f . 
—wteo(p) «o(p) +AE(p) —wt+e(p)—in 


eo(p)-AE(p) pp (€(p) )de 
+f —, (78) 
a —wt+e(p)+in 
where 
Z(Pp)=p+(p,€o(p))+e_(p,€o(p)) (79) 
is the residue at the pole w= €o(p). 

We may now connect the considerations of this 
section with those of the latter part of the previous one. 
To effect this, we define an operator =(p,w) by the 
requirement 


[w— p?+2(p,w) ]G(p,w)= —1. (80) 


Since G(p,w) has a pole at w=€o(p), we conclude that 


€o(p)— p’ += (p,eo(p)) = Q, 


identifying the operator = as the one introduced pre- 
viously in Eq. (54). We can also relate the residue Z(p) 
to = by carrying out a “renormalization” procedure 
conventional® in the quantum theory of fields. If we 
expand =(p,w), as allowed by the structure of (78), 
about the point w= ¢0(p), we have 


(81) 


o> 
>(p,w) = =(p,€o(p) )+Lw— €o(p) J— | 


OW \0 


+[w—eo(p) ?2’(pw), (82) 
where 2’(p,eo(p)) is nonvanishing, we find in place of 
(80), 


pa 
ae 


OW \0 


Lo e()]( 1+ )+Lo-e(o)F2"| 


XG(pw)=—1. (83) 

* A minimum set of relevant references are F. F. Dyson, Phys. 
Rev. 75, 1736 (1949); J. Schwinger, Proc. Natl. Acad. Sci. U.S 
37, 452, 455 (1951); Karplus, Klein, and Schwinger, Phys. Rev. 
86, 288 (1952). 
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It follows that 
a| 
Z(py'=14+—|. 


Wid 


(84) 


We can also define the renormalized propagator, G’(p,w), 
Z(p)S’ (Pw) =S(P,~), (85) 


with residue —1 at the pole. 
The regularity of 2(pw) near w=eo(p) will find 
important application in our succeeding deliberations. 


V. MOTION IN AN EXTERNAL FIELD: 
IMPURITY STATE PROBLEM 


We are finally ready to undertake the central task of 
this paper. We seek an understanding of how the con- 
siderations of the previous sections are modified by the 
introduction of either an additional external electro- 
static potential (impurity state problem) or by a mag- 
netic field, particularly a uniform one (cyclotron reso- 
nance problem). 

Now most of the complexity of detail of the previous 
considerations, for example, the existence of two dif- 
ferent equations, Eqs. (48) and (54) or (59) to describe 
the energy bands arises from the lack of complete trans- 
lational invariance of the medium we are describing. 
It is clear, however, that if we are to obtain a 
Schrédinger equation for the motion of an extra electron 
in an external field, in which that motion is charac- 
terized by the macroscopic electric and magnetic 
constants of the solid, it must be despite rather than 
because of the periodicity. Equivalently such a deriva- 
tion should in fact be possible only for external fields 
whose variations over the dimensions of a unit cell are 
negligible. For example, for the Coulomb field of a 
point impurity this will only be true in cells which are 
many lattice parameters removed from the source 
point. Thus the equation which we shall derive for such 
a situation can be expected to be valid only for “orbits” 
which do not spend much time in the vicinity of the 
source. 

In view of these remarks, and in order to be able to 
emphasize the essential steps of our procedure, we shall 
make two simplifying assumptions in this section. Both 
will have to be justified if we are not to be accused of 
begging the question, and this we shall attempt to do 
in the final section. We therefore first assume that 

(i) The lattice charge density pz(r) can be replaced 
by a uniform background of positive charge density, 
but that nevertheless the spectrum of our system in its 
qualitative aspects, especially the occurrence of an 
energy gap, is unaltered. The technical significance of 
this for our purposes is that the summation in Eq. (58) 
over the first Brillouin zone can be extended over all 
momenta and Eq. (59), can be written as 


[i0. + V+2(—i¥, id.) |f(r,t)=9, 


to emphasize the fact that f(r,t) is a wave function of 


(86) 
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the form 


f(r,)= (Vo, ¥ (r,t) ¥ (n+1, 0)), (87) 


and W(n+1) is a wave-packet of +1 particle eigen- 
states of the ‘‘one-particle” variety. 

We now seek the generalization of Eq. (86) when we 
apply external fields to the solid. We shall be able to 
proceed by means of gauge invariance considerations 
alone, if we assume that 

(ii) the effective external field which is relevant for 
Eq. (86) is the coherent sum of that produced by the 
given external distribution and by the distribution 
which it induces in the ground state Vo. Retaining only 
first order terms in the impurity distribution, this 
means, for example, that the relevant scalar potential 
is given by ¢;(r), Eq. (35). We henceforth suppress the 
subscript J. 

We turn initially to the impurity state problem. In 
the presence of the external field ¢, we study the 
amplitude 


f(r.Q= Mle], v(r,)¥in+1,0;¢]), (88) 


by which we mean a state that goes over into a one- 
particle state as ¢— 0. For purposes of orientation, 
let us first consider the addition of a uniform scalar 
potential to the system. This can have no physical con- 
sequences, but it does formally modify our equations. 
Thus it modifies the field equation (44) and its matrix 
element (45) by the replacement 70; — 10,— ¢. It is not 
difficult to see that the same replacement obtains for 
the equations satisfied by the amplitudes coupled to 
f(r,t). It follows that Eq. (86) is replaced by the 
equation 


[i0,— gt V?+2(—iV, 10:— ¢) |f(r,0) =(), (89) 


If instead, the field is produced by an impurity 
charge density p;(r), we now assert with complete 
generality that Eq. (89) is replaced by the form 


{id,— g(r) +-V2+2(-iV, 10;— y(r)) 


+2Z,[—i¥V, i0,—¢(r), &(r)]} f(r,)=0. (90) 


Here ¢(r) is the effective field defined by assumption 
(ii) and &(r) the associated electric field E=— Vv. The 
extra term 2, is required by the noncommutativity of 
g and Y, and is characterized by the condition 


>i (—iV, i0.— ¢(r), 0)=0, (91) 


i.e., in the sense of a power series, it is at least first 
order in &. That the effective external potential, what- 
ever it is, can occur only in the combination shown, 
follows from considerations of gauge invariance. For- 
mally if we consider the substitutions 


f(1,)) — exp[iA (2) ] f(r,2), (92) 
where the phase factor A(t) is a real function of time 
alone, the concomitant change of gauge 


g(r) > o(r)—O0A(t)/dl, (93) 
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which leaves the electric field unaltered, will then insure 
the invariance of Eq. (90) if the combination through- 
out of time derivative and field is as indicated. 

We now consider the reduction of Eq. (90) to trac- 
table form under the assumption that we are interested 
in bound states whose wave functions do not overlap 
appreciably with the localized density p;(r). For this 
purpose it is convenient to replace g(r) by its long- 
range part g/xr. According to Eq. (35) the remaining 
short range part of the potential is proportional at least 
to p7(r) itself or to V-& if we reinterpret & as the field 
due directly to pr. We henceforth consider ¢ to be the 
long-range part of the potential and & to be the electric 
field due to p;. This rearrangement requires only an 
altered definition of 5;. Let us now write 


f (r,t) = exp(—iel) f(r), (94) 


where 


e= E(n+1, 0, ¢)— Eo(¢) (95) 


is the energy difference of the states involved in the 
matrix element (88). With the definition 


e(r)=e—¢(r), (96) 


Eq. (90) becomes 


{e(r) + V?+2(—iV, e(r)) 


Di(-i¥, e(r), &(r))} fe(r)=0. (97) 


The remainder of the development proceeds from the 
assumption justified in Sec. IV that 2(—iV, e(r)) is a 
regular function of its second argument in the neighbor- 
hood of e(r)=¢€0(—7¥V). We thus carry out the formal 
expansion [see Eq. (82) ], 


>(—iV¥, «(r)) 
==(—-i¥, €o(—i¥))+Le(r)—€0(—7¥) ] 
X d2(—iV, €o(—7¥))/deot+Le(r)—€o(—7¥) P 


XD’ (—iV, e(r))+21'(—iV, e(r), &(r)), (98) 


which we specify precisely at this stage by the require- 
ment that all factors [e(r)—«€o(—7i¥V)] be brought to 
the left. This gives rise to the extra operator 2)’, in 
virtue of the commutation of g(r) with V. If we sub- 
stitute (98) into (97), incorporate 2,’ formally into 2, 
and, most essentially take note of Eq. (55) as an 
identity in the operator k=—i¥, we obtain the 
equation 


{Le— 9(r)—€0(—i¥) ]Z(—iV) 
+[e— 9(r)—€0(—71¥) P2’(—19, e(r)) 


-E1(—i¥, e(r), &(r))} fe(r)=0. (99) 


Finally, to put our equation into a more symmetric 
form, we perform the substitution 


Z(—i¥)'f.(r) > f(r), (100) 


multiply on the left by Z~4, and carry out, formally, 
additional operator rearrangements, with a result that 
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can be written as 


(Ce— 9(r)— €0(—i¥) ]+[e— 9(r)—€0(—i¥) ] 
Xz’ (—i¥, e(r))[e— o(r)—€0(—i¥) ] 


1(—19, e(r), E(r))} f-(r)=0, (101) 


where 2, has again suffered redefinition because of the 
stated operator rearrangements. In the form (101), 
we may anticipate that each term of the effective one- 
particle Hamiltonian is Hermitian. 

In order to understand the content of Eq. (101), we 
shall restrict ourselves to those bound states whose 
wave-functions have little overlap with the charge 
distribution of the binding center. For such states the 
average momenta are small compared with a~', and we 
may therefore make the effective mass approximation, 


e— €9(—i1V)=e—eg—eoV?+--- =W-eV+---, (102) 


where the error is of relative order a?V? ~ (a/ay)*, with 
a; the Bohr radius of an impurity state. Since for 
typical situations a; is at least an order of magnitude 
smaller than a, the error is quite small. If we also 
suppose that the effective Hamiltonian in (101) is well 
approximated by the first term in the square brackets, 
we obtain the equation which has actually been used 
for this problem, 


[W—e.¥?—9/ar] fw(r)=0. (103) 


We complete our discussion with a qualitative 
estimate of the order of magnitude of the terms omitted 
in the transition from (101) to (103). Let us write Eq. 
(101), in the effective mass approximation, in the form 


(W—e¥?—9/xr—Ag]fw(r)=0. (104) 


In the sense of perturbation theory, we may expect that 
Ay~2d,, and therefore that the order of magnitude of 
the change in energy due to the omitted terms is 


AW ~(21)+(212’2)), (105) 


where ( ) means expectation value in the unperturbed 
state. We may further expect (2,) to be of the order of 
magnitude of the contribution from short-range intera- 
tions. Assuming 2, to be regular in &(r), the leading 
term of an expansion must, on grounds of invariance, 
be of the form 


Di~a(V-&)+i8{V;,83}, (106) 


where the last term is an anticommutator. As the 
squares of a length, a and 8 must be of order a’, since 
a is the length that characterizes roughly both the 
extent of the impurity distribution and the lattice 
structure. It follows by comparison of 2, with the 
potential energy itself that 


(21)~ (a/ar)P?W. 


(107) 
Under these circumstances, the second term of (101) 
is of even less interest, since from its definition, Eq. 
(94), 2’ must remain finite as AW — 0. We may there- 
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fore expect that (2’), which dimensionally is an inverse 
energy is of order W- rather than (AW). Thus the 
second term of (105) is smaller by a factor (AW/W) 
compared with the already small first term. 

For states which overlap appreciably with the 
impurity center, S states for instance, corrections can 
be quite significant, as experiment has indeed shown. 
In practice such corrections have to be handled semi- 
empirically. 


VI. MOTION IN AN EXTERNAL FIELD: 
CYCLOTRON RESONANCE 


The utilization of Eq. (103) for predictive purposes 
requires the specification of the effective-mass parameter 
€2. In practice the values yielded by cyclotron resonance 
experiments have been inserted. In this section, we 
study the justification of this identification, employing 
essentially the same simplifications as in the previous 
section. 

We thus study the states of (n+1) electrons in the 
presence of an impurity current density j7(r). In place 
of Eq. (90) we write, with 3¢(r) representing the mag- 
netic field strength, #=¥V XA, 


[ia,+ (W—iA(r) P+2((—iv—A), id;) 
+22((—i¥—A), 1d, H)f(r,t)=0. (108) 


Here, to start with, A(r) is the vector potential oper- 
ative in the ground state of the perfect insulator, 


VACA) = —in()—iLrd 


where the second source term is given by Eq. (29) and 
sequel. If we write 


V?A(r)= —w yr (1) +45 (1), 


(109) 


(110) 


the corresponding division of the vector potential is 
into its long-range and short-range parts. If the latter 
is supposed to be gauge-invariant, in analogy with the 
treatment of the previous section, we reinterpret the 
vector potential and field in (108) as the long-range 
part. In either event the general form of (108) follows 
from the requirement of invariance of the equation 
under the substitution 


f (r,t) — exp[iA(r) ]f(r,2), 


A(r) > A(r)+VA(r). — 


The remainder of the procedure follows completely 
that of the previous section. With the substitution 
(94), and the expansion (98), here in powers of 
€—€o(—i¥ —A), we obtain in place of (99), the equation 
{ [e—o(—7¥—A) ]Z(—iv—A) 

+[e—eo(—iv —A) P2’(—iv—A, e) 


+2,(—iV—A, 6, 3)} fe(r)=0. (112) 


With the substitution (100) and subsequent rearrange- 
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ments, we obtain in analogy with (101) 


{Le—o(—iv —A) ]+[e—e0(—iV—A) ] 
X2z’(—iv—A, e)[e—€0(—iV—A) ] 


+.(—iv—A, ¢, 3)} f-(r)=0. (113) 


Finally, supposing the effective-mass approximation to 
be valid, as will be seen to be true below, we take our 
effective Hamiltonian to be 


e— €9(—i¥ —A)=W —e.(V—iA)?+---, 


and our equation becomes the simple cyclotron reso- 
nance equation (assuming uniform 3C) 


[W—e.(¥ —iA)? ]fw(r)=0. (115) 


To complete the justification of Eq. (115), we first 
consider the validity of the effective-mass approxi- 
mation. As before the relative error of this approxi- 
mation is of order (a/ay)*, where ay is the character- 
istic size of the orbits in the magnetic field. This latter 
length is at least as large as the fundamental length for 
a simple-harmonic oscillator of frequency w, 


an~ (h/m*w)'~10-> cm 


(114) 


for a typical experimental situation. (Here w= e5/m*c 
in conventional units.) The error is thus small indeed. 
Furthermore the error incurred in ignoring the unknown 
terms of (113) depending on 22 and &’ are again at 
least of the same order of magnitude. For the same 
reasons as adduced in the previous section, the term 
depending on 2’ may be ignored in comparison with the 
term 2». Assuming that 22 is a regular function of &, 
the leading perturbation is of the form y3?, since we 
cannot form a nonvanishing scalar linear in & and 
its derivatives for vanishing current. Dimensionally 
y~a' or at most of order aay. Relative to the diamag- 
netic term of the unperturbed Hamiltonian, the cor- 
rection is again of order (a/ay)?. 

This completes the “practical aims” of this paper, 
and we must now return to a more thorough considera- 
tion and justification of the assumptions (i) and (ii) 
which are so essential to the developments of the last 
two sections. Before doing so in the next section, we 
conclude the present one with some remarks on the 
generalization of our results to the case of time de- 
pendent fields. As long as the important frequencies in 
the field are small compared with AE/h, the frequency 
associated with the energy gap, and the spatial varia- 
tions are as we have hitherto assumed them, i.e., as 
long as the conditions of Eq. (2) are satisfied, we can 
write down an equation of the form 


{—10,— 9(r,.)+LV —iA(r,t) P 
+ 2(—iv—A, i0,—¢) 
+212((—iV—A), 101— 9, &, K)} f (1,0), 


b 


(116) 
and convert it to an equation of the form 


{—13,- o(r,t)+e[ V —iA(r,t) P} f(r,0) =0, (117) 
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where ¢ and A describe the long-wavelength, long- 
range interactions and are determined by the effective 


external sources pr(r,t)/x, jr(r,t)/y. 


VII. DERIVATION OF BASIC ASSUMPTIONS OF 
PREVIOUS TWO SECTIONS 


In this section we shall attempt to justify the so-far 
unproved assertions (i) and (ii) upon which our results 
of the previous two sections depend. It is convenient 
actually to consider them in reverse order. 

For this purpose we start anew the entire formal 
development and write our Hamiltonian for the insu- 
lator in the presence of static external electric and 
magnetic fields in the form 


H= far wy) WO (A)—4 f dr j(0)-ACx) 


+3 fareme(e) (118) 


where j(r) and p(r) are the entire current and charge 
densities, 


i(r)=iL VY (ry (4) —Y' (1) VY (4) 
—A(r)yt(r)y(r) ]+j7(r), 


p(n) =o (r)¥(r)+p1(r)+p7(r), 
which determine the potentials A, ¢, by the equations 


(121) 


(119) 
(120) 


V?A(r)= —4zj(r), 


V2 o(r) = —4ap(r). (122) 


It is understood that self interactions are subtracted 
from (118) where necessary. From the latter we obtain 
the field equation 


id (1,1) = —[V —iA(r) P(r) + o(n)y (r,t), (123) 


or, introducing the matrix element f(r,t) of Eq. (87), 
concisely written as (0|y(r,t)| 1), we find 


(i0,+V?) f (r,t) —2i(0| A(r)- Vy (r,t) | 1) 
—(0| A(r,t)-A(r,t)~(r,2) | 1) 


~(0| o(r,)¥(4,)|1)=0, (124) 


where the states |0) and |1) are in the presence of the 
impurities. 
It is now convenient to define the matrix element 


(0| ¢(r)|0)= go(r)+ ¢7(r), (125) 
where ¢o(r) is the average potential due to both lattice 
and electrons acting in the ground state of the medium 
with electrons in the absence of external sources. 
Similarly we write 


(O| A(r)|0)=Az(r). (126) 
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If the impurities vanish, then we have simply 


[id.+V?2+ go(r) lf (r,t) — > | g(1,t) |a)al (4,0) | 1) 


ax 


Lia tv Yf(e)+ f VC, r’, (—t’) 

x f(r't’)d*r'dt’, (127) 
and we have exhibited somewhat (but not terribly) 
more explicitly the operator V by carrying a sum over 
intermediate states in the matrix element of the 
product gy and separated the diagonal term. To avoid 
having to face all complexities at once, we shall now 
continue the argument only for the translationally 
invariant situation and therefore replace V by &. 

We now add the impurities, and by again separating 
off the diagonal elements of the potential we obtain the 
equation 


{i9,— ¢1(r) + (9 —iAr(r) 2} f(r,t) +2 / (1,1) =0. 


Here = represents symbolically all contributions to 
(124) which involve only off-diagonal elements of the 
potentials A(r), g(r). But 2 is explicitly gauge-invariant 
in that a regauging of the given external potentials 
makes no contribution to off-diagonal matrix elements. 
This obvious remark, however, justifies all our argu- 
ments about gauge invariance, made in the previous 
two sections. That is, in the limit Ay and ¢; — 0, 2 may 
be considered as 2(—i¥,70,) for the translationally 
invariant case. The requirement of gauge invariance 
now dictates the generalization of this form to the field 
dependent case, and all our assertions concerning this 
generalization follow immediately. 

It remains, therefore, only to consider the modi- 
fications in the above argument necessary when we 
take account of the lattice structure. To break ground 
for this discussion, we redo from a more formal point 
of view the transition carried out in Sec. III from the 
equation involving the operator V to that involving the 
translationally invariant 2, in the absence of external 
sources. We thus start with the equation 


(128) 


[10.4 V? If rt f Vier 10:) f(1’,t)d*r’, (129) 


or symbolically 


(i0.+ V+ V ]f=0. (130) 


ABRAHAM 


KLEIN 


f is here an arbitrary wave packet of one-particle 
states. We now introduce a projection operator P, 
which selects from f its Fourier (integral) components 
in the first Brillouin zone and write 


f= P+ (1-P)f=FHX. (131) 
Since [ P,V? ]=0, (130) becomes the two equations 
(10.+V?-+PVP|F=—PVX, (132) 
(10.+-V?+ (1—P)V JX=—(1—P)VF, 
or eliminating the components X, we find 
[ia + V+2]F=0, 
1 
Y= PVP+PV (1— PP) 
10,+ V?+ (1—P)V(1—P) 
xX (1—P) VP. 


(133) 


where 


(134) 


We can prove directly or, more simply by comparison 
with Eq. (59) that = is a translationally invariant 
operator, > ==2(—iV, 70;). 

If we now turn on the external field, we have to 
consider, according to the arguments leading to (128), 
the equation 


[i0:— 97+ (¥ —iAs)?+ V[ ¢7,Ar]]f=0. 


It is a simple matter of rearrangement to replace ¢y 
and A; in (125) by their “long-range” parts Py; and 
PA, and to incorporate the remainder in V. Though the 
present definition of “long-range” part is not precisely 
that which we have utilized in Secs. V and VI, the 
differences are negligible for the problems studied there. 
The relative error is indeed of the same order of mag- 
nitude as that exhibited for the contributions of the 
short-range interactions studied there, namely (a/a,)?, 
where a; is the dimension of the impurity state. The 
formal steps leading from (130) to (134) are now 
trivially repeated, and the result is exactly of the 
general structure assumed in the derivation of the 
previous two sections. 


(135) 
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A line absorption spectrum has been observed at about 0.15 ev in CoO, CoBr2, CoCle, and CoF: crystals. 
For the halides, the line has a complex structure. No absorption is observed in CssCoCl; crystals. The absorp- 
tion arises from transitions between various energy levels of the L-S fine structure multiplet. In CoF, some 
of the lines show changes in intensity on passing through the Néel temperature. Optical polarization effects 


are also observed in the CoF:2 spectrum. 


INTRODUCTION 


HE ground state of the free Co** ion is 4F (3d’). 
In a cubic crystal field, the sevenfold orbital 
degeneracy is lifted yielding an orbital triplet (I's) as a 
ground state with another triplet (I's) and singlet (I'2) 
lying at higher energies.' The degeneracy of the ground 
state will be further lifted by spin-orbit interaction.?* 
The fine structure multiplet will consist of three levels. 
The over-all width of the multiplet will be 6A, where 
is the spin-orbit coupling constant.’ For a free Co**, » 
is —180 cm“? If, in a solid, \ is not appreciably 
changed, then one would expect the width of the fine 
structure multiplet to be ~1100 cm™ or 0.135 ev. In 
a noncubic crystal field, further splittings will occur.? 
However, if the magnitude of the noncubic terms is 
small compared to the spin-orbit interaction, the over- 
all width of the multiplet will not change appreciably. 
In Fig. 1, the splitting of the ground state of 
the free ion by the different perturbations is shown 
schematically. 

Optical transitions between different levels of a given 
configuration of a free ion (e.g., 3d’) are forbidden in 
electric dipole approximation for reasons of parity. 
This is also true for the ion in a crystal field which 
possesses a center of symmetry. However, the crystal 
field is the mechanism for coupling electron and phonon 
states. For such coupled states, the parity selection 
rules connecting the different electronic states are no 
longer rigorously obeyed. Exchange interaction between 
the ion and its neighbors is another effect through 
which the parity selection rule is invalidated. Both 
phonon and exchange effects may be important in any 
particular material. 

In transition metal compounds, the failure of the 
parity selection rule is the general case. It is for this 
reason that line spectra in the near infrared, visible, 
and ultraviolet regions are usually observed in these 
materials.* Since selection rules probably would not be 

* Present address: Materials Research Laboratory, Hughes 
Products, Newport Beach, California. 

1 R. Schlapp and W. G. Penney, Phys. Rev. 42, 666 (1932). 

2 A. Abragam and M. H. L. Pryce, Proc. Roy. Soc. (London) 
A206, 173 (1951). 

3 W. Low, Phys. Rev. 109, 256 (1958). 


4L. E. Orgel, J. Chem. Phys. 23, 1004 (1955); W. A. Runicman, 
Repts. Progr. in. Phys. 21, 30 (1958). 


limiting, it was thought interesting to study various 
cobalt salts for evidence of transitions between different 
levels of the L-S fine structure multiplet. It was hoped 
that such studies would lead to a direct determination 
of the spin-orbit coupling constant, A, in these solids. 
Estimation of the magnitude of noncubic effects might 
also be possible in cases where these would be expected. 
Thus it should be possible, in principle, to obtain 
information about a class of energy levels, determined 
in part by solid-state interactions, which are too 
widely separated to be seen directly by spin resonance 
techniques and too narrowly spaced to be readily seen 
by conventional spectroscopic methods (i.e., visible, 
ultraviolet). Accordingly, a study of the spectra of a 
number of anhydrous Co salts in the 0.25- to 0.08-ev 
(2000 to 650 cm~) range was undertaken. 

Magnetic dipole transitions may occur between 
different levels of a configuration including those of the 
fine structure multiplet. For allowed transitions of this 
type, the transition probability will be ~10~° times 
that of an allowed electric dipole transition. It would 
seem that the electric dipole transition would have to 
be forbidden to a very high degree before it was over- 
shadowed by the magnetic dipole process. However, to 
anticipate our results, the observed order of magnitude 
of the fine structure absorption (absorption coefficient 
~ 10? cm~!, line width ~10~ ev) is that which would 
be expected for a magnetic dipole transition. This 
complicates our understanding of some of the details 
of the spectra. 


rT, (4F) 
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Fic. 2. Absorption spectrum of CoO. 


EXPERIMENTAL 


The following cobalt salts were studied: CoO, CoFs, 
CoCl,, CoBre, and Cs;CoCls. Anhydrous salts with 
monatomic anions were selected for study to avoid the 
complication of absorption due to internal vibrations 
of the anions or of the waters of hydration. Single- 
crystal samples or polycrystalline samples containing a 
few large crystals were used for optical study. They 
were prepared in the following ways: 


1. CoO—flame fusion® and halide decomposition.*® 
2. CoBr.—growth from the melt or sublimation in 
in vacuum as (00.1) plates. 
. CoCle—growth from the melt or sublimation in 
vacuum as (00.1) plates. 
4. CoF,.—growth from the melt under HF.’ 
5. CssCoCl;—growth from aqueous solution.® 


The absorption spectra shown in the accompanying 
figures are plotted as reciprocal transmission. The 
sample thickness used is indicated in each figure. 


RESULTS AND DISCUSSION 


The general observation for all the cobalt salts 
studied, except Cs;CoCls, was that there was an absorp- 
tion band at about 0.15 ev possessing, in most cases, 
a complex structure. The existence of a band at approxi- 
mately this energy in the Co** salts and its complete 
absence in the corresponding ismorphous Ni*+ and 
Mn** salts, which were studied under comparable 
experimental conditions, provides a positive identifi- 
cation of the band with a spin-orbit effect. With this 
main point established, it will be most convenient to 
discuss the details of each of the crystal spectra in turn. 

1. CoO—Fig. 2 shows the portion of the absorption 
spectrum of interest. At room temperature there is a 
broad unsymmetrical line peaked at 0.156 ev (1250 
cm). At 77°K the line is substantially unchanged 
except that it is peaked at 0.165 ev. Above its Néel 


5 E. J. Scott, J. Chem. Phys. 23, 2459 (1955). 

®R. E. Cech and E. I. Alessandrini, Trans. Am. Soc. Metals 
51, 150 (1959). 

7M. Griffel and J. W. Stout, J. Am. Chem. Soc. 72, 4351 (1950). 

8H. M. Powell and A. F. Wells, J. Chem. Soc. 359 (1935). 
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temperature (290°K)® CoO is a cubic crystal with the 
NaCl structure.” The fine structure multiplet in this 
case should consist of three levels with an over-all 
width of 6\. Assuming that the peak of the absorption 
represents the energy of the transition from the ground 
state to the highest level of the multiplet, then |A3o0°x| 
=0.026 ev (210 cm), |Az7°x| =0.027 ev (220 cm7). 

In CoO the antiferromagnetic interaction energy 
(which we take as ~kTy=0.025 ev) is about 15% of 
the over-all width of the fine structure multiplet and 
about 50% of the separation between the ground state 
and the multiplet’s first excited state. Further the 
optical phonon energy" is approximately equal to the 
latter separation (i.e., ~0.05 ev). Under these circum- 
stances there is a question as to whether a simple 
atomic, or tight binding, approach to the fine structure 
multiplet is justified. The various perturbing effects 
(i.e., lattice vibrations, superexchange interaction) may 
be the cause of the considerable breadth of the line 
(~0.05 ev) and the asymmetry in its shape. 

2. CoBrz—This is a trigonal crystal, having the 
Cdl, structure.” Each Co*+ is surrounded by six Br- 
nearest neighbors in the form of a regular octahedron 
distorted along a trigonal axis. In other words, the 
crystal field at the Co*+ sites may be regarded as 
principally cubic with an admixture of higher order 
terms having trigonal symmetry. The fine structure 
spectrum is shown in Fig. 3. At room temperature it 
consists of a strong sharp line at 0.143 ev with a 
suggestion of a shoulder on the low-energy side. There 
is another much weaker sharp line at 0.0912 ev and a 
somewhat broader band peaked at about 0.105 ev. At 
77°K the broad 0.105-ev line has disappeared com- 
pletely whereas the other lines are unchanged except 
for some narrowing and slight decreases in their energy 
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with decreasing temperature. Studies at various 
temperatures in the range from 200°K to 500°K showed 
the intensity of the 0.105-ev band to be a continuously 
increasing function of increasing temperature, the other 
lines remaining unchanged except as previously noted. 
This difference in temperature dependence suggests that 
the 0.105-ev band arises from transitions involving a 
thermally excited initial state. The energy separation 
between the 0.105- and 0.143-ev bands is ~0.04 ev. 
The temperature dependence of the absorption coeffi- 
cient, a, of the 0.105-ev band can be empirically 
represented by the formula 


exp(—0.04/kT) 
ax— -, 
1+2 exp(—0.04/kT) 


in the 200°K to 500°K range. This is the statistical 
mechanical function representing the population of 
a thermally excited state 0.04 ev above the ground 
state, the excited state having twice the statistical 
weight of the ground state. For the case of a cubic 
crystal field, the first excited state (statistical 
weight=4) of the fine structure multiplet is (9/4)A 
above the ground state (statistical weight=2). If we 
take 0.143 ev as the over-all width of the multiplet and 
equate it to 6A (cubic approx.), then |ACoBre] =0.0238 
ev (192 cm) and (9/4)A=0.054 ev. The difference 
between the observed 0.04 ev and the calculated 0.054 
ev seems larger than can be accounted for by experi- 
mental error and may reflect the inadequacy of the 
cubic approximation. Further, in this approximation 
there can be no explanation of the band at 0.0912 ev. 
An attempt was made, using the method of Abragam 
and Pryce,’ to fit the observed lines to a trigonal field 
splitting pattern using various combinations of the 
trigonal field parameters and various values of \ near 
that of the free ion, Rough calculations were made to 
find the conditions necessary for obtaining a set of 
levels ~0.04, 0.09, and 0.14 ev above the ground state. 
This is a problem involving at least three parameters 
so that a unique solution is difficult to obtain. However, 
it would appear that some agreement with experiment 
could be had using a trigonal splitting energy,? —A, 
in the range from 0.035 to 0.06 ev (300 to 500 cm). 
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Fic. 5. Absorption spectrum of CoF.. Different spectra are 
separated by the indicated factors for purposes of clarity. 


3. CoCl—This is a trigonal crystal having the 
CdCl, structure.” Each Co ion has six nearest neighbor 
Cl ions arranged in a regular octahedron distorted along 
a trigonal axis (rco-ci= 2.42 A). Figure 4 shows the 
fine structure spectrum. It is much like the spectrum 
of CoBre. The principle differences are the following: 
(a) The main absorption line occurs at 0.148 ev. (b) 
The line at 0.0912 is much stronger than that in the 
CoBre. (c) Additional lines at 0.112 and 0.122 ev 
become apparent at low temperatures. With respect to 
the strongest lines in the spectrum, an analysis of the 
CoCl, data could be made in a manner similar to that 
for the CoBre. However, the existence of the additional 
lines (item c) suggests that a more complex situation is 
being encountered. It does not appear possible to 
understand fully this spectrum on the basis of the 
Abragam and Pryce theory (see remarks on CoF2 
spectrum). 

The observed width of the 0.0912-ev line at 20°K is 
~5X10~ ev. It would be a favorable case to test for a 
Zeeman effect, which, if observed, might clarify the 
interpretation of the spectrum. 

4. CssCoCl;—This material was chosen for study to 
provide a comparison with the CoCl, spectrum. The 
crystal structure is complex but the pertinent factor is 
that each Co ion is surrounded tetrahedrally by four 
Cl ions in nearest neighbor positions (reo—ci= 2.34 A).° 
For single crystals of this material we could observe no 
fine structure absorption. The experimental conditions 
were such that if the absorption cross section of the 
cobalt ion was as little as 75 of that in the CoClo, an 
absorption could have been observed. 

In a tetrahedral crystal field, the ordering of states 
should be inverted from that in the cubic (see Orgel, 
reference 4). That is, the lowest Co** state will be 
orbitally singlet with the two triplet states lying above 
it. Under these circumstances, there can be no splitting 
of the ground state by L-S coupling and hence no fine 
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intensity of the 0.153-ev line of CoF 2. 


structure absorption would be expected in this salt. The 
comparison of the Cs;CoCl; and CoCl, spectra seems a 
rather striking confirmation of this theoretical 
prediction. 

5. CoF,—This crystal is tetragonal and has the 
rutile structure. Each Co ion is surrounded by 6 
fluorine ions in octahedral positions. However, the 
point symmetry of the Co** sites is less than tetrag- 
onal.'* This substance shows an antiferromagnetic 
transition at ~38°K.® Figure 5 shows the fine structure 
spectrum at several temperatures above and below the 
Néel temperature. The salient features of the spectrum 
are the following: 


a. The main absorption occurs in the 0.15- to 0.20-ev 
range. That is somewhat higher than that for the other 
halides but roughly the same as that for the cobalt 
oxide. 

b. The spectrum is a superposition of a number of 
lines which become better resolved from one another 
at lower temperatures. 

c. On lowering the temperature through the Néel 
point, several of the lines show rather marked alterations 
of intensity, some lines increasing and others decreasing 
in intensity. Most prominent of those which show 
decreases is the line at 0.153 ev. Its behavior as a 
function of temperature is illustrated in Fig. 6. Another 
example is the doublet at ~0.13 ev where the two 
components appear to exchange intensity, one increases 
and the other decreases on passing through the Néel 
temperature. 

d. The antiferromagnetic transition appears to 
produce very slight changes, of order 2X 10~ ev, in the 
energies of some of the absorption maxima. Since the 
width of the lines is also of this order the effect is on 
the borderline of detectability but it appeared 
reproducible. 

e. The absorption lines are dichroic. In Fig. 7 are 
shown some polarized spectra at different tempera- 
tures. The lines at 0.153 ev and 0.135 ev show the 


13 A. F. Wells, reference 10, p. 271. 

4 P,. P. Ewald and C. Hermann, Sétrukturbericht (Becker and 
Erler, Leipzig, 1913-1926) ; Edward Brothers reprint, Ann Arbor, 
1943), p. 156. 
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largest effects. They show a perpendicular polari- 
zation behavior. For some of the other lines (e.g., 
0.173 ev) the effects are smaller. 

One is immediately faced with the impossibility of 
fitting the observed lines of the Cok, spectrum to a 
tetragonal field splitting pattern. For example, in the 
spectra taken at 37°K or higher there are at least 7 
resolved or partially resolved lines in evidence. The 
theoretical prediction is that there should only be 
three lines in this spectral region for reasonable values 
of the noncubic splitting parameters and a maximum 
of five for any values of these parameters or any 
condition of symmetry. If one restricts one’s attention 
to the three strongest lines at 0.173, ~ 0.165, and 0.153 
ev, a rough fit to the Abragram and Pryce theory for 
the approximation of tetragonal symmetry may be 
made. This indicates a A of from +0.05 to 0.07 ev 
(400 to 550 cm~) depending on the value of \ chosen 
(210 to 180 cm). However, the question still remains 
as to the origin of the remaining component lines, in 
particular that of the well defined doublet at about 
0.13 ev. It seems clear that again the simple tight 
binding approach can not account for all the details 
of the spectrum and that other effects are involved 
(e.g., phonons). 

The changes in the CoF, spectrum as it passes 
through the antiferromagnetic transition region are of 
two types, slight shifts in the energy of the peaks and 





— ~— ce a 


Co Fa onl 
t= 0,068cm 


4 








(TRANSMISSION )~! 


Ede 
(x1/2) 








Elle 
0.30 


Ee ee ees eee oe ae ee 
005 «(010 S20 


PHOTON ENERGY (ev) 


1 





0.25 


Fic. 7. Polarized spectrum of CoF»:. Different spectra are 
separated by the indicated factors for purposes of clarity. Spectra 
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rather marked changes in their intensity. Small changes 
in energy are more readily understood. For example, 
one would expect that the spin doublet ground state 
could split in the antiferromagnetic state into two 
components separated by an energy of order kTy 
=3X10~ ev. Higher energy states of the fine structure 
multiplet would split by energies of the same order of 
magnitude. Thus, changes in the positions of the 
absorption lines of order 3X 10~* ev might be expected 
and are observed. 

The understanding of both the intensity and polari- 
zation effects is intimately connected with the precise 
mechanism of absorption, that is whether an electric 
or magnetic dipole transition is involved. We will assume 
first, that the transitions are electric dipole. For this 
case the fine structure transitions obtain intensity 
through either phonon or exchange interaction effects. 
It would seem unreasonable to assume that any phonon 
effects were appreciably changed on passing through 
the Néel point. Rather it is suggested that the rather 
abrupt changes in line intensity in the vicinity of Ty 
arise from the fact that the lines derive an important 
fraction of their intensity from exchange interactions. 
The latter are the cause of the magnetic ordering, and 
so some modification in the effects they produce on 
the spectrum would not be surprising. 

For the electric dipole case, polarization effects will 
arise from transitions to levels which have spatial 
asymmetry associated with them. For example, in a 
fictitious system, one could suppose a totally symmetric 
ground state and excited states described by wave 
functions x, y, and z. In a tetragonal crystal field the 
spatial degeneracy would be partially lifted and the z 
level would be distinct. Only radiation with the E 
vector parallel to z could excite a transition to the 
z state. In the present case, the spin-orbit coupling 
mixes the basic orbital states so that to describe a 
definite direction to be associated with a given level 
would involve considerable calculational effort. Since 
to obtain any intensity of absorption, a higher approxi- 
mation for the electronic states must be introduced, the 
utility of a simplified approach is questionable. 

Magnetic dipole transitions between various levels 
of the fine structure multiplet are allowed. As was 
pointed out in the introduction, the order of magnitude 
of the observed absorption is consistent with a magnetic 
dipole mechanism.’> The spin-orbit coupling provides 
a mechanism of interaction between the magnetic 
moment of the ion and the crystal field. Since the latter 
contains an exchange component, the possibility of 
effects related to antiferromagnetic ordering again 
arises. 

Polarization phenomena could come from situations 


16 The peak absorption coefficient for a magnetic dipole transi- 
tion would be a~82?Ny? (hw)n/hcAE, where yu is the Bohr magne- 
ton, m the refractive index, N the density of absorbing centers, and 
AE the line width in energy units. For hw=0.15 ev and AE=107 
ev, a~3X 10 cm™. 
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Photon energy 
Crystal (ev) 
CoBre 
CoCle 
CoF 2 
CoO 


0.74 
0.84 
0.92 
0.98 


where the magnetic moment in different states was 
associated with specified spatial directions. As another 
fictitious example, if the crystal field had a 3- or 4-fold 
symmetry axis, then the magnetic moment would be 
quantized with respect to this axis and optical absorp- 
tion would only result when the H radiation field was 
perpendicular to the unique direction. The situation in 
CoF» is certainly not this simple. 

It was pointed out by E. O. Kane that a distinction 
between a magnetic dipole and an electric dipole 
process could be made using the optical polarization 
effect. Consider a crystal section with faces parallel to 
(ARO) and radiation at perpendicular incidence. Then 
the principal polarization conditions will be (a) Ellc 
and Hc, or (b) H\\c, ELc. A spectrum is obtained 
and absorption is found for either case (a) or case (b). 
Now suppose that the spectrum of a (001) crystal plate 
is obtained. This is the condition Ec and H Le. 

If the spectrum of the (001) plate is identical with 
case (a), the magnetic dipole mechanism is operative; 
if it is identical with case (b), it would be an electric 
dipole process. Some preliminary measurements on the 
0.153-ev line indicated that an electric dipole mechanism 
is important for this line. However, the measurements 
should be repeated with better samples than were 
available in this study. 

An interpretation of the various aspects of the CoF», 
spectrum appears to involve considerable theoretical 
complexity. It is hoped that the experimental results 
presented here will have an heuristic value for further 
investigations. 

6. A cursory study was made, in the various Co 
salts, of the absorption line in the near infrared which 
corresponds to the '4—>T’; transition. The object was 
to see if any evidence for noncubic splittings could be 
found. The measurements at 300°K and 77°K showed 
only single structureless lines having line widths at the 
lower temperature of about 0.1 to 0.15 ev for the halides 
and 0.2 ev for CoO. The energies of the lines are given 
in Table I. The only conclusion that can be drawn is 
that the noncubic splittings in the I’; state of the halides 
are probably less than 0.05 ev (400 cm™). By using 
Orgel’s diagrams,‘ rough values for the cubic-field 
splitting parameters, Dg, can be obtained. These are 
also listed in the table. | 


SUMMARY 


An absorption at ~0.15 ev has been observed in a 
number of Co*+ salts wherein the crystal field at the 
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Co** sites has, to first approximation, cubic symmetry. 
It was not observed in a salt where the crystal field 
had tetrahedral symmetry. The absorption is inter- 
preted as resulting from transitions between energy 
levels of the L-S fine structure multiplet. These levels 
do not appear to be completely explicable in terms of a 
proposed crystal field theory.? The introduction of 
various solid state interaction mechanisms such as 
phonons or exchange may be required for quantitative 
understanding of both the basic absorption process, 
and of the finer details that are observed such as optical 


polarization and antiferromagnetic effects. 


M. CHRENKO 


It should be pointed out that the fine structure 
absorption in Co salts offers the possibility of appli- 
cation in an infrared quantum detector of the type 
described by Bloembergen.'® 
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In a perturbation framework, Kohler’s variational method has been extended to obtain deviations from 
Ohm’s law for a nondegenerate electron gas. Solution for the distribution function reduces to solving sets of 
linear algebraic equations. It is shown that, to second order in the field strength, the “popular’’ Maxwellian 
distribution (with a new temperature) is only a first-order variational solution. The method becomes ex- 
tremely simple if the diffusion approximation is introduced and a relaxation time can be defined. Under 
these conditions, the second-order term in the mobility is expressed as the ratio of two infinite determinants 
using the usual representation, in which the unknown function is expressed as an energy polynomial. This 


ratio can be expressed by an infinite series. 


1. INTRODUCTION 


YR the past decade, Kohler’s variational method'* 
has been very useful in treating otherwise formid- 

able problems in the theory of /imear conductivity in 
solids. There is at the present considerable theoretical 
and experimental interest in the nonlinear part of the 
conductivity in semiconductors and insulators. One is 
usually interested in two regions of field strength. The 
first is the weak-field region in which the system does 
not deviate substantially from thermal equilibrium. The 
second is the high-field region in which the system 
departs considerably from its thermal behavior. It is 
with the weak-field region that this paper is concerned.‘ 

We shall limit this treatment to a nondegenerate 
electron gas obeying classical statistics. For small 

* This part covers the theoretical aspects of a paper presented 
at the 1959 Cambridge meeting of the American Physical Society. 
Part II of this work will deal with deviations from Ohm’s law 
in nonpolar crystals. See I. Adawi, Bull. Am. Phys. Soc. 4, 129 
(1959). 

1M. Kohler, Z. Physik 124, 772 (1948); 125, 679 (1949). 

2 E. H. Sondheimer, Proc. Roy. Soc. (London) A203, 75 (1950). 

3 See A. H. Wilson, The Theory of Metals (Cambridge University 
Press, Cambridge, 1954), Chap. X, second edition. Other references 
will be found there. 

* Preliminary calculations for germanium at room temperature, 
for example, indicate that the theory is valid for fields below, say, 
10° volts/cm. 


departures from equilibrium, perturbation theory is 
valid and the distribution function is expanded in 
powers of the field. The Boltzmann equation is reduced 
to a set of linear equations in which the collision 
operator is symmetric and positive definite. Conse- 
quently, Kohler’s variational method can be applied to 
solving these equations and thus obtaining deviations 
from Ohm’s law. Although this method does not reduce 
the number of equations one has to solve to obtain 
corrections to Ohm’s law, to a certain order in the field, 
yet for a given set of trial functions this method offers 
the best solution. 

To obtain approximate solutions, the variational 
method offers a powerful practical tool. Its application 
leads to solving sets of linear algebraic equations 
whose number is not large in practice. This is a more 
general method than a numerical solution for the 
distribution function which is quite tedious. Needless 
to say, exact solutions are out of the question except 
in a limited number of cases. 

In Sec. 3, two important applications of this varia- 
tional method are discussed. The first application 
concerns the Maxwellian distribution (with a new 
temperature) which has become popular in discussing 
hot electron problems. To second order in the field, 
we shall show that under borad general conditions, a 
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Maxwellian is a one-parameter variational solution. 
In the second application the diffusion approximation® 
is used. A large class of problems, for which a relaxation 
time can be defined, is then discussed and a formal 
solution is given to second order in the field. The 
variational solution is carried out using the usual 
useful representation in which the unknown function 
is expressed as an energy polynomial. The second-order 
correction to the mobility is expressed as the ratio of 
two infinite determinants which can be evaluated by 
much the same methods that are used in the theory 
of linear conductivity. 

A geometrical interpretation of the variational 
method is given in the Appendix. 


2. THEORY 


Let the electrostatic field E point in the z direction, 
then the transport equation reads 


: = f CHC fk?) WU, k fey], (1) 


where g is the charge, k is the wave vector, f is the 
distribution function and W(k’,k) is the transition 
probability from state k’ to k. With no loss of generality, 
we set 

f=CM®, (2) 
where C is a normalization constant and M is the 
Maxwellian distribution, namely, 

M (k) =exp[ —e(k)/KT], (3) 
where ¢ and KT are the electron and thermal energies, 
respectively. We shall discuss only the cases where 
e(k)=e({k!) and W is cylindrically symmetric with k 
as an axis of symmetry. We can then expand ® in a 
series of Legendre’s polynomials, 


&(k) = > o:(k) Pi(cosa), (4) 


l=0 


where a is the angle between k and E. Substituting 
(2), (3), and (4) into (1) and using the properties of 
Legendre’s polynomials, we obtain 


gE; lk" d : 
‘Rc —(k''M 1-1) 


h | (21-1) dk 
(1+-1) d | 
sesso eee ee DS 
(2143) ki+2 dk 
“ | V (kk) {4:() — P:(cosd)oy(k’)}a5R’, 
jonQ, 1,23) «>, 
where 


V (k’,k) = (k’) W (k’,k) = M(k)W(kk’), (6) 


5 By the diffusion approximation we mean that only the first 
two Legendre coefficients are retained in the distribution function. 
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and @ is the angle between k and k’. The last equality 
in (6) follows from thermal equilibrium, when E=0O, 
and shows that V is symmetric in k and k’. We shall for 
convenience introduce an abbreviated notation. Treat 
® as a column matrix with elements ¢;. Define the 
diagonal matrix A whose elements are A, such that 
Ai: stands for the integral on the right of (5). Introduce 
the matrix S with S$).4: as the only nonvanishing 
elements. Define these elements such that ES;,,-1 and 
251,141 are the differential operators in (5) operating 
on $1 and 141, respectively. Thus (5) can be replaced 
by the matrix equation, 


ES&= A®, 


which is satisfied by the solution, 
ao 
br=E’ >) Gr. rn(RE", 
n=0 


found by inspection.® Substitute (8) in (7) and equate 
the coefficients of equal powers of E on both sides and 
an infinite system of equations connecting the a’s is 
obtained. The first few are 


(9.1) 
(9.2) 
(9.3) 
(9.4) 
(9.5) 
(9.6) 


O= Agduo, 
Si0d00= Arai, 
S$01411= Aodao1, 
S101 i= Asda, 


S10d01 +S 12022 =Ajd)9, 


So1412 = Aodaoe, etc. 


Now, Ai, which is in general an integral operator, can 
be shown from (5) and (6) to satisfy the two relations, 


(u,Aj0) = (v,A mu) = furaoe, 
(10) 


(u,A,u)> 0, 


where « and v are any two functions of & for which the 
above scalar products exist. Ao has a constant ¢ as an 
eigenfunction with zero eigenvalue. At the same time 
(c,So1¢1) =0 which shows that if @; were known, then 
the equation 


Soigi= Aoho (11) 


would determine ¢» within an additive constant. 
Variational methods can be used for solving (11) and 
these are well discussed in the literature.*:?7 All other 
A;’s do not have a zero eigenvalue. This can be seen by 
showing that for «#0, (u,Au)>0, for 1>0. Conse- 
quently, the equation Ajw“= known function determines 
u uniquely if />0. 

With this information at hand, we proceed to solve 


6 It is only at this point that perturbation theory is introduced 
in Eq. (8). 
7See also Appendix. 
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Fic. 1. A diagram showing the order in which the coefficients a 
are evaluated. The dotted line connecting two coefficients indicate 
that both of these coefficients are used to obtain the coefficient 
immediately to the right of the dotted line, for example, ao, and 
22 are needed to determine a». If the system is truncated (all ¢,’s 
are set equal to zero for / greater than a certain value), then the 
lowest two rows will be connected by a sawtooth solid line similar 
to that connecting the upper two rows. 


the system (9). Equation (9.1) does not determine the 
constant a9 uniquely. We shall arbitrarily set aoo=1, 
and (9.2) can then be solved for a;,(k). Once ay, is 
known, (9.3) can be solved for ao, and (9.4) for dos. 
In the solution of ao;, however, we have an additive 
constant at our disposal. We adjust this constant so as 
to normalize Map; to zero.* In general we normalize 
Ma,,, n>0O, to zero and this will determine do,(k) 
uniquely. The scheme for solving the system (9) has 
become clear and can be continued to any order. It 
should be pointed out that (9.2) is Kohler’s equation 
and the system (9) defines the generalization, which 
is the core of this development. 

Figure 1 shows the sequence in which the a’s are 
evaluated. It is seen that if we calculate the coefficients 
up to @,, then @o is determined to order E?" and ¢; to 
order E*""', and consequently the electrical conduc- 
tivity will be determined to order E°°"-”. 

This method is valid if the series (8) converges. For 
strong fields, the series might converge slowly (and a 
large number of terms might be needed), or not at all. 
In the latter case a solution can be obtained by different 
means (such as expanding the collision term in a 
Taylor’s series) and the two solutions can be joined 
by some interpolation scheme.* 


3. APPLICATIONS 


For purposes of illustration we shall consider two 
applications of special interest : 


(a) Maxwellian Distribution 


Several authors have assumed a Maxwellian (with 
a new temperature) for the spherically symmetric part 

8 This choice is unique. For when we normalize CM¢@p» to 1, we 
obtain 1=C[(ao0)av+ (ao1 a+ (ao2)ayE2+ - - - J, where the brackets 
are used for averages. This equality will hold for all E ina 
neighborhood of E=0 if and only if all (aon)ay=0 for n>0. 

®The standard method of expanding the collision term in a 
Taylor series is, in general, a high-field approximation and does 
not necessarily hold in the domain where perturbation theory, as 
discussed here, is applicable. There are, in certain situations, field 


of the distribution function M¢o. The justification is 
that electron-electron collision dominates other energy 
exchange mechanisms."”-" In this treatment we ignore 
electron-electron collision altogether. It is therefore 
instructive to show that the Maxwellian distribution 
occurs in a natural way in the variational solution. To 
prove this, consider Eq. (9.3) in which ay; is assumed 
to be known from solving Eq. (9.2). The proof does not 
depend, however, on how (9.2) has been solved. Let 
us represent do; as a polynomial in energy: 

n 

ao, = » Ce. (12) 

r=1 
It follows from the variational principle® that the 
coefficients c, in (12) satisfy the set of linear algebraic 
equations, 


(€7,So1d11.) = >. (€’,Ace*)cs, vr=1,2,---,. (13) 


s=1 
If we set n=1, we obtain from (12) and (8) that 


Mdo~M (14+c1E*e). (14) 


We get from (13), after multiplying both sides by the 
normalization constant® C and E°, that 


(€,$0101) CE?= (€,Ave)iCE’. 


Equation (15) can then be identified as an energy 
balance equation to order E*. The left-hand side is the 
energy supplied by the field per unit time, namely, 
quE? (u is the mobility to zeroth order), and the right- 
hand side is the energy loss by collisions per unit time. 
But, this energy balancing is the method used to 
determine the new temperature of the Maxwellian 
solution.”° Furthermore, the form of M@o given by (14) 
is identical to that of a Maxwellian with a temperature 
T*=T+AT, where AT<T. For to first order in AT, 


M(T+AT)~M(T)[I+(AT/KT2)e]. (16) 


Comparing (16) and (14), we identify c,E* with 
AT/KT?. This completes the proof that a Maxwellian, 
to order £’, is a first-order variational solution (w= 1). It 
cannot be reliable in general, as we have shown recently 
in a specific case.” The solution is improved by taking 
n>1. (The normalization of Map; to zero is performed 
as the final step, and does not enter into the above 
discussion.) 


(15) 


(b) Problems with a Relaxation Time in 
the Diffusion Approximation 


Many problems in semiconductors are treated using 
the following model. All ¢;’s=0 for />1, (the diffusion 


ranges for which neither theory is valid. Interpolation schemes 
become then essential. See. I. Adawi, Bull. Am. Phys. Soc. 4, 
244 (1959). 

10H. Frdhlich and B. V. Paranjape, Proc. Phys. Soc. (London) 
B69, 21 (1956). 

4 R, Stratton, Proc. Roy. Soc. (London) A242, 355 (1957). 

27. Adawi, Phys. Rev. 112, 1567 (1958). 
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approximation). The energy ¢ is parabolic in k and m 
is an effective mass. Finally, a relaxation time exists. 
A relaxation time can be defined for scattering by 
impurities, acoustical phonons when equipartition is 
valid, and optical phonons in nonpolar crystals when 
the cross section is isotropic, to mention only a few 
examples. 

For this model the system (5) reduces to two equa- 
tions in do and ¢. Ai; reduces to M¢,/r, where 7 is the 
relaxation time and ¢; is expressed in terms of dp. 
Introduce the dimensionless variable x=«/KT and 
dk — x'dx. The mobility u is given by 


4g m0 doy 
.=— Tx?e (o- — Jat 


3mrid dx 


(17) 


The normalization is such that C=2r7}, ay=1, and 


+] 
ei f e“gox'idx= 1. 
0 


To obtain uw to second order in E, we have to solve 
(9.3). After substituting for a, from the preceding 
equation (9.2), we obtain the equation 


2g?x* d 
scat rxie—*) =Aodo, 


3mKT dx 


(18) 


which will now be solved by variational methods, no 
matter how complex Ao might be. Represent ao; by a 
power series in x plus a constant so that Mao, is normal- 
ized to zero as was discussed in Sec. 2. This is most 
conveniently written as 


gq = 35 r+ 
a2 ox “es —). (19) 
KT = 22 2 


The coefficients c, are then determined by solving 
the infinite set of equations: 


a) 
b, = by dibs 
s=1 


where 
x 


f xt Agxtdx. 
0 


From (19), (17), and (20) we obtain that 


gE? « 
p= 2H bet Lo Crby’ ++ >> } 
KT 


r=l 


where 
35 2r+1 
b,’ = (r+1)-b,41—-0,—- . 

19 


++# 


2 
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The sum in (21) can be expressed as the ratio of two 
infinite determinants. Denote this sum by 8, and we 
have 


) by’ be’ 


| ( ld dis 
4 1b; di die 
oe 


|doy do» 
+ |ds1 d32 


B= > cb,’ =- dx dy 
. . | 


r=l 


(22) 
This result can be simplified further by the method 
discussed by Wilson.** Let D™ be the determinant 
obtained by taking only the first » rows and columns 
of |d,,.|. Let Dy“ be the determinant formed from 
D™ by replacing the last row (or column) by 4), b2, 
-++b,. Dy“ is similarly defined. Then, 


» D,“ DD, 1) 


bib,’ 
re 


ag ie (23 
dy, n=2 D™DC-h ) 


The series on the right of (23) can be evaluated to any 
desired accuracy. In practice a few terms will do," 
and this is why the variational method is quite simple 
and useful.'® 

The last example is simple when treated by this 
method. It is quite important!® and has been discussed 
in some detail to illustrate how this method can be used 
to handle more difficult problems to any accuracy. In 
concluding, we remark that this method might be 
extended in two directions. The first is to include more 
complex energy surfaces which would require the 
expansion of f in the surface harmonics Y,,'. The 
second is to use Fermi-Dirac statistics. It should be 
borne in mind that Kohler’s collision operator is linear 
only to the first order in E when we use Fermi-Dirac 
statistics. 


‘8 This is a special case of Jacobi’s theorem. See C. V. Durell 
and A. Robson, Advanced Algebra (G. Bell and Sons, London, 
1952), Vol. III, p. 411. 

4 Tt is interesting to observe that (23) gives 8B=0 to a first 
approximation when },’=0. From (21), 6;’=0 when b,.=50,. 
This can happen for a proper combination of scattering mecha 
nisms, such as for example, ionized impurities and lattice vibra- 
tions. Since b,’ depends only on integrals involving 7, it follows 
that the details of Ao do not enter, to a first approximation, in 
determining when the £*-term correction to the mobility (which 
is proportional to 8) should vanish. To higher approximations, the 
details of Ao enter through the elements d,, in determining when 
B=0 as can be seen from (23). The first approximation is 
equivalent to the use of a Maxwellian as we discussed before. In 
the problem we worked out earlier, there was hardly any differ- 
ence between the exact and the Maxwellian solutions regarding 
the condition for B=0. 

15See D. J. Howarth and E. H. Sondheimer, Proc. Roy. Soc, 
(London) A219, 53 (1953), for calculations of this type. 

16 A problem of this type has been treated approximately by 
J. Yamashita, Phys. Rev. 111, 1529 (1958). See also, J. B. Gunn, 
J. Phys. Chem. Solids 8, 239 (1959); and T. N. Morgan, J. Phys. 
Chem. Solids 8, 245 (1959). From a rigorous point of view, the 
slope of the distribution function at the origin, namely, £’(0) in 
Yamashita’s notation, is determined by the behavior of & at «. 
This slope is finite, in general, and not zero, as Yamashita appar- 
ently assumes. Only the proper slope leads to a distribution which 
can be normalized, 
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ACKNOWLEDGMENTS Let C be any column vector in the -dimensional ¢ 
space with components c,. The problem then reduces 
to finding the maximum value of z for which the plane 
C’B=z cuts for real C the quadratic C7DC=z. The 
APPENDIX. GEOMETRICAL MEANING OF THE superscript 7 denotes the transpose. Since D is sym- 
VARIATIONAL METHOD metric and positive-definite, then C7DC=z is an 

ellipse in » dimensions and z>0. If we write down 
formally the equations for all the tangent planes which 
g=Ay, (Al) touch the ellipse, C7DC=z, at its points of intersection 

for y, where g is a known function (orthogonal to all the With the plane C7B=z, regardless whether these points 
eigenfunctions of A with zero eigenvalue) and A is a are real or complex, then we easily see that all these 
symmetric and positive-definite operator. To obtain a tangent planes pass through the common point P whose 
variational solution, express y in terms of a complete position vector P is determined by DP=B. Thus, P is 
set of functions u, : invariant and does not depend on the parameter 2. 
> Clearly, if P lies inside the ellipse, the plane does not 

Y= >> Cotte; (A2) intersect the ellipse in real points, and this happens 

r=l when P’B <z. On the other hand, for all P7B>z, P lies 

it follows that the coefficients c, are determined by outside the ellipse and the plane intersects the ellipse 
maximizing (WAy) subject to the condition in real points. Hence, the maximum value of 2 is 
(V,g) = (Ay). (43) P7B=B’D-'B. This happens when the plane touches 


the ellipse at P and P=C which gives 
From here on, we depart from the standard method , 
of introducing Lagrange’s multipliers. Instead, we shall DC=B, (AS) 
determine the c,’s from geometrical considerations. which is the equation determining the c,’s. 
Introduce the column matrix B with elements 6, and 
the symmetric matrix D with elements d,,, where 


The author is grateful to F. Herman and R. H. 
Parmenter for a critical review of the manuscript. 


The task is to solve the equation, 


Physically, the system of equations (A5) represents a 
set of transfer equations, or balance equations, fer the 
b,=(ur,g), dre= (UpAu,) = dey. (A4) _ set of functions u,. 
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Suggestion Concerning Magnetic Interactions in Spinels* 


D. G. WickHAM AND J. B. GoopDENOUGH 
Lincoln Laboratory, Massachusetts Institute of Technology, Lexington, Massachusetts 
(Received April 6, 1959) 


The indirect-exchange mechanisms which produce spontaneous magnetization in metal oxides are an 
optimum if two interacting cations are located on opposite sides of an anion. The coupling rules which have 
been developed for this case are not applicable to spinels in which the cation-anion-cation angles differ 
appreciably from 180°. An examination of the d-orbital symmetry of various cations in respect to the crystal 
lattice leads to several suggestions concerning the magnetic interactions in spinels. Of particular interest 
are those spinels containing cations with three or fewer d electrons in the octahedral sites, or four if the 
symmetry is tetragonal. The properties of several spinels of this kind are considered in the light of the sug- 
gestions offered. Direct interactions between octahedral-site cations appear to be possible. 


N metal oxides, the cations are separated by rela- pling rules have been proposed?‘ for this case which 

tively large distances, and the magnetic interactions are at once consistent with recent detailed calculations® 
of principal previous interest have been indirect inter- and with experimental data on perovskite-type and 
actions in which an anion is an intermediary. Such rock salt-type structures. In the spinel lattice the situa- 
indirect-exchange mechanisms are an optimum if the _ tion is complicated by the fact that the cations are not 
two cations are located on opposite sides of an anion.’ |gcated on opposite sides of the anion. The tetrahedral 
An indirect-exchange mechanism and consequent cou- (A) cation-anion-octahedral (B) cation angle is ~125°, 


* The work reported in this paper was performed by Lincoln ane 
Laboratory, a center for research, operated by Massachusetts 2 J. B. Goodenough, Phys. Rev. 100, 564 (1955). 
Institute of Technology with the joint support of the U. S. Army, 8 J. B. Goodenough, J. Phys. Chem. Solids 6, 287 (1958). 
Navy, and Air Force. 4 J. B. Goodenough, J. phys. radium (to be published). 

1 P. W, Anderson, Phys. Rev. 79, 350,(1950). 5 P. W. Anderson, Phys. Rev. (to be published). 





MAGNETIC 


INTERACTIONS 


IN SPINELS 


TABLE I. Magnetic and capetalingnaphte data for several —- 








Compound*® nB(calc)> 


nB(obs)> 


Te(°K) sretcaneevisibindl 


do 








Co**(#)[Coo.9!!Mni.13+()) JO. 

Co** (#) [Mnny.3* (¥) Mino. 68+ (¢) JO4 

Cuo.o4?* (f) Feo. o68* () [Cuo.96?* (Y) Fer.ou8* (Y) JOx 
Mn** (f) (Cris (¥)Cro.s**(?) JO. 

Mn** (f) (Fez. s** (¥)Cro.s** (t) JO. 

Mn** (f) [Fe** (}) Cro, s®* (Y) Cro.s** (f) JOs 
Fe?* (f)(Cri.s8* (¥)Cro.s°* (#) JOu 

Co** (#)(Cri.s?*(¥) Cro. s**() JOx 

Nii_2** (f) Niz** (¥)[Criy,* (¥)Cri_,3* (f) JOu 
Fe*+ (f) [Fe®* ())Cré*()) JO. 

Fe*+ ($)[Co** (J) Cr3* (J) JO. 

Fe** (#) [Ni#* (J) Cr** (Y) JO. 

Mn?+(#)[Mn?* (J) bli 


1.0 
0.2 
0.6 





® Postulated chemical formula. 


0.1—0.3 


8.295 
8.157 
8.24 
8.43 
8.498 
8.481 
8.392 
8.32 
8.24 
8.396 
8.35 
8.301 
8.579 


190 
85 
728 
55 
483 
370 
90 
100 
70 
473 


Cubic 
Tetragonal 
Tetragonal 

Cubic 

Cubic 

Cubic 

Cubic 

Cubic 
Tetragonal 

Cubic 

Cubic 

Cubic 

Cubic 


ba 
0.1 
1.3 
1.4 
1.73 
0.25 
0.8 
0.1 


2.4 
1.0 
0.4 
0.7 


690 


> mp is magnetization in Bohr magnetons per molecule. Calculations assume spin-only atomic moments except for A-site Mn?* (4.648) and B-site Ni** 


(2.2m). 
°D. G. Wickham and W. J. Croft, J. Phys. Chem. Solids 7, 351 (1958). 
4 FE, W. Gorter, Philips Research Repts. 9, 403 (1954). 
°F, ys Lotgering, Philips Research Repts. 11, 190 (1956). 


McGuire and S. W. Greenwald, Solid State Symposium, Brussels, June 1- 


f 

« et Derbyshire and H. J. Yearian, Phys. Rev. 112, 1603 (1958). 
b H. Francombe, J. Phys. Chem. Solids 3, 37 (1957). 

i . Miyahara and T. Tsushima, J. Phys. Soc. Japan 13, 758 (1958). 
i McGuire and S. W. Greenwald, Bull. Am. 
« Wickham (unpublished research). 


eR. 
.G. 

the B-anion-B angle is 90° (see Fig. 1), and the rules 

developed for 180° angles are not applicable. 

The importance of the relative symmetry of the cation 
outer-electron wave functions and the near-neighbor- 
anion configuration was pointed out by Goodenough 
and Loeb‘ and later amplified by McClure’ and Dunitz 
and Orgel.’ A-site cations have the triply degenerate 
tog(dzy,dy2,d2z) orbitals pointing towards near-neighbor 
anions, and B-site cations have the doubly degenerate 
€,(d.?,dz*_y:) orbitals pointing towards near-neighbor 
anions, the d,,, dyz, dz orbitals pointing towards neigh- 
boring B-site cations (see Fig. 1). From simple electro- 
static considerations, the anion-directed orbitals are less 
stable than the orbitals which are directed away from 
the neighboring anions. This leads to the following 
postulates : 

(1) If both the A-site fo, orbitals and the B-site e, 
orbitals are half filled (or less-than-half-filled and 
degenerate), the A-B interactions are strongly 
antiferromagnetic. 

(2) If the A-site t2, orbitals and/or the B-site e, 
orbitals are empty, the A-B interactions are relatively 
weak and antiferromagnetic.® 

(3) If the B-site ¢2, orbitals are half-filled (or less- 
than-half-filled and degenerate), direct B-B interactions 
are possible. The strength of these antiferromagnetic 
interactions depends strongly on inter-cation distance 
and anion shielding, both of which are reduced if partial 

4 B. Goodenough and A. L. Loeb, Phys. Rev. 98, 391 (1955). 

7D. S. McClure, J. Phys. Chem. Solids 3; S11 (1957). 

198. Dunitz and L. E. Orgel, J. Phys. Chem. Solids 3, 20, 318 
* For 180° cation-anion-cation angles o bonding predominates, 


but with 125° angles the x bonding is expected to dominate the 
magnetic-exchange interactions.® 


Phys. Soc. 2, 22 (1957). 


, 1958 (unpublished). 


covalence via empty e, orbitals is possible. Thus the 
condition for relatively strong B-B interactions is com- 
patible with the conditions for weak A-B interactions. 

(4) If the ¢2, orbitals of one or both of two cations in 
neighboring B sites are full (or more-than-half-full and 
degenerate), no direct B-B interactions occur between 
them. 

Whereas Yafet and Kittel!® have suggested that the 
atomic moments may not be collinear if the A-B and 
B-B interactions are comparable, the data of Table I 


GQ A’SITE CATION 
@ B-SITE CATION 


Fic. 1. Orientation of cation d orbitals with respect to 
the spinel structure. 


1 Y, Yafet and C. Kittel, Phys. Rev. 87, 290 (1952). 
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are interpreted on the assumption that these conditions 
introduce a ferrimagnetic or antiferromagnetic arrange- 
ment in the B sites." Anderson” and Kaplan™ have 
shown that an ordered Yafet-Kittel arrangement cannot 
be stable in a cubic spinel. 

A recent study of the system Co3_,Mn,O, has es- 
tablished that for x<2, the chemical formula is 
Co*+[Cos_2!!!Mn,+]O,,> and that strong, antifer- 
romagnetic A-B interactions are present throughout 
the compositional region x< 1.2 in which the spinel is 
cubic. In the cubic structure the single e, electron of 
Mn** (3d*) is in a degenerate state, and the A-B inter- 
actions correspond to (1). In compositions with «> 1.2, 
the spinel is tetragonal (c/a>1), and the e, degeneracy 
is removed: The d,? orbital is occupied, and the d,2_,? 
orbital participates in covalent-bond formation with 
four coplanar anions.*:* Such a distortion simultaneously 
increases the B-B interactions (3) and decreases the 
A-B interactions (2) within a,(001) plane, and compli- 
cated atomic-moment arrangements result.‘ 

In Fe**[ Cu?+Fe** }O,, on the other hand, the tetrago- 
nal distortion is due to an ordering of full d,2, half-filled 
d,+_,?, orbitals about the Cu** (3d) cations; in this case 
order enhances A-B coupling within a (001) plane (1), 
and there can be no Cu-Fe B-B interactions as Cu** has 
full /e, orbitals (4). Since Fe*+-Fe*+ A-B interactions are 
strong (1), the lattice retains normal Néel coupling (4 
and B moments antiparallel).'® 

Cr** (3d*) ions are always in B sites with empty e, 
orbitals, half-filled t2, orbitals. They provide, therefore, 
the optimum conditions for B-B interactions which are 
strong relative to the A-B interactions (3). It is assumed 
that if the B-B interactions are the stronger (but not 
much stronger), some of the Cr*+ moments order parallel! 
to the A-site moments provided that more than a critical 
number of near-neighbor B-site cations have half-filled 
(or less-than-half-filled, but degenerate) f2, orbitals, but 
the maximum number per molecule of such Cr** 
moments is 0.5. 


4! McGuire has made a similar assumption in the interpretation 
of his magnetic data for the chromites (Table I, reference d). 

2 P. W. Anderson, Phys. Rev. 102, 1008 (1956). 

8 T. A. Kaplan (to be published). 

4D. G. Wickham and W. J. Croft, J. Phys. Chem. Solids 7, 
351 (1958). 

16 Roman numeral valencies indicate low-spin-state cations; 
B-site cations within square brackets, A-site cations without. 

16 E. Prince and R. C. Trenting, Acta Cryst. 9, 1025 (1956). 
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A B-site cation is magnetically coupled indirectly to 
six A-site cations and directly to six B-site cations. If 
Cr*+ ions within alternate chains of a pure chromite are 
antiferromagnetically coupled, the energy difference AW 
per reversed, B-site Cr*+ ion between this configuration 
and the Néel configuration is AW=6(Was—Wsasp), 
where Wap and Wgz are, respectively, the magnetic- 
coupling energies for the A-B and B-B interactions. If an 
additional B-site Cr*+ ion is reversed, AW=6W ap— 
2W zz is most probably positive. Since an ordered B-site 
arrangement is not stable in a cubic spinel,” it follows 
that the maximum fraction of reversed B-site cations 
would be }. The magnetization of the chromites is ob- 
served to be smaller than that predicted from simple 
Néel coupling if more than half of the B-site cations 
have half-filled f2, orbitals. Data on the sulfur spinels’ 
(larger B-B distances) indicate a much weaker B-B in- 
teraction. Spinels containing Mn‘* (3d*), V4 (3d'), 
V%+ (3d?) have also been prepared : preliminary evidence 
indicates that Mn** is analogous to Cr**, but more than 
0.5 V** or V** ions can couple parallel to the A sites 
because the degeneracy of the f2, levels is removed. 

Four spinels in which only B-B interactions are 
present have been studied magnetically. The cubic 
spinels Zn[Cr2]O, (a=8.31 A) and  Zn[Fe2 JO, 
(ao= 8.42 A) have, respectively, 7y=15°K and 9°K,!8 
the larger Néel temperature being associated with the 
cations having empty e, orbitals (3). That Ty is low is 
consistent with the fact that ordered antiferromagnetic 
coupling cannot be achieved among the B sites of a 
cubic spinel.” Tetragonal Zn[Mny JO, (c/a>1) has a 
T y~200°K,” a fact which is compatible with ordered 
antiferromagnetic coupling within (001) planes where 
the direct B-B interactions are enhanced by the distor- 
tion. Cubic Zn[Cre |S, (ao= 9.983 A), on the other hand, 
is paramagnetic” as the direct-exchange interactions are 
weakened by the larger inter-cation distance. 

The data in Table I are insufficient to establish the 
postulates suggested here, and a systematic investiga- 
tion of the magnetic properties of spinels containing 
cations with outer electronic structure 3d*" is being 
carried out. 


17 F, K. Lotgering, Philips Research Repts. 11, 190 (1956). 

18. M. Corliss and J. M. Hastings, American Institute of 
Physics Handbook (McGraw-Hill Book Company, Inc., New York, 
1957), pp. 5-228. 

#P. F. Bongers, thesis, University of Leyden, 1957 (un- 
published). 
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Single crystals of GaSe have been prepared by reaction of the elements, followed by gradient freeze 
crystallization. Crystals as grown were p-type, probably because of Cu acceptors, with hole mobility of 15 
cm*/volt sec, hole concentration of 10!6 cm~’, and acceptor ionization energy of 0.12 ev. In many ways the 
properties of GaSe crystals are very similar to those of ZnTe crystals. The absorption edge of GaSe is at 
6310 A, corresponding to a band gap of 1.97 ev; the temperature coefficient of band gap is about —410™ 
ev/deg. Insulating and photosensitive GaSe crystals can be prepared by compensating the acceptor im 
purities by incorporated donors from Groups VII or IV. Rectification tests indicate p-type photoconduc- 
tivity. Thermal quenching of photoconductivity corresponds to an ionization energy of about 0.5 ev, 
whereas optical quenching corresponds to an ionization energy of about 1.0 ev; thus a large Franck-Condon 
shift is indicated. Below the temperature at which thermal quenching of photoconductivity occurs, ‘the 
sensitivity is within the range of sensitive CdS or CdSe crystals. 


INTRODUCTION 


LARGE portion of the detailed measurements of 

photoconductivity to date have been concen- 
trated on Group II-Group VI compounds! which show 
either the zincblende (cubic) or the wurtzite (hexagonal) 
crystal structure. In both these structures, a given 
atom is tetrahedrally bonded with four nearest-neighbor 
atoms of the other type. High photosensitivity has been 
associated with electron conduction, and the presence 
in the crystals of negatively charged centers which 
have a large capture cross section for photoexcited holes, 
but a subsequent small cross section for photoexcited 
electrons. The investigation of Group III-Group VI 
compounds, such as gallium selenide, affords the 
opportunity of observing photoconductivity effects in a 
crystal structure quite different from those of the 
Group II-Group VI compounds. In addition, since both 
GaSe and GaSe; can be prepared, there is the oppor- 
tunity of detecting differences produced by different 
valence states of the crystal cation. This report is 
concerned primarily with the results found with GaSe 
crystals; investigations of the Ga2Se; form and of solid 
solutions of GaSe-GaS are in a preliminary state and 
will be described in a later publication. 

Polycrystalline GaSe was prepared by Klemm and 
von Vogel? by reaction of the elements. Schubert and 
Dérre® showed that the crystal structure of GaSe was 
the same as that reported for GaS by Hahn and Frank,‘ 
i.e., a hexagonal layer structure. Figure 1 compares the 
basic atomic arrangement in CdS with that in GaSe. 
In GaSe, each Ga atom is bonded to three Se atoms and 
to another Ga atom; the layers occur with weak 
bonding between Se atoms, as indicated by easy 
cleavage perpendicular to the ¢ axis. The valence of Ga 
in the Ga— Ga bond is best represented as Gag**. Since 


1R. H. Bube, Proc. I.R.E. 43, 1836 (1955). 

2W. Klemm and H. U. von Vogel, Z. anorg. 
219, 45 (1934). 

3K. Schubert and E. Dorre, Naturwiss. 40, 604 (1953). 

4H. Hahn and G. Frank, Z. anorg. u. allgem. Chem. 278, 340 


(1955). 


u. allgem. Chem. 


it is believed that Ga does not exhibit a +2 valence 
state, it is likely that the Ga—Ga bond consists mainly 
of a covalent double bond with contributions from ionic 
configurations. Electron spin and nuclear magnetic 
resonance experiments should help clarify this point. 
The crystal structure of Ga2Se;, on the other hand, has 
been shown by Hahn and Klinger® to be the same as 
that of zincblende with 3 of the cation sites randomly 
vacant. 

Photoconductivity measurements on polycrystalline 
GaSe and Ga,Se; have been reported by Goryunova 
et al.,6 who found a band gap of 1.95 ev for GaSe and 
of 1.75-1.9 ev for Ga2Se3. Fielding, Fischer, and Mooser? 
have also investigated GaSe, primarily from the stand- 
point of its thermoelectric properties. They reported 
p-type GaSe, with acceptor ionization energy of 0.2 ev, 
hole mobility of 20 cm?/volt sec at 500°K, band gap 
of 2.01 ev at 300°K and of 2.09 at 78°K, giving a 
temperature coefficient of band gap, 8, of —3.610™ 
ev/deg. They reported the photoconductivity maxima, 
however, as being at 6550 A at room temperature and 
at 6050 A at liquid nitrogen temperature, between 0.05 
and 0.1 ev lower energies than the band gaps. 


GaSe 


ons 
cdl 


lie 


Fic. 1. Basic atomic arrangements in CdS and in GaSe crystals. 


5H. Hahn and W. Klinger, Z. anorg. u. allgem. Chem. 259, 135 
(1949). 

6 Goryunova, Gregorieva, Konozalenko, and Ryvkin, J. Tech. 
Phys. U.S.S.R. 25, 1675 (1955). 

7 Fielding, Fischer, and Mooser, J. Phys. Chem. Solids 8, 434 
(1959), 
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Fic. 2. Transmission of a 0.3-mm thick crystal of GaSe. 


The results of the present investigation on photo- 
conductivity in GaSe crystals indicate that the phe- 
nomena encountered are similar to those found in CdS 
and CdSe crystals. The chief differences are that p-type 
photoconductivity rather than n-type photoconduc- 
tivity appears to be involved, and that the optically 
measured quenching energy is about twice the thermally 
measured energy. 


EXPERIMENTAL 


Crystals of GaSe were grown from reaction between 
the elements followed by gradient freeze crystallization. 
Alcoa Ga and American Smelting and Refining Se were 
placed in a graphite crucible, subsequently sealed in a 
quartz ampoule at about 10-° mm Hg. Reaction was 
carried out at 600°C for about 15 hours, after which 
the temperature was raised to 970°C, 10° above the 
melting point of GaSe, and held for 24 hours. The 
sample was then slowly cooled in a furnace with a 
temperature gradient (externally measured) of about 
40° over the 3-in. length of the tube, to 900°C in 20 
hours, and then to 450°C in a second 20-hour period. 
For impurity compensation experiments, about 0.5% 
of either GaCl; or of metallic Sn was added to the initial 
materials. The grown crystals without added impurity 
were analyzed® and were found to contain about 3 
ppm Cu, presumably the cause of the high p-type 
conductivity found. 


* Analysis by H. H. Whittaker. 
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Photoconductivity measurements were made with 
melted In contacts, tested to insure Ohmic behavior, 
in an atmosphere of He gas between the temperatures 
of liquid nitrogen and about 100°C. Excitation was 
primarily by a Bausch and Lomb grating mono- 
chromator, using neutral wire-mesh filters to alter the 
light intensity. 


RESULTS 
Transmission 


The transmission measured through a 0.3-mm crystal 
of GaSe is shown in Fig. 2. The absorption edge is at 
about 6310 A, corresponding to a band gap of 1.97 ev 
at room temperature. 


Conductivity 


GaSe crystals as grown were high-conductivity 
p-type. Hall effect measurements indicated a room- 
temperature hole mobility of 15 cm?/volt sec with a 
hole concentration of 10'* cm~*. Various attempts to 
prepare purer crystals did not succeed in lowering the 
hole concentration below 10!° cm-*. An attempt to 
compensate for the p-type conductivity by dissociating 
a crystal of GaSe at high temperature in vacuum did 
not affect the type or the magnitude of the conduc- 
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_Fic. 3. Dark current as a function of temperature for several 
different samples of high-conductivity p-type GaSe, giving an 
acceptor ionization energy of 0.12 ev. 





PHO TOCGNDUCTIVITY 


tivity. The temperature dependence of the conductivity 
for several samples is shown in Fig. 3, indicating an 
acceptor ionization energy of 0.12 ev. 

Ga,Se; crystals, prepared from the same raw materials 
and by the same procedure as the GaSe crystals, were 
however highly insulating and photoinsensitive. 


Photoconductivity Spectral Response 


The p-type conductivity of the GaSe crystals could 
be compensated by incorporating impurities from Group 
VII or Group IV; specifically, Cl and Sn impurities 
were principally used. Spectral response curves for 
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Fic. 4. Spectral response of photoconductivity at room tempera- 
ture and at liquid nitrogen temperature, for GaSe:Cl, measured 
with the applied field perpendicular to the ¢ axis. 


GaSe:Cl and GaSe:Sn crystals are shown in Figs. 
4, 5, and 6. All measurements in GaSe: Cl crystals were 
made with applied field perpendicular to the ¢ axis; 
in GaSe:Sn crystals, measurements were made both 
with field perpendicular to and parallel to the ¢ axis. 
A summary of the various energy values found from 
photoconductivity data is given in Table I. In the 
GaSe: Sn crystals a long-wavelength response was found 
at low temperatures, which was identified with stimu- 
lation of trapped charge by these wavelengths, rather 
than a bona fide excitation. 
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Fic. 5. Spectral response of photoconductivity at room tempera- 
ture and at liquid nitrogen temperature, for GaSe:Sn, measured 
with the applied field perpendicular to the ¢ axis. The long- 
wavelength response results from stimulation of trapped carriers 
previously excited by intrinsic excitation. 


Sufficient preliminary preparation of GaSe; was 
carried out to indicate the band gap and give the 
spectral response curve for photoconductivity shown 
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Fic. 6. Spectral response of photoconductivity at room tempera- 
ture and liquid nitrogen temperature, for GaSe:Sn, measured 
with the applied field parallel to the ¢ axis. 
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Fic. 7. Spectral response of photoconductivity at room tempera 
ture in GaSes, giving a band gap of 1.88 ev. 


in Fig. 7. A band gap of 1.88 ev is indicated from the 
photoconductivity maximum. 


Sign of the Photocarriers 

Rectification tests were performed at room tempera- 
ture to determine the sign of the photocurrent carriers 
in GaSe. Currents were measured in the direction of the 
c axis with one contact being a broad-area melted In 
contact and the other being a sharp Cu point contact. 
With CdS, as expected, the forward direction was with 
the point contact positive, indicating n-type photo- 
conductivity. With GaSe, the forward direction was 
definitely for the point contact negative, indicating 
p-type photoconductivity. At the same time measure- 
ments were made on ZnTe:In and ZnTe:Al samples 
reported in a previous paper® where there had been some 


TaBLE I. Energy values from photoconductivity measurements. 


Quenching 
Eopt, ev 


Ea, ev 
300°K 90°K 


Etherm, eV 
GaSe:Cl 
(V 1 c-axis) 
GaSe:Sn 
(V 1 c-axis) 2.02 2.09 1.05 0.54 
(V || c-axis) 1.99 2.08 0.95 0.62 
Temp. coeff. of band gap, Ba —3.8X 10-4 ev/degree 


2.02 2.10 1.05 0.39 


*R. H. Bube and E. L. Lind, Phys. Rev. 105, 1711 (1957). 
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doubt of the sign of the photocarriers; tentative indi- 
cations were for p-type photoconductivity in ZnTe: In 
and n-type photoconductivity in ZnTe: Al. 


Thermal Quenching 


All photosensitive GaSe crystals showed a tempera- 
ture quenching of photoconductivity which set in at 
about —70°C. Typical curves measured for a GaSe: Sn 
crystal are given in Fig. 8. If, following a rate equation 
analysis previously reported,” the photocurrent at the 
breakpoint is plotted as a function of the reciprocal 
temperature at the breakpoint a straight line should 
be obtained, as indicated in Fig. 9, with slope giving 
the thermal ionization energy of the sensitizing centers 
and intercept giving the capture cross-section ratio for 
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Fic. 8. Photocurrent as a function of temperature for different 
levels of light intensity for GaSe:Sn, measured with the applied 
field perpendicular to the c axis. The excitation was by a band 
of radiation lying between 5900 A and 6100 A. 


these centers. The thermal quenching energies given 
in Table I are obtained in this way. 


Optical Quenching 


At liquid nitrogen temperature, the photoconduc- 
tivity can also be optically quenched. Figure 10 gives 
three typical optical quenching curves indicating 
optical ionization energies for the sensitizing centers of 
about 1 ev. The temperature dependence of the optical 
quenching process is traced in Fig. 11 for a GaSe:Cl 
crystal, indicating that the process of optical quenching 
ceases as the process of thermal quenching sets in, as 
would be expected if the same center were involved in 
both processes. 


 R. H. Bube, J. Phys. Chem. Solids 1, 234 (1957). 
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Trapping Centers 


Both GaSe:Cl and GaSe:Sn crystals showed con- pense 


siderable density of trapping centers, although optical 

stimulation out of trapping centers was prominent only “Tree axts 
in crystals with Sn impurity. Thermally stimulated 
current curves are given in Fig. 12. The decrease in — 
free-carrier lifetime with temperature above —80°C, veo 
as indicated by the temperature dependence of photo- 
current in the figure, makes the determination of deep 
trap densities difficult. Estimates from the curves 
indicate minimum trap densities of 5X10'® cm™ in 
GaSe:Cl and 10!§ cm-* in GaSe:Sn, with trap depths 
in the range between 0.2 and 0.4 ev. 
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Fic. 10, Infrared quenching spectra at liquid nitrogen temperature 
for GaSe:Cl and GaSe:Sn crystals. 


gap is concerned, if"! 

AGytAPyt+APx—AGxy=0, (1) 
where AGy is the difference between the groups of the 
cations in the two compounds (the group being deter- 
mined by the effective valence of the cation), APy is 
the difference between the periods of the cations in the 
two compounds, APx is the difference between the 
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Fic. 9. The photocurrents for the sensitivity break-points in 
Fig. 8 as a function of the temperature at the breakpoints. The 
slope of the line gives the ionization energy of the sensitizing 
centers, 0.54 ev, and the intercept on the photocurrent axis gives 
the capture cross-section ratio of these centers, 3X 10°. 


PERCENT QUENCHING 


DISCUSSION 


The work on GaSe has pointed up how strikingly 
similar two different materials can be in spite of different 
crystal structures. GaSe and ZnTe? are almost identical 
} ¢ ‘ acce j izati ne , ae a 2a a 
in (1) band gap, (2) acceptor ionization energy, (3) Oe “I +. 
difficulty of preparing low-conductivity samples with- veubenmune. * 
out compensation, (4) hole mobility, (5) occurrence of Fic. 11. Temperature dependence of infrared quenching for a 
p-type photoconductivity, i.e, ZnTe:In data, and (6) number of different wavelengths in the quenching region. There 

h al hi » Th , : 1s is a slight shift of the low-energy cutoff of the quenching spectrum 
thermal quenching energy. € two compounds to jower energies with increasing temperature. 

i ate neré : any compounc é a a — . , 
illustrate ¥ general rule of many compounds that 1 R. H. Bube, Photoconductivity of Solids (John Wiley and Sons, 
similar properties are obtained, at least as far as band _ Inc., New York, to be published), Chap. 7. 
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Fic. 12. Thermally stimulated current curves for GaSe: Cl and 

GaSe:Sn crystals, measured with a heating rate of 0.5°/sec. The 

dashed curve shows the actual photocurrent as a function of 

temperature for a light intensity of proper intensity to give 

currents of the same magnitude as the thermally stimulated 
currents. 


periods of the anions in the two compounds, and AGx 
is the difference between the groups of the anions in the 
two compounds. This is just a re-statement of the 
concept of electronegativity. For example, the decrease 
in period of the anion between ZnTe and GaSe is 
compensated by the increase in the group of the cation. 

The measurements on GaSe indicate an acceptor 
level lying 0.12 ev above the top of the valence band, 
and a sensitizing level for hole photoconductivity with 
capture cross section for electrons some 10° time greater 
than the subsequent cross section for holes, lying about 
0.5 ev thermally and 1.0 ev optically below the bottom 
of the conduction band.” The identity of these sensi- 
= The possibility that n-type photoconductivity is involved at 
low temperatures, leaving p-type photoconductivity after the 
n-type photoconductivity has been quenched, cannot be over- 
looked and will be tested further. 
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tizing centers, possibly selenium vacancies, is expected 
to be suggested by the behavior of the ionization 
energies in the GaSe-GaS solid solutions. The reason 
for the large Franck-Condon shift may lie in the crystal 
structure itself, and might be expected to manifest itself 
through measurements of dielectric constant. In CdS, 
where hole ionization is involved in thermal and optical 
quenching,’ no appreciable difference between optical 
and thermal energies are found; the low-frequency 
dielectric constant is 11.6, and the high-frequency 
dielectric constant is 6.3 from the index of refraction. 
Measurements by MacDonald have given a low- 
frequency dielectric constant of 7+1 for GaSe, and a 
high-frequency dielectric constant of 4.7 for GaSe with- 
out added impurity and for GaSe: Cl, and of 3.4 for Ga- 
Se: Sn." Considerations by Mott and Gurney" show that 
the energy difference between thermal and optical ioni- 
zation energies in an ionic crystal should be proportional 
to (1/€.—1/¢€o), where €o is the low-frequency dielectric 
constant and e, is the high-frequency dielectric 
constant. The ratio of the low- and high-frequency 
dielectric constants in GaSe is not appreciably different 
from that in CdS, but if the value of ¢,, for GaSe: Sn is 
taken, the quantity (1/e,—1/eo) is twice as large in 
GaSe as in CdS. 

At low temperatures and low light levels, the photo- 
sensitivity of GaSe:Sn crystals is the same as that of 
sensitive CdS:Cl:Cu and CdSe:I:Cu crystals, i.e., 
about 107! mho cm?/watt. 
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The magnetic susceptibility of n-InSb has been measured for a range of extrinsic carrier densities extending 
from 10'!* to 6X 10!8 cm~’. Measurements were made in the temperature range 300°K to 1.3°K. The de- 
generate conduction electron susceptibility was determined from the data. The deviation of the conduction 
band from parabolic form is clearly exhibited in the susceptibility. A theoretical analysis has been made 
using Kane’s band-structure calculation. The mixing of the conduction and valence bands resulting from 
the magnetic field has been treated exactly. Consideration of these two bands alone will not explain the 
dependence on concentration of the observed susceptibility; at the higher carrier densities, higher bands are 
important and a perturbation-theoretical treatment of these indicates that the observed susceptibility is 


consistent with Kane’s model. 


INTRODUCTION 


HIS paper describes a study of the contribution of 

extrinsic electrons to the static magnetic sus- 
ceptibility of InSb.! The purpose was to compare the 
observed susceptibility with theoretical expectations 
and by this means obtain information concerning the 
band structure. InSb was chosen because its conduction 
band departs from the simple parabolic form?* in the 
experimentally attainable range of carrier concentra- 
tions; this seemed a logical extension of the work of one 
of the authors on the susceptibility of Ge, where the 
band remains parabolic under similar conditions.‘ The 
reader is referred to reference + for the details of the 
analysis of experimental data. 

The only previous detailed study of the susceptibility 
of InSb is due to Stevens and Crawford.® Most of their 
measurements concern intrinsic carriers above 77°K. 
The extrinsic conduction electron contribution was 
determined at only one carrier density, 1.6 10'* cm. 
Recently Matyas® has published a study of intrinsic 
carrier susceptibility, obtaining results very similar to 
those of Stevens and Crawford. 

Our measurements cover a temperature range from 
300°K to 1.3°K and a range of carrier densities from 
10'* to 6X 10'S cm~*. The Fermi level at absolute zero 
for the highest density was calculated to be 0.35 ev,’ so 
that this work provides information concerning the form 
of the conduction band to levels of 0.35 ev. 

The conduction electron susceptibility is mainly 
orbital in character because of the smallness of the 
effective mass. However, spin-orbit effects cannot be 
neglected. 

Our measurements show that the dependence of the 
conduction electron susceptibility on carrier density 
does indeed depart strongly from that expected for a 
parabolic band. A theoretical analysis will be given 


1R. Bowers, Bull. Am. Phys. Soc. 3, 120 (1958). 

2 E. O. Kane, J. Phys. Chem. Solids 1, 249 (1957). 

3 W. G. Spitzer and H. Y. Fan, Phys. Rev. 106, 882 (1957). 

4R. Bowers, Phys. Rev. 108, 683 (1957). 

5D. K. Stevens and J. H. Crawford, Jr., Phys. Rev. 99, 487 
(1955). 

6M. Matyas, Czechoslov. J. Phys. 8, 544 (1958). 


which is based on the band structure proposed by Kane 
and exhibits the following features. In the parabolic 
region, consideration of the conduction and valence 
bands alone is sufficient to determine x. Beyond the 
parabolic range, the influence of other bands cannot be 
neglected. In particular certain higher bands have a 
large effect on the susceptibility, much larger than their 
effect on the energy E(k) in the absence of a field. These 
higher bands are those which determine the value of 
the effective mass of the heavy holes. The resulting 
calculated susceptibility is in good agreement with the 
experimental results. 


EXPERIMENTAL METHODS 


The methods of susceptibility measurements were 
identical to those used in the Ge work.‘ The specimen 
dimensions were 0.20.25 cm. 

The specimen of highest purity was cut from a zone- 
refined ingot. The doped material was prepared by the 
Bridgman method, selenium being used as the doping 
agent ; the resulting ingots were polycrystalline with an 
average grain dimension of several mm. The uniformity 
of doping of the final susceptibility specimens has been 
examined by measuring the Hall coefficient of 4 or 5 
plates which were cut along the length of the specimen 
from a slice of the ingot adjacent to that from which the 
specimens were cut. 

The number of carriers has been derived from 
measurements of the Hall coefficient in the extrinsic 
temperature range (77°K for specimens with carrier 
densities less than 10!7 cm~* and 300°K for the more 
highly doped specimens). The donor density » has been 
calculated from the Hall coefficient using the relation 
Ru=a/ne, taking a to be unity’ for the following 
reasons: (1) At the temperature of the Hall measure- 
ment, the electron gas is degenerate in a band with a 
single minimum. (2) It can be shown that the general 
formula’ for the degenerate Hall coefficient reduces to 
Ry=1/ne for nonparabolic bands provided they have 


7 Compare with reference 4, p. 685. 
8 N. F. Mott and H. Jones, The Theory of the Properties of Metals 
and Alloys (Oxford University Press, Oxford, 1936), p. 282. 
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Fic. 1. The total magnetic susceptibility of various specimens 
of n-InSb plotted against 1/7. The numbers listed under (n) are 
the carrier densities as determined from the Hall coefficients. Note 
that the left-hand ordinate gives the susceptibility per cc, while 
the right-hand ordinate gives the susceptibility per gram. 


spherical symmetry. While the admixture of higher 
bands will cause a departure from spherical symmetry, 
the effect of this is small. 

Allowing for any lack of uniformity, the carrier 
densities of specimens are estimated to be known to an 
accuracy of 20%. The cube root of the carrier density is 
the important parameter for interpreting our data and 
this is estimated to be known to 7%. 


EXPERIMENTAL RESULTS 


In Fig. 1 are shown measurements of the total 
susceptibility of various specimens of -InSb plotted 
against 1/7. The susceptibility was found to be 
independent of magnetic field (maximum field 4500 
gauss for low temperature measurements and 8300 gauss 
for the room temperature points). It should be noted 
that the ordinate in Fig. 1 is not continuous; this has 
been done in order to separate the various sets of data. 
The lowest curve n~10' cm~* represents, at low 
temperatures, the pure InSb (lattice) susceptibility 
since the coduction electron susceptibility in this 
specimen is smaller than our estimated error. 

Figure 2 is a plot of the degenerate conduction 
electron susceptibility plotted against n'. The experi- 
mental points on this curve were obtained by subtract- 
ing the low-temperature lattice susceptibility from the 
susceptibility of doped material. The results designated 
by closed circles have been obtained from measurements 
of the susceptibility of doped specimens which extended 
down to 1.3°K and are illustrated in Fig. 1. The open 
circles were obtained from room temperature measure- 
ments on other specimens, a small correction (less 
than 2%) being made for any expected change in the 
total susceptibility of the sample between room tem- 
perature and liquid helium temperatures. The correc- 
tions were interpolated from the data in Fig. 1. This 
expedient was used in order to avoid measurements of 
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all specimens to 1.3°K; its justification results from the 
fact that Fig. 1 shows the susceptibility to be almost 
independent of temperature for densities larger than 
10" cm™. The straight line in Fig. 2 shows the sum of 
(a) the Landau-Peierls expression for a constant 
effective mass? m*=0.013my) and (b) the Pauli spin 
paramagnetism for a magnetic moment y= gS asso- 
ciated with the spin S and due to spin-orbit interaction. 
Here 8 is the Bohr magneton and g=—53." By a 
comparison with the case of free electrons, we see that 
the ratio of the paramagnetism to the diamagnetism in 
the present case is (—3)(g/g,)?(m*/m)?= —0.35. 


THEORETICAL INTERPRETATION 


The difficulty of interpreting these results arises from 
the fact that there is no general formula giving the 
susceptibility in terms of the band shape except for the 
simplest case of parabolic bands. The X; term of Peierls' 
which relates the susceptibility to the curvature of the 
Fermi surface in k-space is only part of a more complete 
expression; its use would not be justified here.” In 
particular, it does not include spin-orbit interaction. 
In view of this, we have made a calculation specifically 
for InSb using the band-structure parameters of Kane. 
A somewhat similar calculation for the case of graphite 
has been made by McClure’; however, the band struc- 
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Fic. 2. The magnetic susceptibility of conduction electrons in 
InSb plotted against m!. An abscissa scale for ko is also given. The 
solid curve is the result of the calculation in this paper. 


® Dresselhaus, Kip, Kittel, and Wagoner, Phys. Rev. 98, 556 
(1955). 
© This is the g factor at the bottom of the conduction and was 


first given by L. M. Roth e¢ al., Bull. Am. Phys. Soc. 3, 128 
(1958). 

1 F, Seitz, The Modern Theory of Solids (McGraw-Hill Book 
Company, Inc., New York, 1940), p. 594. 

2 The inadequacy of the x; term alone has been stressed by 
E. N. Adams, Phys. Rev. 89, 633 (1953); E. N. Adams and R. 
Zitter, Phys. Rev. 96, 1705 (1954). Only at the bottom of the 
band and without spin-orbit coupling is the susceptibility given 
by X3, as shown by T. Kjeldaas and W. Kohn, Phys. Rev. 105, 806 
(1957). 


18 J. W. McClure,*Phys. Rev. 104, 666 (1956). 
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ture of graphite and InSb are so dissimilar that different 
problems arise. 

We shall calculate the susceptibility using the 
Luttinger and Kohn representation (hereafter ab- 
breviated as L.K.). This representation was the one 
employed in the band structure calculation and our use 
of it will enable us to compare the effect of the various 
matrix elements on the energy E.(k) with their effect 
on the susceptibility. According to Kane, the small 
value of the effective mass is due to a strong interaction"™® 
between conduction and valence bands which are 
separated by a small energy gap. A subdivision of the 
susceptibility calculation is suggested by the band 
structure calculation, i.e., (a) to treat exactly the part 
of the Hamiltonian'® connecting the conduction and 
valence bands, and (b) to include the effects of other 
bands by perturbation theory. 

In the next three sections we calculate (I) the energy 
levels in a magnetic field resulting from the conduction 
band interaction, (II) the resulting susceptibility, and 
(IIT) the effect of higher bands. 


I. Energy Levels 


A method has been found!’ for determining the 
magnetic energy levels in a spherical band which will be 
applied to the conduction band of InSb. In the approxi- 
mation where enly the interaction between the conduc- 
tion and valence bands is included, the conduction band 
is not quite spherical because of the nonvanishing 
constants Ke, K3 arising? from interband matrix ele- 
ments of the spin-orbit interaction. The magnitude of 
these is, however, so small that we shall neglect them 
and follow Kane in choosing for the orbital part of our 
L.K. states the complete set 2,,0(r)e'*'* where the #9 are 
the solutions at k=0 of the periodic Hamiltonian with- 
out the spin-orbit interaction. Let |S); |X), |¥), |Z) 
denote the normalized orbitals #,o(r) for the conduction 
band and valence bands respectively; under the sym- 
metry operations of the crystal, the last three of these 
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0 
0 
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(1)!Pk 
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(3)*Pk. 
(3)!Pk 


Here 0’ is the operator \A—k?/2 where ?=k2+hk+k2 
and J is the eigenvalue. The gauge (0,3Cx,0) is used and 
14 J. M. Luttinger and W. Kohn, Phys. Rev. 97, 869 (1955). 

15 For the sake of brevity, the expression “interaction between 
two bands” will be used to refer to the interband coupling in the 
Hamiltonian resulting from the interband matrix elements of the 
velocity between the L.K. states of the two bands. 

16 The one-electron picture is used and the Hamiltonian in the 
absence of the magnetic field is the familiar periodic Hamiltonian 
with spin orbit interaction. 

1 Y, Yafet, following paper [Phys. Rev. 115, 1172 (1959) ]. 
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transform as the coordinates along the cubic axes. 
Because of cubic symmetry, the susceptibility is 
isotropic and the magnetic field 3C has been taken for 
convenience to be along the [100] direction. 

We choose for the periodic part of our L.K. functions 
the following states which diagonalize the Hamiltonian, 
including spin-orbit interaction to first order, at k=0: 
t3—), [tS-+ 
(3)*|(X—i¥)—), (3)4|Z—)+(8)!] (X¥-i¥)-+), 
(3)3|Z+)—(§)3|(X+iVY)—), (3)'| (X+iV)4+), 
(3)3/Z—)—(4)3| (XY—-iY)+), 

(3)2/Z+)+ (4)4| (X+7¥)— 


(1) 


The spin quantum numbers —, + refer to a direction 
of quantization along 3C. The Zeeman energy 63Co., 
where @ is the Bohr magneton and a, a Pauli spin 
matrix, will be neglected because of its smallness. 

The eigenvalue equation, in the L.K. representation, 
consists of a set of coupled differential equations. This 
set is simply the Schrédinger equation in k space. The 
wave function is given by a set of 8 functions /’;(k) 
where the index 7 refers to the order of the states in (1). 
These states transform under the symmetry operations 
like states of definite total angular momentum J (i)=4 
and 3 and definite Z component of angular momentum 
my(i). Because of the cubic symmetry of InSb, the 
interaction matrix between the s like and like levels is 
formally the same as if the states |.S), |X, --- were the 
product of a radial function and a spherical harmonic ; 
according to reference 17 the eigenvalue problem can 
be solved exactly in terms of harmonic oscillator 
functions of k;. 

In atomic units, and using Kane’s notation in which 
Eg is the band gap at k=0, A is the spin-orbit splitting 
of the valence band and P is the interband momentum 
matrix element, the eigenvalue equations in matrix 
form are given by 
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the operators Rs = k,zik, withk,=k,;k,=k,+is0/dk.; 
s=e5C/hc. The eigenvalues of the operators k,, k, will be 
denoted by primes, k,’, k.’. Because the dependence of 
the energy on the magnetic field involves only the com- 
bination k,+is0/0k,, the energy of a state is inde- 
pendent of the value of k,’. This is seen by transforming 
k,'+isd/dk, by means of the unitary transforma- 
tion exp(—ik,’k,/s). For ease of computation k,’ is 
to In (2) the small contribution 


put equal zero. 
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from the k-dependent spin-orbit interaction® has been 
neglected. 

The set of Eqs. (2) is solved by a perturbation 
method: Because the effective mass m*=0.013 is so 
much smaller than the free mass mo, a first approxima- 
tion to the levels is obtained by neglecting all the terms 
k*/2 (diagonal) that contain the free mass. The effect 
of the free mass will be included later. With this 
approximation, the set (2) is reduced by elimination of 
all F; but F; and F; to the two uncoupled equations: 


{(Eo—\)A+-3PU(ke+h2—s°0?/dk2+4s) 
+[P2/3(A+A) ](k2+k2—s?/dk2—s)} Fi =0, 

{ (Eq—\)A+-3P2(k2+h2—s2d?/dk2—3s) 
+[P*r/3(A+) ](k2+k2—s°0?/dk2+s)) F2=0. 


These are immediately solved by harmonic oscillator 
eigenfunctions ®,(k,) of the dimensionless variable 
k,/\/s. Further the other F; are also such eigenfunctions 
as seen from (2) and the wave functions can be 
written as 


Wkz',n + (k)={F,} 
= {C;(k,’, nv, + )Pn- my(i) 1(kz)}, (4) 


with the coefficients C;‘@) to be determined from (2). 
The trivial dependence 6(k,)6(k.—k.’) on k, and k, has 
been omitted. The band index a stands for one of the 
letters c, 1, h, or d, according to whether the state is in 
the conduction band, light hole, heavy hole, or split-off 
bands, respectively. 

The spin quantum number is — or + for the state 
having a nonvanishing component in the L.K. states 
obtained from |(X—i¥)—) or |(X+i¥)+), respec- 
tively. For the heavy-hole states'* which are spin- 
degenerate to this approximation (with \‘’=0) this 
assignment is made by choice of the proper linear 
combinations. The energy levels are given by the 
solutions of 


D(\nz)=Ana (Ang — Ea) Ang +) 
— P*(k2Z+5(2n+1) Png +3] 
+3P*As=0, (5) 


where A,,4 stands for Ak, », +‘*’. For zero magnetic field, 
(5) reduces to Kane’s equation (10). The spin-depend- 
ent terms are proportional to s and give the g shift. In 
the limit A— , the factor at the bottom of the band 
becomes equal to the reciprocal of the effective mass, 
g= — (m*)'= — (4/3) (P?/Ec). For the values of A=0.9 
ev, Eg=0.23 ev, and P?=0.44 a.u. given by Kane, the 
g factor at k=O is —55; the Zeeman term reduces 
it to —53. 

Equation (5) is cubic in A and an analytical expression 
for the energy levels would not be useful. The equation 
is sufficient however for a numerical calculation of the 


18 The heavy-hole states are not given by (3) but are obtained 
from the set (2) by neglecting the free mass and setting \=0, 


F,;=F,;=0. 
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susceptibility. Before doing this we want to show that 
the off-diagonal matrix elements of the neglected free- 
mass terms k?/2 between any two states of (4) are small 
compared to the level separation so that they can be 
treated by perturbation theory. 

It is sufficient to confine attention to the case where 
the two levels are in conduction band since k?/2Eg is 
smaller than 0.1 even at the concentration of 10'* cm~. 
If the states have the same spin, the matrix element of 
k? is zero as results from (4) and the fact that each F; is 
an eigenfunction of k; if they have opposite spin 
quantum numbers, there is a nonvanishing matrix 
element only between Wi.,n,-“ and Wk,,n-1, +. 
This is of the order of P?k’s/Eq? and therefore small 
compared to the level separation P’s/Eq. 

The correction to the energy levels due to the free 
mass is found by keeping the k;2/2 terms to first order in 
the operations leading to Eq. (5). (Second order effects 
are negligible.) It is given by 


€nAna tnt/Ant An 


2[1+4Ans/(A+Ans)] dk” 
€n= (3/2P*)[k2+s(2n+1) ], 





(6) 


OAn+ 


where 


Nn 2= [14 | tte sient 42) 
2(A+Ans)? 


Ans? 
#(1- = — 


Josratee+s(an+ 1) ]. 
(A+An, +)? 


II. Susceptibility 
The susceptibility per unit volume is 
x= — (1/3) dg /OK, 


where the free energy ¢ is given by 


1 2 
¢g= \t-Zvn(—) J ceser 
2a 
Xd, In{itexpl(¢—E(k., n, +))/kT]}. (7) 
Here ¢ is the Fermi energy and the E(k., , +) are the 


energy levels in the conduction band. By means of 
Euler’s summation formula, 


E finty= fo fadr-A/29Lf(=)- FO], ®) 


n=0 


we obtain ¢ to second order in s. We shall first neglect 

the free mass and take E(k,, n, +)=An,4°. The energy 

levels are obtained from (5) as a power series in s, 
E(k,, n, +)=E9FSEY+3E, (9) 


where E®, E™, and E® depend only on the argument 
k2+s(2n+1). The term E(k*) is just the energy in 
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the absence of a magnetic field; 


oD 
po=4rrs /(—) ; 
Orn An =F 
and 


#D aD 
p»=~4 e~(—) /(—)] . (11) 
OA Orn An = EO) 


The energy levels E®[k2+s(2n+1)] are just the 
Onsager levels'® for the Hamiltonian E(k?) since at 
fixed k,, the energy curve which they define embraces an 
area equal to 2rs(n+ 3) in kz, k, space; the terms in 
E™ and E® are field-dependent energy shifts of these 
levels. 

We now evaluate the second term in Euler’s formula 
(8). E™ and E® give contributions of order higher 
than s* so that it reduces simply to 


st pt* dk, dE 
ee=— f | cB) | , (12) 
6 /_, (2m)? Ok? J.—0 


(10) 


where g(£,¢) is the Fermi function. Here the spherical 
symmetry of E(k?) has been used. The resulting 
susceptibility at absolute zero is 


e 0 dE (k,*) 


——dk,. 
dk? 


(13) 


We consider next the first term of (8). The substitu- 
tion 2sx=k?+k,? transforms the double integral 
S f(k2+2sx)sdxdk, into 2f f(k*)k’dk. The term in E, 
being independent of s, does not contribute to this part 
of the susceptibility; the term in E“? contributes a 
“spin” susceptibility (just as the ordinary spin moment 
does) given by 


é dn 
%= (—)er|—] 
hc? dE“ Jdko 


where [dn/dE ]ko is the density of states at the Fermi 
surface. The E® part contributes 


2 e ko 
x--(=)(—)f E@)(k?)Rdk. (15) 
ri Nes 


The subdivision of the susceptibility into the three 
contributions X,, X,, and X, is mathematically con- 
venient. In addition, each of the terms has a simple 
meaning: X, results from the semiclassical quantization 
of the levels, X, results from the orbital moment 
induced by spin-orbit interaction, and X, is due to the 
energy-level shifts of order s. 

In order to evaluate the susceptibility, the values of 
E® have been obtained from (5) for a number of 
values of & and the quantities E™, E®, and dn/dE 


(14) 


19 T,. Onsager, Phil. Mag. 43, 1006 (1952). 
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Fic. 3. The various calculated contributions to the susceptibility 
of n-InSb. Curve 3 represents the effect of the conduction band 
valence band interaction and is the sum of Curves 1 and 2 as 
described in the text. Curve 4 represents the effect of the higher 
bands. The straight line has been drawn for a value of g=—55, 
consistent with the neglect of the Zeeman term in the calculated 
curves. 


have been calculated by substitution in (10) and (11). 
The sum of X,, X,, and X, has been plotted in curve (1) 
of Fig. 3. 

We now discuss the relative contributions of these 
terms. At very small ko, X, is negligible, being propor- 
tional to ko*; the ratio of X, to X, is 1 to —0.35. Hence 
the Pauli susceptibility of the anomalous spin moment is 
appreciable at small o.”° With increasing ko the g factor 
drops sharply, exhibiting a behavior not unlike that of 
the reciprocal effective mass. Because of this drop the 
Pauli paramagnetism becomes unimportant at large 
concentrations. The g factor at the Fermi surface is 
plotted as a function of ko? in Fig. 4. Finally the term X, 
which is also proportional to the spin splitting, in- 
creases with ko initially, reaches a maximum and then 
decreases; it is always small compared to Xq, reaching 
at its maximum a value of 0.25X,. Thus, except near 
ky=0, the susceptibility is due mainly to Xz. 

The effect of the corrections (6) to the energy levels, 
arising from the free-mass terms, is to modify the three 
terms of the susceptibility. Let X,’, X,’, and x,’ be the 
three correction terms. Since (13) and (15) are linear 
in the energy eigenvalues, X,’ and X,’ are found directly 

2 Values of the effective mass near the band edge were deduced 
by Stevens and Crawford® and also Matyas® from their sus 
ceptibility measurements. The values obtained were more than 
twice the cyclotron resonance value of 0.013; this is caused by a 
combination of (1) change in band curvature and (2) effect of the 


g factor. In these experiments the latter effect happens to be the 
more important. 
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Fic. 4. The g factor for the conduction band of InSb as a func- 
tion of k,*. The free spin g value has been taken positive, g,= +2. 
Only the interaction between the conduction and valence bands i is 
included. 


by using the contribution of the free-mass terms to 
E® and E®. The contribution to E is simply /2, 
resulting in the free-electron susceptibility for X,’, 
while the contribution to E®? is extracted from (6). The 
term X,’ is slightly more complicated to evaluate and it 
has been neglected; it is of the same order as X,’ and has 
the same sign. For the region where the band is no 
longer parabolic, is the dominant term; thus at 
n= 10'9/cc, we find that X,’~6x,'. The sum of xX,’ 
x,’ is plotted in Curve 2, Fig. 3 

The sum of curves 1 and 2 total 
ceptibility resulting from the interaction between the 
conduction and valence bands and it is plotted 
Curve 3 in Fig. 3. Curve 3 disagrees with the experi- 
mental points shown in Fig. 2. We therefore investigate 
in the next section whether higher bands, omitted sofar, 
have an appreciable effect on x. 


and 


gives the sus- 


III. Effect of Higher Bands 


This section is schematic in character and can only 
serve as a guide to the actual calculation. This has been 
done because the calculation is lengthy but presents no 
difficulty. Only the expression for the most important 
matrix elements will be exhibited. 

The fact that the heavy-hole mass is close to 0.2m”! 
shows that there is a substantial interaction between 
the valence band and higher bands. Since these bands 
are energetically far removed, it is sufficient to treat 
them to order k*. Two of these bands will be taken into 
account first, those transforming like T; and I'y and 
giving rise, in Kane’s paper, to the constants B and C. 
This is done by eliminating the interband matrix 
elements to first order in k; and one obtains an effective 
Hamiltonian, H’, consisting of terms quadratic in k; and 
connecting any two of the six L.K. functions of the 


*1 Experimental evidence is summarized in reference 2. 
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valence band. Neglecting the spin-orbit splitting of the 
higher states, the matrix elements of H’ between the 
L.K. states with periodic parts |X), |V), |Z) are given 
by 
H,'=Ck+(B-C)k? 
H,,| = (C—3B)k,k,+-4Bis, 
H,, 2! = (H1y')' = (C—4B)k,k, —4 Bis, 
H..;)=H;.'=(C—3B)k.kj, 


J=X, Y, B, 
(16) 


J=%, y. 


The states obtained in IT are now no longer eigenstates, 
and the energy levels cannot be obtained by perturba- 
tion theory, there being some off-diagonal elements of 
order (B+C)ns, where ns is of order ko”, between states 
belonging to the conduction band and differing in 
energy by P*s/ Eq. For the purpose of obtaining the non- 
oscillatory part of the susceptibility, perturbation 
theory on the free energy, with the complete set of 
states V,,4°* can still be used'’ provided that kT<«¢ 
and |H’|<<¢ which is the case here. Formal expansion 
of the free energy gives 


g=NE-> kT In{it+exp[ (¢—E£;)/kT]} 
+3"; g(E.—-OH:' +3 XO; (0g/0E;) (A;,') 
+3 > Div e(E,) —g(E,) ]/(E:— E;)} | Hi,’ |?. (17) 


The susceptibility resulting from (17) is still a sum of 
three terms of the type Xq, Xs, X, although when the 
band is not spherical the expression for X_ will be 
different from (13). We consider first the correction 
terms X,/’, X,’", X,”’ that are of the first order in H’; 
they are due to the diagonal matrix elements of H’ over 
the states of the conduction band, given by: 


5 
-k*— (35k? — 16") 


p? (j B+2C 11 
E 30 


? 
Pe ] 


2 Nn 5 2 
+—s*+ (- hk — 10k?+-49")+ *) 
15 AtAng\15 30 15 


(Ans)? 5 AY 25 
: ore ( -k43-— (25k? — 209”) + *)| 
(A+An4)? 415 30 30 J. 


S 1 
(7k*+ 10k?q? — 35q*) F-g?-——s? 


4(ac—3B)1 ' 
| 270 5 40 


d 


n+ 


1 
—— ( (7k*+ 10k?q?+-q') 
(A+An4) 4135 


5 1 
+ g- -s) | ; (18) 
5 20 


where k?=k2+5s(2n+1), @=k2—s(n+3) and N,,4 is 
the normalization factor ‘i the state V,,.,. 

The term X,”" resulting from (18) is positive and the 
magnitude of its ratio to X,, of order |H’!/¢, is found 
to be less than 0.2. The term X,”’ is negative and of order 





MAGNETIC 


0.1X,. These two terms have been neglected. The most 
important contribution is due to the level shifts of 
order s? in (18). These level shifts are given not only by 
the terms which are explicitly of order s? in (18), but 
also by the terms of order s and s? in the expressions 
for V,»4 and d,4 occurring in (18). By a detailed 
consideration of the various s? terms, it can be seen 
that they are approximately equal to 


(P?/N 2.2) (B+ 2C)/3](26/15)s?, (19) 


the other s? terms nearly cancelling each other. In 
particular, the departure of the band from sphericity 
which is measured by the value of the coefficient 
(4C—3B) has only a negligible effect on the sus- 
ceptibility for reasonable values of B and C. (It may be 
noticed that there is no first order effect, proportional to 
(4C—3B) on the free energy in the absence of a field, 
while there is a small effect on the susceptibility). The 
contribution X,”” is calculated by simply integrating 
the energy term (19) over the spherical distribution of 
the electrons in k space, and it is found that the resulting 
susceptibility it not small, being comparable to X, of 
(13), so that it is necessary to include second order 
terms. We just enumerate the matrix elements of 
interest: 

(a) Within the conduction band, |, + ) is connected 
to |(u+4), #) and jn, —) to |(n—1), +). The first 
of these matrix elements vanishes if 4C—3B=0; in 
this case the bands are spherical and the energy levels 
can be obtained exactly. Both of these matrix elements 
give negligible contributions. 

(b) The most important matrix elements are those 
connecting ¥n,4°? to Wn4, Yana to Yn and 
na? to Vong1)4”. These have been evaluated; 
at n=10" they amount to 25% of the first order 
contribution. 

The susceptibility due to the higher bands, calculated 
to order (H’)*, is plotted in curve (4), Fig. 3. The 
constants B and C for which there is no direct experi- 
mental evidence have been chosen somewhat arbitrarily 
to be in the ratio 1 to 1.6, i.e., that taken by Stern,” 
and their magnitude has been adjusted to fit the 
measured susceptibility data at n= 10". The required 
values are C~—8/3 and B~—5/3 a.u. The spherical 
average of the heavy hole mass for these values is 
1/m*=1+3/5(2C+B)=3.2 or m*=0.31. The total 
theoretical susceptibility of the electrons in the con- 
duction band is given by the sum of curves 3 and 4, 
Fig. 3 and is plotted on Fig. 2; the fit to the experimental 
points is seen to be reasonably good. We now ask about 
the possible effect of the interactions responsible for the 
other constants in Kane’s theory: 

The constant A which involves the interaction 
between a p-like and an s-like band does not contribute 
to X, in the absence of spin-orbit interaction!’; so its 
actual contribution will be small; the constant F has a 


2 F, Stern, Bull. Am. Phys. Soc. 2, 347 (1957). 
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small effect for the same reason; the constant D is 
believed to be small*; the only constant that may have 
an appreciable effect is G. The second order in k, 
Hamiltonian H”’ resulting from this interaction has 
matrix elements: 


His, =—2UGk Ay; Hie! = —2Gk.k.; 
Hss,2 = —iG(k rk, +k,k.) = —4G(k2—k2). 


The diagonal element of H” over the pn,,°° is found to 
vanish, just as is the case in the absence of a magnetic 
field.? The contribution of H’’ is thus of second order 
and appreciably smaller than that of H’. The matrix 
elements of H” that are important are found to be those 
connecting ¥»_™ to Wn—zy,4 and wr_™ to Wong1),4™. 
A crude estimate of their contribution to the suscepti- 
bility shows that it is negative and for a value of G 
equal to C, which is reasonable, the values of C and B 
required for a fit of the susceptibility at n= 10'® become 
C= —3.4a.u. and B= —2.1a.u. which result in a heavy- 
hole mass of m*=0.23. The shape of the x versus n'} 
curve would be little changed by this new correction, 
the curve becoming slightly flatter with the height at 
the maximum decreasing by about 5%. In view of the 
approximate nature of our numerical work, it appears 
that the agreement with Kane’s theory is satisfactory. 
If (a) the experimental measurements could be signifi- 
cantly improved in accuracy and (b) the effects of the 
impurities on the band structure were better under- 
stood, then it might be worthwhile to do the present 
calculation more carefully. Curve fitting of x versus n' 
would then restrict the possible choices of values for 
the band parameters. 

Finally, it is worth considering how higher bands can 
produce such a large effect on the susceptibility: The 
term X,, which is the dominant part of curve 3 of Fig. 3, 
results solely from the difference between a sum and an 
integral; the factor (1/24) in the second term of Euler’s 
formula makes this a small effect. It is only because of 
the s and pf characters of the bands involved that the X, 
contribution is smaller than X,: Equation (5) shows that 
in the absence of spin-orbit coupling there are no level 
shifts and X, is rigorously zero. The presence of spin- 
orbit effect results in a small value for X,. In contrast 
to this situation, the higher bands make their contribu- 
tions mainly through the level shifts in the absence of 
spin-orbit interaction. They contribute via the first 
Euler term and small numerical 
coeflicient in this term makes their contribution com- 
parable to that of the valence band. We had another 
example of the importance of the level shifts in comput- 
ing the effect of the free mass terms when we found that 
X,’~6X,' at n=10'® cm-*. Loosely speaking and 
neglecting the orbital moment, the higher bands give 
the effect of an additional effective-mass term with 
m*~ — (1+1/0.2)-'= — (1/6)mp and contribute a sus- 
ceptibility of the order of —6 times that of the free mass. 

In view of the similarity of the band structure of 


the absence of a 
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InAs to that of InSb, the theory presented may also be 
applied to Geist’s susceptibility data on InAs.” As 
expected, there is a qualitative similarity between the 
data on these two substances. 


CONCLUSION 


The results of measurements on the carrier suscepti- 
bility in n-InSb show that the susceptibility departs 
appreciably from that of a parabolic band. The essential 
feature of the observed susceptibility is that it increases 
with increasing carrier density at low carrier densities 
and decreases at high carrier densities. A theoretical 
analysis based on current ideas about the band structure 
of InSb shows that at low carrier densities the inter- 
action between the valence band and the conduction 


21), Geist, Z. Naturforsch. 13a, 699 (1958). 
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AND 
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band is the principal contributor to the susceptibility. 
This interaction alone cannot explain the observed 
behavior of x at the higher densities. The effect of higher 
bands is estimated to be of sufficient magnitude to 
account for the decrease of the susceptibility at the 
higher densities. Within the limitation resulting from 
the approximate computation of the higher band inter- 
actions, the observed susceptibility appears consistent 
with Kane’s band-structure calculation. 
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The energy levels of an electron in a periodic potential and a constant magnetic field are found as the 
solutions to a secular determinant when the following approximations are made: (a) the energy band of 
interest is spherically symmetric and (b) lattice broadening of the levels is neglected. Inclusion of spin-orbit 
coupling gives the g factor as function of position in the band. Perturbation theory is used to treat the effect 
on the free energy of small departures of the band from spherical symmetry. 


INTRODUCTION 


HIS paper is concerned with the determination of 
the energy levels of an electron in a periodic 
potential and an applied constant magnetic field. The 
problem is formulated in the Luttinger-Kohn! repre- 
sentation and since this representation has been used in 
several papers dealing with the magnetic properties of 
conduction electrons, we first review briefly this previous 
work. 

The treatments of Luttinger and Kohn! and Kjeldaas 
and Kohn? for nondegenerate bands are based on an 
expansion in powers of ko, the wave-vector at the Fermi 
surface and thus are useful only if this expansion 
converges fast enough. Considering the magnetic levels 
of the valence band of germanium, Luttinger® included 
the interactions‘ between the valence band and other 
bands to order k*. When the band structure coefficients 
were such that the valence band was spherically 
symmetric, the magnetic levels could be obtained 

1 J. M. Luttinger and W. Kohn, Phys. Rev. 97, 869 (1955). 

2 T, Kjeldaas and W. Kohn, Phys. Rev. 105, 806 (1957). 

3 J. M. Luttinger, Phys. Rev. 102, 1030 (1956). 

‘The expression “interaction between bands” refers to the 
deed elements in the hamiltonian matrix, resulting from 
the interband matrix elements of the velocity between the L. K. 
states. 


exactly. On the other hand, in the case of two- 
dimensional graphite the energy is not an analytic 
function of k at k=O so that an expansion in powers 
of k is impossible. For this case, McClure® obtained the 
magnetic levels for any k exactly as far as the magnetic 
interactions are concerned; however other approxi- 
mations were made in the calculation. 

It is the purpose of this paper to extend these results 
by pointing out that in the approximation of spherical 
bands the existence of a selection rule in the interband 
matrix elements of the velocity makes it possible to 
obtain the energy levels exactly® for arbitrary k. Since 
energy bands are not in general spherical, the levels 
thus obtained are strictly speaking, not those of an 
electron in a lattice, except in the case of cubic sym- 
metry with only s and p bands interacting. Rather 
they are the levels of a model which is an approxi- 
mation to substances with nearly spherically symmetric 
energy bands, such as the alkali metals or semi- 
conductors such as InSb.’ The corrections to the energy 


6 Except for the lattice broadening which is neglected; see 
below. 

7 Treated in R. Bowers and Y. Yafet, preceding paper [Phys. 
Rev. 115, 1165 (1959) ]. 
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levels arising from the departure from sphericity cannot 
be treated by perturbation theory because the level 
splittings of the quantized levels are very small. 
However the corrections to the nonoscillatory part of 
the free energy can be obtained by perturbation theory, 
as seen below, so that the spherical model can provide 
a consistent procedure for approximating some of the 
magnetic properties of solids and in particular the 
susceptibility. Furthermore the simplicity of the 
solutions which it gives, both for degenerate and non- 
degenerate bands and including all the interband effects, 
makes this model worthy of consideration. 

The inclusion of spin-orbit coupling offers no diffi- 
culty so that the g factor for spin resonance can be 
found as function of position in the band. The method 
of obtaining the energy levels and wave functions will 
be given first for the case of no spin-orbit coupling, 
the effect of the latter will be considered next and finally 
the perturbation treatment of a departure from 
sphericity will be sketched. 

ENERGY LEVELS AND WAVE FUNCTIONS 

The crystal Hamiltonian H = p?/2m-+- V (r) is assumed 
to have space inversion symmetry. We choose the 
gauge A=(0,3Cx,0) for the magnetic field 3C. The 
representative of the Hamiltonian in the L. K. states 
Xu,x(r) =u, (re! is given, in atomic units,* by! 


Hyrereprrar = Erb gry (WK) + (pd yur! |e] ke’) 


+> dovur(k’|k2}k’). (1) 


Here y’ is the band index, E,: is the energy at k=0, and 
the (pi)yu’" are the interband matrix elements of the i 
component of momentum. The operators k; are given by 
k.=kz, ky=k,+is0/dk., k,=k, with s=e3/he and 
their representatives (k’|k;|k’’) are taken over plane- 
wave states. 

The eigenvalue equation for (1) is an infinite set of 
coupled differential equations for the components of the 
wave function in the L. K. states. These components are 
clearly of the form 6(k,—k,’)5(k.—k.')Fuinky’ke'(Rz), 
where n is the quantum number for the degree of 
freedom k,; the F,(kz) obey the relations 


(Ev ttR—\)Fu(ko+ SY py Ok Pye (ks)=0. (2) 
a i 

In solving (2) we shall disregard the broadening of the 
magnetic levels caused by the discreteness of the 
lattice’; as long as the electron distribution does not 
touch the zone boundaries (which is a requisite of the 
spherical approximation) the effect of broadening 
should be negligible. 

Formally, broadening is neglected by disregarding 
the identity between two X,-x(r) differing by a 

§ Atomic units, e=h=m=1 are used throughout this paper. 


® A. D. Brailsford, Proc. Phys. Soc. (London) A70, 275 (1957) ; 
W. Kohn, Proc. Phys. Soc. (London) 72, 1147 (1958). 
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reciprocal lattice vector and imposing as boundary 
conditions on the F,(k.), the condition of being normal- 
izable in unbounded k,, k, space. 

When we neglect broadening the energy levels of (2) 
are seen to be independent of the value of k,’ since a 
k,-dependent phase factor exp(ik,’k:/s) multiplying 
the wave function F,(k,) can be used to eliminate k,’ 
from (2). Therefore k,’ is taken equal to zero in which 
case the interband terms of (2) can be written as 


[(ps)ururh_+ (p)ururhy+ (pe)urwrrhe Furr(kz), — (3) 


with pp=3(prtip,) and k,=k,-Fsd/dk;. For a given 
pair (u’,u’’) in general all three p;, p_, p. may have a 
nonvanishing matrix element. 

We now make the spherical approximation, assuming 
that the wu,(r) are given by w1,1,m=R:(r)Vi, m(0,¢) 
where R;(r) is a radial function for the band ¢ and VY), m 
is the spherical harmonic for angular momentum / and 
a component of angular momentum m along the mag- 
netic field. With u’=(t’,l’,m’) and writing the mo- 
mentum in spherical coordinates, it is seen that the 
matrix elements of p,, p. do not vanish only for m’ 
=m''+1 and m’=m", respectively. Therefore in each 
of the equations (2), only one of k,, k_ or k, acts on 
F,, wu’ while only k? operates on the inband part 
F,,. Finally we notice that k,, k_, k. and k’, acting on 
the harmonic oscillator function ®,(k,/s!) of the 
variable (k,/s*), give again a single harmonic oscillator 
function with quantum number +1, n—1, n, and n, 
respectively. It follows that the solutions of (2) are 
given by 


Fan 0 kg 08 m= Cl) (he! 5) Pam’ (Rz/S*), 
n>m' (4) 
0, n<m’ 


where the index a denotes the band. A special case of 
the solution (4) was obtained by Luttinger,’ to order k’, 
in the spherical approximation to the valence band 
levels in germanium. 

For computational purposes it is necessary to limit 
the number of L. K. states used in obtaining the matrix 
of H. Suppose that we are interested in the band 
(i,1,m) for the values of m=—I to m=-+, and let N 
be the number of L. K. states of different energies 
which it is sufficient to include for the determination 
of the energy Az, 2, m (k’) in the absence of the field to a 
desired accuracy. Then the solution (4) with the matrix 
elements 


(Pn may ke Pn—m) = 5 2n+ 1 — (m’+m”) | (5) 


gives a secular determinant of order y= > v1 (2/y +1), 
whose solution gives the energy levels \a(k.”?,,s) !° and 
the coefficients C,:"»". The spherical approximation 

10. I. Blount has pointed out (private communication) that 
even without the spherical approximation and quite generally, 
the set (2) may be immediately converted into an infinite set of 
algebraic equations by expanding the F,(kz) into the complete 
set of harmonic oscillator functions of (k,/s4) and using (5). 
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has therefore enabled us to reduce the set of differential 
equations to a finite (for finite V) set of algebraic linear 
equations. 

The wave function in r space, neglecting effects of 
the same order as those causing broadening, is given 
by the sum of the Fourier transforms of the components 
of the wave function in k space, and since the transform 
of ©,,(k,/s*) is (—1)"@,(xs'), we obtain 


yytk eg: >, (-—i)" mC & 


XPr ml (x+hk,/s)s* ju,(r). (6) 


hus in the spherical approximation the wave function 
has a rather simple form, being the sum of v terms, each 
of which is the product of a periodic part C,™,(r) 
characteristic of the periodic potential and an envelope 
function which is the same as the wave function for a 
free partic le. 

In calculations of the magnetic susceptibility the 
energy levels are needed only to order s*; in the rest 
of this section we shall show that the secular equation 
which must be solved may then be reduced to that in 
the absence of a field by expanding the secular determi- 
nant in powers of s and we shall obtain the form of this 
expansion. 

We consider first the secular equation for 50=0 and 
take the < direction along k. Because p, has matrix 
clements only between states of the same m, the secular 
equation factors into a product of 2/o+1 factors, 
D® (\,R®) =T] om) Dn (A,R2), where Jy is the largest / value 
of the L. K. states used. From the invariance of the 
hamiltonian under reflection in a plane it follows that 
D,,(d,R?)=D_»(\,R?) so that there is a double de- 
generacy at all k for m0, and no degeneracy for m=0. 

We shall now prove two properties of the secular 
determinant D(\,k.’,s,n) in the presence of 3, relating 
to its dependence on the set of quantum numbers m’; 
this dependence arises from the off-diagonal elements 
(5) and from the diagonal elements 


(Dy my RD, me) = Re? +5(2n+1—2m’). (7) 


(1) By using the symmetry operation y— —y it is 
seen that the matrix elements of ~; between the u,(r) 


obey the relations 


vt m= (pz)v —m’; 1 m?>  (Pa)iym 
(p*)y m’; U" 


From (5), (7), and (8) it follows that if the basic 
VECtOrs Me ym Pym are sent Into Uy yp —m/Prom the 
matrix elements of the Hamiltonian undergo simply the 
transformation {m’}— {—m’}. Since the determinant 
D is unchanged by this relabelling of rows and columns, 
it follows that D as a function of the set of numbers 
{m’} is invariant under the operation of reflecting 
{m'} into {—m’}. This is true only for n>; for n< 1, 
it is necessary to do the calculations individually for 
each by deleting the rows and columns for which 


(p:)u om 


n—m<0, 


(2) The second property to be proved is that D 
contains only even powers of each matrix element 
(5) (and of k.’) so that it is a polynomial in s, n, and m’. 
This property insures that the coefficients of the 
expansion in powers of s are finite for all ”. To prove 
it we consider in a given term of D, the off-diagonal 
elements which connect m’ with m’’=m'+1 (m’ is the 
row index, m” the column index). The definition of a 
determinant implies that the two sets {m,’} and 
{m,"’} must be identical. From m’’=m’+1 it follows 
that always two factors with m’ and m” values inter- 
changed occur together in each term of D. Hence D 
contains no square roots. A similar argument using the 
fact that the nonvanishing off-diagonal elements 
connect only states with values of /’ differing by an odd 
number shows that only even powers of &.’ occur in D. 

These two properties are the result of rotation- 
reflection invariance of our model. To obtain the secular 
equation we notice one more fact, that in the absence 
of 5 and taking instead of (4) a solution of definite 
k,’, the matrix elements for m’=m’’+1 are obtained 
by substituting k,” for 2s[+3—m’+3 | in the matrix 
with the field present. By considering each term of D 
expanded in powers of s(m’+m"’) and using the 
symmetry of D under the transformation {m’}— 
{—m’} the secular equation is obtained to order s*: 


II, Dafd, k2+s(2n4+1) ] 
+s°GQ, k2,s(2n+1))+---, (9) 


DQ, k2,n,s) = 


where G is a polynomial in its three arguments. 
The solutions of (9) are of two types, depending 
on whether a branch of a band with m=0 or |m!/ #0 
is under consideration: 
(a) For m=0, the energy levels are 


=, 0[k2+5(2n+1) | 
+s°hp, 0 (ke, s(2n +-] )), 


Ar.0(Rz7,2,5) 
(10) 


where ,;,0"°’ (Rk?) is the energy in the absence of 3¢ and 


Apo? = —GAz.0,k,’, s(2n+1)) / 


Do 
WG Duds #)(—) (tt) 
A=z,9'0 


m') Or 
(b) For m#¥0, D)m; occurs twice in (9) so that 


Xt, |m 


))?= = 60m) / 


Il’ Dm (Atm ,R?) 


mx#'+-m 


i(k 2 2,5) =Xi m© +X, “ae +s7\0, als 
with 


(Ne “i 


(12) 


(—) 
ON Fr=dt,.m 


and a more complicated expression for A¢jm);°’. The 
linear terms sA” correspond to the orbital moment 
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arising from the double degeneracy in the absence of 
. Equation (12), and in case ¢ is a degenerate band, 
Eq. (11) fail at k=0 since the levels in the absence of 
K are (2/+1) fold degenerate at that point and the 
denominators of (12) or (11) vanish. For degenerate 
bands, the magnetic levels in the vicinity of k=0 must 
be considered individually. It is possible to prove, as a 
result of a further factorization of the secular equation 
for k.=0, that at k.=0, Azjm;" vanishes and the 
degeneracy of the mth levels belonging to the two 
branches ¢, |m|, + is removed only to order 5°. 


Remarks on the Energy Levels 


(a) The first term A;,9 in (10) is identical with the 
result of the semiclassical quantization rule of Onsager"! 
with a value of O=3; this is seen by noticing that the 
area in kz, k, space embraced by the curve, intersection 
of a plane of constant k, with the constant energy 
surface Azo (Rk?) =Azo (k2,n,5) is equal to 2xs(n+34). 
It is of interest to inquire whether there are cases in 
which the semiclassical treatment gives the complete 
answer. It can be shown, by using appropriate linear 
combinations of the basis functions, that if only s and p 
bands (in any number) are included, and in addition 
the interband elements of p; are so large that the free 
mass terms k2/2 can be neglected, then G=0 so that 
Xz,|m|=At,m” for m=0, +1. As soon as levels with />1 
are included, or when the free mass is not neglected, 
G does not vanish in general and level shifts occur. 

(b) In the accompanying paper’ the susceptibility 
resulting from the semiclassical quantization of the 
levels, i.e., for Az,0= Aro OL R2+5(2n+1) ], is calculated 
as a part of the total X and is denoted by X,. In view of 
some confusion which has occurred in the literature 
we want to stress that X, is not identical with the X; 
term of Peierls!’ except for the case of free electrons. 

The difference between the two is easy to see in the 
spherical approximation. The semiclassical levels are 
those of a Hamiltonian function A, 6 (k2+k,2+k2) 
where the dependence on the noncommuting operators 
k2, k, is prescribed as follows: expand formally 
Ato (kR2+k,/+k.) in powers of k.?, k,?, k, sym- 
metrize each term with respect to k,’ and k,? (e.g., 
write k2k,?+k,7?k2 for 2kk,?) and substitute the 
operators k,? and k,? for k22 and k,?. The Hamiltonian 
for which the susceptibility is X3 is also obtained by 
symmetrization of \;,0 but the difference is that each 
term is symmetrized with respect to k, and k, (thus 
k?k,? is written as the sum of six terms). The levels of 
these two Hamiltonians differ by terms of order s? and 
hence lead to different susceptibilities. 


EFFECT OF SPIN-ORBIT COUPLING 


When spin-orbit coupling is included the treatment 
is similar to the foregoing, the difference being that: 


11 L, Onsager, Phil. Mag. 43, 1006 (1952). 
2 R. Peierls, Z. Physik 80, 763 (1933). 
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(a) the w#,:,m are replaced by spinors u#,;,m where 
j=l+} is the total angular momentum with z com- 
ponent m, (b) the Zeeman energy (g,/2)8o. with 
gs= 2.0023 has to be added to the Hamiltonian, and 
(c) the velocity is now x=p+(1/4c)eXVV, the o; 
being the Pauli matrices. The interband matrix elements 
of the Hamiltonian are due to 2,k,+7_ky+7,k 
where: 

T= p-tir(r)[ (x—iy)o,— (atiy)o_], 

14= pstir(r)[ (xtiy)o.—204 |, 


with o,=oz2-i0, and A(r)= (1/8c?) (1/r) (OV /dr). The 
matrix elements, (m2)yy’,(w74)wu’ do not vanish only 
for m’=m", m'=m''+1 as a consequence of the fact 
that the z component of angular momentum 7, 
commutes with m., j;r-, and j_w,. Therefore the 
components of the wave functions are of the type (4) 
but because m’ is a half-integer, a half-integer must be 
added to the subscript of ®. We shall associate the 
harmonic oscillator level 2 with m’=—}, so that in the 
expressions (5) and (7) for the matrix elements +4 
goes over into m. By using the symmetry operation JR, 
where J is the inversion of the space coordinates and 
R isa rotation by m around Oy, the symmetry properties 
of the secular determinant can be found just as in the 
case of no spin-orbit coupling with the result that to 
order s*, D is given by 


D=[[mDm(d, k.2+2sn)+5°G (d,k22,2n5). (13) 


Here the values of m range from — (lp +4) to + (lo+4), 
the D,,(A,k’) are the factors of the secular equation in 
the absence of KH with D,,=D_,, and G is again a 
polynomial in its variables. 

In spin resonance, the interaction o4 
magnetic field) induces transitions between levels 
having the sets of harmonic oscillator quantum 
numbers, {2—m’—4} associated with u,-, differing by 
+1. When the levels thus connected belong to the two 
branches /, |m!, + of the same band, (i.e., when they 
are Kramers-degenerate) the energy difference is 
proportional to s and‘defines the g factor, g:,jm). An 
expression for g:,;m; can be derived from (13) but it is 
not particularly illuminating and will be omitted. 


(transverse 


USE OF PERTURBATION THEORY 


The band structure of an actual crystal is in general 
not spherically symmetric; we shall outline in this 
section a perturbation treatment of the departure from 
sphericity and give the range of validity of such a 
treatment. 

We write the crystal Hamiltonian matrix in the true 
L. K. states as the sum of a zero-order matrix Ho having 
the structure of a spherically symmetric Hamiltonian 
and a perturbation matrix H’. The levels of Ho are 
obtained as above. The elements of the matrix H’ are 
constants or terms linear in the k,. Because of this 
property H’ connects only a few eigenstates of the 
spherical Hamiltonian, having values of the harmonic 
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oscillator quantum numbers differing only by a small 
integer. These matrix elements, which are readily 
found, are of two types depending on whether they 
connect magnetic levels in different bands, or levels in 
the same band. The correction to the energy levels due 
to the former can be obtained by perturbation when 
the energy separation between the bands involved is 
large; this was done in reference 10. On the other hand, 
because the levels in one band are closely spaced in 
energy, the matrix elements of H’ between these cannot 
be treated as perturbations on the individual levels. 
It has been shown by Peierls” that a perturbation 
expansion of the free energy is still possible in such 
cases. 

The range of validity of a perturbation expansion in 
powers of H’ has been found for the present case by 
using Peierls’ argument" with a minor change because 
the unperturbed levels are discrete instead of con- 
tinuous. Denoting by ¢ the Fermi energy and by V 
the order of magnitude" of the matrix elements of H’ 
between states in the band of interest, the requirement 


13 The reader is referred to reference 12, pp. 772-774 for the 
detailed argument. 

4 The quantity V is at most of order |H/’|; it may be smaller 
than this if the bands that are split by the symmetry of the crystal 
are far removed from the band which contains the electrons. 
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for the convergence of the expansion is that VAT. 
However the condition for the convergence of the 
nonoscillatory part of the free energy, for kT<{, is 
only that V<f¢. This latter condition is equivalent to 
saying that the departure of the Fermi surface from a 
sphere must be small. 


SUMMARY 


We have shown in this paper that the energy levels 
of an electron in a periodic potential and a magnetic 
field can be obtained rather simply if one makes the 
spherical approximation to the band structure. General 
expressions for the expansions of the levels in powers 
of the magnetic field have been given. Spin-orbit 
coupling has been included so that it is possible to 
obtain the g factor for spin resonance as function of 
position in the band. Finally, for substances with 
nearly spherical energy bands, these levels can be 
conveniently used for a calculation of the nonoscillatory 
part of the free energy from which magnetic properties 
such as the susceptibility can be calculated. 
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Techniques have been developed to extend the measured electric field dependence of the sidewise 180° 
domain-wall velocity in liquid-electroded BaTiO; crystals. The wall velocity data now cover about eight 
decades of velocity. The wall velocity is given by v. exp(—6/E), where 6 is found to increase slightly with 
field. The temperature dependence of v has been measured over a limited temperature range and the data 
show that 6 varies with temperature faster than 7—'. The shapes and orientations of the reversed domains 
are field dependent. As the electric field is increased, the approximately square reversed domains observed 
in the low-field region go over into octagonal domains. At still higher fields, approximately square domains 
rotated by 45° about the ferroelectric axis with respect to the low-field domains are observed. Several of 
the important features of the sidewise wall motion are consistent with a nucleation-controlled model which 


is currently under investigation. 


INTRODUCTION 

N a recent paper,! the electric field dependence of the 
sidewise 180° domain-wall velocity in liquid-elec- 
troded BaTiO; crystals has been described. The experi- 
ments involved electrical measurements of the rate of 
growth of a single reversed domain as a function of the 
applied electric field. The experimental techniques were 
such that the wall velocity could not be obtained for 
fields higher than about 350 v cm. In the present re- 
search, methods are employed which permit one to 

1R. C. Miller and A. Savage, Phys. Rev. 112, 755 (1958). 


extend the earlier measurements of the sidewise 180° 
domain-wall velocity, and other relevant data, to fields 
of the order of a thousand volts per centimeter. The 
earlier data will be referred to as low-field data while 
the present data will be termed high-field data. The 
temperature dependence of the wall velocity, which 
preliminary data! indicated was quite pronounced, has 
been investigated in more detail. Square reversed 
domains with sides at approximately 45° to the crystal- 
line a axes have been observed! in the low-field region. 


?R. C. Miller, Phys. Rev. 111, 736 (1958). 
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However, the present research in the high-field region 
demonstrates that the shape and orientation of the 
reversed domains with respect to the crystal lattice 
depend on the magnitude of the applied field. 

This paper contains a description of the techniques 
employed to obtain the data mentioned above in the 
high-field region, the experimental results, and a few 
comments on a tentative model which shows promise of 
explaining some of the important characteristics of the 
wall motion in question. 


METHOD AND RESULTS 


Samples of single-crystal BaTiO; are selected and 
prepared as described in detail elsewhere.2 The sample 
to be measured is placed in a liquid-electrode holder? in 
which a saturated aqueous solution of LiCl serves as the 
electrolyte. Positive and negative pulses, at 18 cps, are 
applied to the sample such that the electroded portion 
of the specimen is always completely polarized by the 
positive pulse, and then completely or partially reversed 
with the negative pulse. Figure 1 shows: (a) a typical 
voltage pulse sequence, (b) 7, « dp/dt for a sample which 
completely reverses with each pulse, and (c) 7, for a 
specimen which is partially reversed with the negative 
pulse. To obtain wall velocity data, the applied voltage 
is cut off so that a negative pulse is the last pulse applied 
to the sample. Then the sample is removed from the 
holder and etched in acid!’ to bring out the antiparallel 


c-domain structure. Figure 2 shows the domain con- 
figuration observed with a typical partially reversed 


0.05 SEC— 


Fic. 1. (a) Typical voltage sequence applied to the crystal to 
reverse the polarization; (b) i,, « dp/dt, for a sample which under- 
goes complete polarization reversal with each pulse; and (c) i, for 
a crystal which is not completely reversed with the negative pulse. 


3G. L. Pearson and W. L. Feldmann, J. Phys. Chem. Solids 9, 
28 (1959). 
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Fic. 2. Photomicrograph of the c-domain structure observed on 
a partially reversed specimen. The light areas are the reversed 
domains which are approximately square in shape. 


specimen. The width of the larger reversed domains, 
which appear to have been single domains from the time 
the negative voltage was applied, are then measured 
with a microscope. In general, it is quite easy to find a 
number of large reversed domains, so that this phase of 
the measurement is not difficult. Following this meas- 
urement, the average wall velocity is calculated from 
an expression of the type 


v=+x/t, (1) 


where 2x is the average width of the measured domains 
and ¢ is the duration of the negative voltage pulse. 
There are a number of implications in Eq. (1) which 
must be considered if the calculated wall velocity is to 
be a meaningful quantity. Equation (1) assumes that 
x=0 at t=0 which is not always the case. In particular, 
the positive pulse which precedes the negative pulse may 
not reverse all the polarization, and/or, some back- 
switching may take place; that is, after the positive 
voltage is removed from the crystal, some small re- 
versed domains may form. In either case, the effect on 
the measurements reported here will be the same. The 
positive pulse in these experiments is made sufficiently 
large so that the crystal is probably completely polarized 
before the removal of the positive pulse. Therefore, it 
will be assumed that any reversed domains present at 
the time of application of the negative measuring pulse 
result from back-switching. Back-switching can also be 
detected electrically as the form of 7, is dependent on 
the initial domain structure which is present when the 
voltage is applied. That is, if back-switching occurs after 
the removal of the positive pulse, then upon the appli- 
cation of a negative pulse, 7, starts out at some value 
which is significantly larger than that observed with a 
crystal which does not back-switch. It is believed that 
a high initial value of 7, results from the sidewise ex- 
pansion of the back-switched domains which can take 
place immediately upon the application of a field. Most 
of the crystals show some back-switching which mani- 
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Fic. 3. Photomicrograph of a portion of the c-domain configura 
tion of a specimen that had been partially switched and etched 5 
times. The small circular region in the approximate center of the 
four concentric squares represents a back-switched domain. The 
squares represent four partial polarization reversals made with 
successively decreased pulse lengths, each of the same amplitude 
(695 v cm"). 


fests itself domain-wise in the form of small domains 
which have circular cross sections as observed on one 
side of the crystal and which may not be observable on 
the opposite side. 

Figure 3 shows a photomicrograph of a portion of the 
domain pattern observed on a crystal which was par- 
tially reversed and etched a number of times, and which 
also exhibited some back-switching. There is no evi- 
dence in these data, or in earlier data,' that the acid 
etch affects the electric field characteristics of the side- 
wise domain-wall motion. The small circular region 
which is roughly in the center of the concentric squares 
represents a back-switched domain and was observed 
after the sample was subjected to positive voltage pulses 
only, and then etched. The four concentric squares 
which surround the back-switched domain result from 
four partial polarization reversals, each made with a 
field of 695 v cm. The duration of the negative pulse 
was decreased for each successive measurement so that 
the largest domain resulted from the first measurement, 
etc. It is clear in this case that for a given value of the 
applied field, the reversed domains on successive switch- 
ings have a strong tendency to expand out from the 
same location on the crystal, which in this instance is a 
small back-switched domain. 

Figure 4 shows several sets of data of domain width 
as a function of the time that a negative pulse of fixed 
amplitude was applied to the sample. The wall velocity 
for a given set of data is proportional to the slope of the 
line which fits the experimental points. The two samples 
used to obtain the data shown in plots 4(a) and 4(b) 
were cut from the same BaTiO; butterfly wing and pre- 
pared in the same manner. These two plots illustrate 
the typical sort of variation in the results which can 
occur with “identical” samples. The experimental points 
at ¢=0 represent measurements of back-switched 
domains and these points are seen to be in excellent 
agreement with the ‘>0 data, extrapolated to t=0. In 
addition, there is no indication in the data that the wall 
velocity depends on the size of the domain, i.e., each 
set of data can be fitted with a straight line. In deter- 
mining the field dependence of the wall velocity, it is 


generally not convenient to obtain a series of points as 
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shown in Fig. 4 for each value of the field. Therefore, 
in measuring the field dependence, one point, which is 
subsequently corrected for back-switching if necessary, 
is measured for each value of the field. Equation (1) is 
then employed to calculate 2; however, x is replaced by 
Ax if a back-switching correction is required. This pro- 
cedure seems justified in view of the characteristics of 
the data shown in Figs. 3 and 4. 

The 180° domain wall velocity » in the low-field region 
can be expressed by! 


(2) 
where £ is the applied electric field, and 6 and 2, are 


essentially field independent over the measured range 
which is about four decades in velocity, 10~® cm sec 
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Fic. 4. Domain width as a function of pulse length. Plots (a) and 
(b) measured with a field of 695 v cm™ illustrate the variation in 
the rate of domain growth which can occur with two “identical” 
samples cut from the same BaTiO; crystal. Plots (c) and (d) ob- 
tained with a field of 750 v cm™ show the marked dependence of 
the rate of domain growth on temperature. Sample (d) was meas- 
ured only at the higher temperature; sample (c) at both tempera- 
tures. The points at ‘=0 are measurements of back-switched 
domains, 
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to 10-* cm sec~!. Measurements in the high-field region 
obtained through the use of the techniques just de- 
scribed, show that the same type of field dependence 
still applies. Plots of the logarithm of the wall velocity 
versus the reciprocal of the applied electric field are 
shown in Fig. 5 for a sample which was measured at two 
temperatures. In each case, the data are described by 
an expression of the form given in Eq. (2). All the mean- 
ingful high-field data obtained to date exhibit this same 
type of field dependence. 

Preliminary data in the low-field region have shown 
that a 30°C rise in temperature results in an increase of 
about two orders of magnitude in the wall velocity.' 
Data shown in Fig. 4 also illustrate the pronounced 
temperature dependence of the sidewise 180° domain- 
wall velocity. The data shown in Fig. 5, and other simi- 
lar data not presented, demonstrate that the tempera- 
ture dependence lies primarily in 6 and not in v,,. Some 
of the data on the temperature variation of 6 are sum- 
marized in Table I. To a good approximation the frac- 
tional change in 6 with temperature is 1% °C~!. This 
value is about 2.5 times larger than one obtains from a 
7~ temperature dependence of 6. 

It was not clear from an examination of preliminary 
wall velocity data that the high- and low-field wall 
velocity regions would join together in a smooth fashion. 
It is, of course, essential that conditions be the same in 
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Fic. 5. Logarithm of wall velocity as a function of the reciprocal 
of the applied electric field for a sample measured at two different 
temperatures. The points indicated by circles and triangles were 
obtained at 32°C and at 22°C, respectively. 
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Fic. 6. Logarithm of wall velocity versus E~ for a sample which 
was measured over a range of 8 decades of velocity. The points 
indicated by circles were obtained from measurements of the rate 
of growth of a single domain as a function of the field. The tri 
angular points were measured using the present high-field 
techniques. 


the two field regions; as has already been mentioned, 
the data are very sensitive to the temperature and also 
vary from one specimen to another. Figure 6 shows a 
plot of the log v versus E~ for a sample which was 
measured in the two field ranges. The low-field data, 1 
less than 10-? cm sec™!, were determined from measure- 
ments of the rate of growth of a single domain as a 
function of the applied field,’ whereas the points for 
v>10~-* cm sec~! were measured by the high-field tech- 
niques already described. The data cover eight orders of 
TABLE I. Summary of the data on the temperature dependence 
of 6, where 6 is defined by the expression v=. exp(—6/E). The 
first and second 6 given for each sample were measured at the 
lower and higher temperature, respectively. The temperature 
range was from about 20°C to 30°C. 
45/5 pyAT 

6(v cm™) C™) 
5.11X 108, 4.45 10° 
5.27 X 108, 4.63 X 108 
5.40 108, 4.80 10° 


5.00X 108, 4.48 108 
6.21X 108, 5.38 10° 


Sample 


0.9X 10-2 
1.210 
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Fic. 7. Photomicrograph of an octagonal-shaped reversed do 
main. The crystal was partially reversed with a field of 700 v cm™. 
The crystalline a axes are at 45° to the sides of the figure as was 
also the case in Figs. 2 and 3. The difference in the appearance of 
the domain in Fig. 7 compared to those shown in Figs. 2 and 3 is 
due to different lighting conditions. 


magnitude in wall velocity and show that Eq. (2), with 
v. and 6 strictly field independent, does not accurately 
describe the data over the entire measured range. All 
the data which cover a sufficiently large range of velocity 
indicate a small variation of v,, and 6 with field. 

The single reversed domains observed in the low-field 
range’* are approximately square with the sides at 
about 45° to the crystalline a axes. Careful examina- 
tion shows that the corners of the domains are not 
generally round, or sharp, but that they are nearly flat. 
An example of this is shown in Fig. 4 of reference 1. 
Thus there are at least two types of 180° domain bound- 
aries. In the present high-field experiments, it is found 
that the domain shapes are field dependent. As the 
applied field is increased, the low-field type domains 
become octagonal in shape, and finally approximately 
square again, but now with the long sides parallel to the 
crystalline a axes. The latter two domain types will be 
termed intermediate and high-field types, respectively. 
A photomicrograph of an octagonal domain is shown 
in Fig. 7. The reversed domains are clearly not static 
equilibrium shapes determined by a minimum domain- 
wall energy. There is, of course, a domain size effect in 
these observations, for the smallest domains observed 
are always circular.” This is illustrated in Fig. 3. There- 
fore, in a field range in which the preferred shape for the 
large domains is square, the growing domains will go 
through a stage during which they will appear to be 
roughly octagonal in shape. The present data indicate 
that once the domains are larger than about 10~* cm in 
diameter, their shapes are determined principally by 
the magnitude of the field. The octagonal field region 
for domains > 10~* cm in diameter occurs with fields in 
the neighborhood of 1000 v cm™ and appears to vary 
from one specimen to another. 
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DISCUSSION AND SUMMARY 


One very important question concerning the sidewise 
motion of 180° domain-walls in BaTiO; which has so 
far been left unanswered is the mechanism by which the 
boundary moves. It is generally agreed that it is not 
very likely to move as a unit parallel to itself on an 
atomic, or lattice constant, scale with applied fields of 
the magnitude employed in these measurements. This 
type of motion has been excluded on the basis of energy 
considerations which arise out of the high value of the 
estimated wall energy, 1-10 ergs cm~*, and the esti- 
mated one to a few lattice constants thickness of the 
wall*® It has been pointed out that the wall may move 
through a nucleation-type mechanism®” and that the 
nucleation of reversed domains may be more favorable 
adjacent to a 180° domain-wall than at points remote 
to the wall.! The exp(—6/Z) form of the wall velocity 
suggests that a nucleation mechanism controls the wall 
motion.*® 

A nucleation controlled model for the wall motion is 
under investigation and will be described in detail in a 
future communication. It appears that this model, 
which will be described very briefly here, can satis- 
factorily account for many of the salient features of the 
wall motion in question. The model assumes that nu- 
leations occur along existing 180° domain boundaries 
and that the shape and size of the nucleated steps are 
determined by an appropriate energy balance between 
the surface energy, the volume polarization energy and 
the depolarization energy. The model, with certain re- 
strictions, can account for the exp(—6/£) electric field 
dependence of the wall velocity. With reasonable as- 
sumptions concerning the energy of the additional 
domain-wall consequent on a nucleation, it also gives 
the correct magnitude of 6. The change in domain shapes 
observed at high fields can also be explained if it is 
assumed that the surface energy of the nucleated steps 
is slightly different for the two types of 180° domain 
walls mentioned earlier. Finally, the model gives a tem- 
perature dependence of 6, given by 6« P,°/T, which is 
in quantitative agreement with the experimental data 
given in this paper. 


4W. J. Merz, Phys. Rev. 95, 690 (1954). 

5W. Kinase and H. Takahasi, J. Phys. Soc. Japan 
(1957). 

6 P. W. Anderson (private communication). 

7R. Landauer, J. Appl. Phys. 28, 227 (1957). 

8 A. G. Chynoweth, Phys. Rev. 110, 1316 (1958). 
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Antiferromagnetic Magnon Dispersion Law and Bloch Wall Energies in 
Ferromagnets and Antiferromagnets* 


R. OrsBacut 
Department of Physics, University of California, Berkeley, California 
(Received October 16, 1958) 


The exact eigenstates of the exchange Hamiltonian 3C =2J 21(S:-S:,:—}), are found for short chains of 
4, 6, 8, and 10 atoms of spin }. A linear dispersion law for magnons in an antiferromagnet is exhibited by the 
energy spectrum. The periodic boundary conditions (Sy41=S; where N is the number of spins in the chain) 
are then removed and the spins at the two ends of the chain are constrained to be either parallel or antiparallel 
to each other. The eigenstates for these arrangements are computed and give the exact energy of the 180° 
Bloch wall. This energy is compared with the semiclassical result. It is found that the semiclassical ferro- 
magnetic Bloch wall energy is in good agreement with the exact wall energy. The energy of the semiclassical 
antiferromagnetic Bloch wall is not in good agreement with the exact wall energy but appears to have the 


correct dependence on the wall thickness. 


I. INTRODUCTION 


HE ferromagnetic ground state and the relation 
between energy and wave number for excited 
states close to the ground state are satisfactorily de- 
scribed by spin waves.! The antiferromagnetic ground 
state for the linear chain has been solved exactly by 
Bethe, Hulthén, and Orbach.? However, the description 
of the states which lie between these extremes is in a far 
from satisfactory condition. These intermediate states 
include states similar to ferromagnetic and antiferro- 
magnetic Bloch walls. There has been relatively little 
work done on the quantum-mechanical formulation of 
the Bloch wall problem; most authors utilize a semi- 
classical approach. 

The dispersion law for magnons in ferromagnets 
can be derived rather easily, but the situation in 
antiferromagnets is far from clear. The spin-wave 
picture’ of an antiferromagnet suggests that w~sink, 
but this approach gives a value for the ground-state 
energy which lies above the result of the variational 
calculation by Marshall.‘ 


TABLE I. Exchange eigenvalues for a linear chain of four atoms 
of spin 4.* 


No. of 
states 


No. of 

states Energy, E/J St Energy, E/J 
0.0000 0 
0.0000 

— 2.0000 


— 4.0000 


~ 0.0000 
3 ~ 2.0000 
1 


— 4.0000 
— 6.0000 


® The eigenvectors have been computed and will be available in the 
author's thesis, Berkeley, summer, 1959 (unpublished). 


* This research was supported in part by the Office of Naval 
Research, the Signal Corps, the Air Force Office of Scientific 
Research, and the National Security Agency. 

t National Science Foundation Predoctoral Fellow. 

1F, Bloch, Z. Physik 61, 206 (1930); 74, 295 (1932). H. A. 
Bethe, Z. Physik 71, 205 (1931); J. Van Kranendonk and J. H. 

_ Van Vleck, Revs. Modern Phys. 30, 1 (1958). 

2H. A. Bethe, reference 1; L. Hulthén, Arkiv Mat. Astron. 
Fysik 26A, No. 1 (1938); R. Orbach, Phys. Rev. 112, 309 (1958). 

3 L. Hulthén, Proc. Acad. Sci. Amsterdam 39, 190 (1936); P. W. 
Anderson, Phys. Rev. 86, 694 (1952). 

‘W. Marshall, Proc. Roy. Soc. (London) A232, 48 (1955). 


Because of the lack of precise information regarding 
these excitations, it was decided to examine the exact 
solutions for short spin chains, finding all the states, and 
then to compare the solutions with the predictions of the 
semiclassical and spin-wave approaches. 


II. SOLUTION OF THE EXCHANGE HAMILTONIAN 


We take the Hamiltonian for V atoms of spin } on a 
ring to be 


(1) 


N 
K=2J > (S.-Sui—3], 
l=1 


where Sy, is defined as S;. We shall consider the cases 
of V =2, 4, 6, 8, and 10. We work with sums of product 
wave functions composed of the eigenvectors of S;?, a; 
and @;, corresponding to the eigenvalues +} and —3, 
respectively. There will be 2% such wave functions for 
each value of NV. As S?=}°, S;* commutes with 3, we 
can immediately reduce the 2’ X2% matrix to block 


: bi . N\, 
form, the dimensionality of the blocks being (*) 


TABLE II. Exchange eigenvalues for a linear chain of six 
spin 4 atoms.* 


Nc . of 
states 


No. of 


states 


2 0.0000 


Energy, E/J Energy, E/J 


0.0000 
— 1.0000 
- 1.3945 
— 1.4385 
- 2.0000 

2.7639 


1 

2 
0.0000 1 
? 
1 
1 
2 ~ 3.0000 
3 
2 
2 
1 
1 
1 


— 1.0000 
- 3.0000 
~ 4.0000 


No os + DO 


- 4.0000 
— 5.0000 
5.5616 
~ 6.0000 
— 7.2361 
8.6056 


0.0000 
— 1.0000 
~ 1.4385 
— 2.0000 
— 2.7639 
— 3.0000 
— 4.0000 
— 5.0000 
— 5.5616 
— 7.2361 


Noe ee OS St 


® The eigenvectors have been computed and will be available in the 
author’s thesis, Berkeley, summer, 1959 (unpublished). 
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Exchange eigenvalues for a linear chain eight 


atoms of spin 4.* 


Energy, E/J ‘ gy, E/J 


0.0000 
-().5858 
0.9486 
1.0790 
1.1086 
1.3399 
1.5060 
-1.7118 
2.0000 
~2.2146 
2.7639 
3.0968 
3.1260 
3.2456 
3.4142 
- 3.4691 
4.0000 
4.5173 
~ 4.5858 
4.8740 
— 4.8901 
5.0254 


2 


0.0000 


0.0000 
0.5858 
2.0000 
3.4142 
4.0000 


Nm & & & 


0.0000 
-0.5858 
-0.9486 

1.5060 

1.7118 

2.0000 

3.1260 

3.4142 

4.0000 

4.5173 

4.8740 

4.8901 

6.2882 

6.5341 

7.6039 


wee SNH SOS SO SN SS DO 


w) 
So 
w 
So 


2568 
4522 
5218 
.7179 
- 6.0000 
6.2883 

— 6.4033 
5341 
7.2361 
4142 


0.0000 
0.5858 
0.9486 
1.1086 
1.3399 
1.5060 
1.7118 
2.0000 
2.2146 
3.0968 
3.1260 
3.4142 
3.4691 
4.0000 
4.5173 
4.8740 
4.8901 
5.0254 
5.1939 
5.2568 
5.7179 
— 6.0000 
6.2882 
6.4033 
6.5341 
~7.6039 
7.7093 
8.2903 
8.9175 
— 10.2568 


mano 


9.3993 
— 10.2569 
11.3022 


eR RK NNER NS BRN RRR NUNN SK RNR NWR ere the 


2 
4 
4 
4 
2 
2 
4 
6 
4 
4 
4 
4 
4 
0 
4 
4 
2 
4 
4 
4 
4 
2 
4 
2 
4 
2 
4 
4 
4 
2 


® The eigenvectors have been computed and will be available in the 
iuthor's thesis, Berkeley, summer, 1959 (unpublished) 


where r is the number of reversed spins in the wave 
function. Further reductions can be made by noting 
that 5 is rotationally and translationally invariant. We 
may let a; — B), and vice versa, and the matrix elements 
remain unchanged. We may also start with any spin in 
our labelling / and not change K. These symmetries, in 
addition to the commutation of S? with 3, enables us to 
solve 3 exactly for .V as large as 10. 

The solutions for ..=2 are trivial and one finds 
the four states aja2, BiB, (aiBe+Bia2)/V2 and (a182 
—By,a»)/V2. The first three are degenerate and have the 


energy 0. The latter has the energy —4/. The solutions 
for N=4 were worked out explicitly by Hulthén? and 
are listed in Table I for reference. The cases of V =6, 8, 
and 10 were solved by the author utilizing an IBM 701 
computer. The eigenvalues for .\.=6 and 8 are given in 
Tables IT and III, respectively. The solutions for V = 10 
are not listed because of their number, but will be 
utilized in later sections. Figures 1 and 2 are plots of the 
number of states and their eigenvalues for .V =6 and 8, 
respectively.° 


III. MAGNON DISPERSION LAW 


We now make use of Sec. II to compute the magnon 
dispersion law for ferromagnets and antiferromagnets. 
We see from Eq. (1) that if J>0 we have the anti- 
ferromagnetic Hamiltonian, whereas if J <0 we are in 
the ferromagnetic limit. The ferromagnetic ground state 
corresponds to E/J=0 in Figs. 1 and 2 while the 
antiferromagnetic ground state lies at the opposite end 
of the spectrum. In order to compute the dispersion law 
we determine AF, the energy difference between the 
ground state and the first excited state. In the ferro- 
magnetic case, this difference is given by the excitation 
of one spin wave with minimum wave vector k= 27/.\, 
with AE J~(1—cosk). Thus, J/AE~.\? for large .V. 
For one reversed spin, spin wave theory is exact so that 
the .V? law is valid. 

For antiferromagnetic magnons, the situation is more 
difficult. Strictly speaking, the first excitation above the 
ground state cannot be classified as a spin wave of the 
usual sort, for such an assumption does not satisfy the 
secular equation. The state a1820384: - «By is not the true 
ground state and a reversal of one spin from such a state 
does not result in an eigenstate of the Hamiltonian (1). 
We must introduce the notation of a single spin-wave 


Fic. 1. Energy spec- 
trum of the eigenstates 
of the exchange Hamil- 
tonian for 6 atoms of 
spin $ on a ring. 





5 Tt should be noted that the nondegenerate S=O states can be 
picked out immediately from the spectrum because no state with 
S?#0 can have S=0. The S=1 states can be picked out because no 
state having |S?! >1 can have an S value of 1. Hence, the state 
having energy —J (1.3945) in Fig. 1 is an S=O state whereas the 
states with energies —J (1.4385), —J(2.0000), and —J (2.7639) 
have S=1. This has been verified by direct computation. The 
same identification may be made in Fig. 2 so that, for instance, the 
state with energy —J(1.0790) is an S=O0 state while the states 
with energies —J (1.1086) and —J (1.3399) are S=1 states. 





ANTIFERROMAGNETIC 


excitation ad hoc for the antiferromagnetic case. Hulthén 
and Anderson’ predict the antiferromagnetic dispersion 
law AE=2JS sink, so that, for large V, 


J/AEXN., (2) 


We compute J/AE for the antiferromagnet by use of 
Sec. II, and we plot J/AE against N in Fig. 3. The 
striking feature of this graph is the linearity of the 
plotted function. J/AE is indeed proportional to V not 
only for large V (small &) as spin wave theory predicts, 
but also for small NV (large k) where spin wave theory 
indicates a sink dependence. This discrepancy is not 
surprising as spin waves in an antiferromagnet have 
their greatest validity for long-wavelength excitations. 
Thus, the short chains exhibit the antiferromagnetic 


Energy spectrum of the eigenstates of the exchange 
Hamiltonian for 8 atoms of spin 3 on a ring. 


Fic. 2. 


magnon dispersion law, w~k, for a single excitation 
above the ground state. 


IV. THE 180° BLOCH WALL 


In this section we remove the periodic boundary con- 
ditions of Eq. (1), (Sv4.=,) and demand instead that 
the spins at the two ends of the chain be constrained. 
Equation (1) becomes 


§iC= 2) (3) 


fa 
= (Si-Su1-4), 
1 


and our wave functions are sums of product wave 
functions of the eigenvectors a; and 6;. We investigate 
the two categories of solutions in which the two end 
spins are constrained to be either parallel or antiparallel. 
The ferromagnetic ground state will be the lowest state 


MAGNON 


DISPERSION 





i 6 





N 


Fic. 3. —J/AE plotted against N. AE is the energy difference 
between the antiferromagnetic ground state and the first excited 
state. 


at the ferromagnetic end of the energy spectrum in 
which the end spins are constrained to be parallel, 
whereas the 180° ferromagnetic Bloch wall will be the 
lowest state at the ferromagnetic end of the energy 
spectrum in which the end spins are constrained to be 
antiparallel. Similarily, as we work with an even number 
of spins in the chains, the antiferromagnetic ground 
state will be the first state at the antiferromagnetic end 
of the energy spectrum in which the end spins are con- 
strained to be antiparallel. The antiferromagnetic Bloch 
wall will be the first state at the antiferromagnetic end 
of the energy spectrum in which the end spins are 
constrained to be parallel. 

Linear chains with the end spins constrained as 
described above containing 4, 6, 8, and 10 atoms of spin 
+ were solved exactly on the IBM 701 computer using 
the Hamiltonian (3). The energies of their respective 
180° Bloch walls were found and are given in Table IV. 
The solution of these short chains enables us to make a 
direct comparison of the exact 180° Bloch wall energy 
with the energy of the semiclassical Bloch wall, 

N-1 
Es.c. ae) » (S? COS $1, 4 i—4), 
l=] 


(4) 


VTIFERROMAGNET 
wall 





| ae ae 
4 6 
N 
Fic. 4. Semiclassical energy for an N-atom 180° Bloch wall and 
exact energies of ferromagnetic and antiferromagnetic Bloch walls 
of N atoms, plotted against N. All energies are referred to the 
respective ground states. 
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TABLE IV. Comparison of the semiclassical N-atom 180° Bloch wall energy with the exact quantum energies of ferromagnetic and 
antiferromagnetic 180° Bloch walls of N atoms.* 


Quantum Quantum 
ground Bloch 
state wall 
energy energy Difference 


Semiclas- 

sical 180° 

Bloch wall 
energy 


Semiclas- 
sical ground 
state 
energy 


Percent 
Difference difference 


Ferromagnetic case 


0.58580 
0.39822 
0.30129 
0.24224 


0.58580 
0.39822 
0.30129 
0.24224 


0.00000 
0.00000 
0.00000 
0.00000 


28.0 
19.9 
15.0 
12.0 


0.75000 
0.47745 
0.34661 
0.27140 


0.75000 
0.47745 
0.34661 
0.27140 


0.00000 
0.00000 
0.00000 
0.00000 


Antiferromagnetic case 


~0.41420 
— 0.27838 
—0.21178 
-0.17163 


3.00000 
— 5.85577 
- 8.67248 
11.47264 


3.41420 
— 6.13415 
— 8.88426 
11.64427 


* All ferromagnetic energies have been divided by —|J| 


where ¢7, 441 is the angle between adjacent spins. For a 
180° wall with uniform rotation, ¢;, 41=22/(N—1) for 
all /. The comparison is given in Table IV and Figs. 4 
and 5. Figure 4 shows the energies of the short chain 
walls plotted against thickness (V) for both the exact 





ANTIFERROMAGNETIC 
WALL 


DIFFERENCE 


FERROMAGNETIC WALL 





Fic. 5. Percent difference between the semiclassical energy for 
an N-atom 180° Bloch wall and the exact energy of a ferromagnetic 
and an antiferromagnetic Bloch wall of N atoms, plotted against 
N. All energies are referred to the respective ground states. 


solutions and the semiclassical solutions, both relative 
to their respective ground states. Figure 5 is a plot of the 
percentage difference between the exact and semiclassical 
short chain wall energy as a function of wall thickness. 
It is seen that the difference between the exact ferro- 


magnetic Bloch wall energy and the semiclassical 


—0.75000 
—0.47745 
— 0.34661 
—0.27140 


- 3.00000 
— 5.00000 


— 2.25000 
—4,52255 
— 7.00000 — 6.65339 

9.00000 — 8.72860 


and all antiferromagnetic energies by |J|. 


wall energy decreases with increasing thickness. As 
E~N cos¢ from (4), and g~k, the semiclassical wall 
energy goes as .Vk* for small k&. & is inversely propor- 
tional to the thickness of the wall so that the semiclassical 
solution predicts an energy inversely proportional to the 
thickness of the walls for long walls. From Fig. 4, it 
appears that the exact ferromagnetic wall energy varies 
with thickness in a manner similar to the semiclassical 
variation, as the curves appear to be converging in 
slope. Such an agreement is not surprising as w~? for a 
ferromagnet. 

For an antiferromagnet, w~k so that one might ex- 
pect quite different dependence of energy upon wall 
thickness. From Fig. 4, we see that, indeed, the exact 
energy of the antiferromagnetic wall is far from the 
semiclassical value. However, the slopes of the energy 
curves appear to be rather similar. Thus, the energy of 
the antiferromagnetic wall appears to have the same 
dependence upon thickness as the ferromagnetic wall, 
even though the dispersion laws are quite different. 
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Expressions are derived for the three weak-field magnetoresistance coefficients, 5, c, and d, using a multi- 
valley model having ellipsoids of general shape along the (110) directions in k space. The results are given in 
terms of statistical and scattering integrals and of the two mass ratios K and L needed to specify the relative 
values of the three effective-mass components characterizing the ellipsoids. The properties of 6, c, and d as 
functions of K and L are discussed, including in particular the fact that the symmetry conditions which are 
appropriate for each of the three ellipsoid-of-revolution models are satisfied along certain lines in the K-L 


plane. 


INTRODUCTION 


HE galvanomagnetic properties of the three cubi- 
cally symmetric multivalley models having con- 
stant-energy surfaces which are ellipsoids of revolution 
along the (100), (110), and (111) directions in k space 
have been previously investigated.'~* However, cubic 
symmetry does not require ellipsoids of revolution 
(hereafter abbreviated EOR) for the (110) model, but 
only that the principal axes of each ellipsoid lie in 
certain directions which do not violate the restrictions 
imposed by the reflection planes on which the ellipsoid 
is centered. For example, the ellipsoid in the first 
quadrant of the &,-k, plane has principal axes (see 
Fig. 1) in the [001 ], [110], and [110] directions. (The 
particular sense chosen for each axis establishes a 
specific right-handed coordinate system which will be 
used later.) The purpose of this paper is to investigate 
the weak-field magnetoresistance of this generalized 
(110) model, and to compare the results with the simple 
band model (spherical energy-surfaces) and with the 
three EOR models. 
In a weak magnetic field we may write 


Ap bu Hl” 

=i ay ——, (1) 

Po c* 
where Ap/po is the fractional change in the zero-field 
resistivity po, ww is the Hall mobility (uw=R/po), R is 
the Hall coefficient, H is the magnetic field strength, 
M,s,** is a dimensionless proportionality constant, and 
c’ is a factor having the dimensions uyH and a magni- 
tude which depends upon the system of units used. In 
emu, Gaussian, and practical units, c’=1, 310" cm/ 
sec, and 10% cm?*-gauss/v-sec, respectively. The sub- 
script and superscript of Mas,°* indicate, respectively, 
the direction of the sample current and of the magnetic 
field relative to the cubic axes of the crystal. A weak 
field implies (unH/c’)<<1. From an expression of Seitz5 
which is valid to second order in magnetic field for any 


1B. Abeles and S. Meiboom, Phys. Rev. 95, 31 (1954). 
2M. Shibuya, Phys. Rev. 95, 1385 (1954). 

3C. Herring, Bell System Tech. J. 34, 237 (1955). 

‘C. Herring and E. Vogt, Phys. Rev. 101, 944 (1956). 
5 F. Seitz, Phys. Rev. 79, 372 (1950). 


cubically-symmetric crystal model, it may be shown® 
that 


H un?” MH? 
E= pol I+a(1xH)+6——I+c—1- HH 


Ge Cc 


bn ' 
+ TI CZ) 
(!2 
and 


M apy =b+c(D ; ons)? +d(E j ;?n;?). (3) 


In Eq. (2), E, I, and H are the electric field, current 
density, and magnetic field strength, respectively, and 
T is a diagonal tensor in the cubic-axis system of the 
crystal whose elements are the squares of the magnetic 
field components. In the same coordinate system the t; 
and n; of Eq. (3) are the direction cosines of the current 
and magnetic field vectors. The parameters 6, c, and d 
used here differ from those of Seitz in that the factor 
(ux/c’)? has been removed, thus making them dimen- 
sionless. 

The aim of the calculation presented here is to obtain 
expressions for 6, c, and d. It seems particularly de- 
sirable to express the results in terms of these three 
quantities, since then any magnetoresistance coefficient 
is immediately obtainable by using Eq. (3). Expressions 
for b, c, and d for the three EOR models have been sum- 
marized elsewhere.’ 


THE MODEL 


The model is based on the following assumptions: 

1. Only one type of carrier is present. 

2. The band edge occurs at 12 equivalent points 
along the (110) directions in & space. 


kz 


Fic. 1. The principal axes 1, 2, 
and 3 for the ellipsoid in the first 
quadrant of the k,-k, plane, where 
kz, ky, and k, are the axes of cubic 
symmetry of the crystal. 


ky 
2 [Tio] 


3 [110] 
Ky i[oor) 


G. L. Pearson and H. Suhl, Phys. Rev. 83, 768 (1951). 
R. S. Allgaier, Phys. Rev. 112, 828 (1958). 
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3. Near a band edge, the energy & can be approxi- 
mated by an ellipsoidal function of k (the wave vector 
of the charge carrier relative to its value at the band 
edge) which in the principal-axis system is 


h? k;? ke? k3? ; 
s-+—(—+—+—), (4) 


2\m, m2 Mm; 


where the m’s are the effective masses along the coordi- 
nate axes 1, 2, and 3 of the ellipsoid. 

4. Ata fixed temperature, the scalar scattering time 7 
depends on the energy only. This condition may be 
generalized to a + which is a diagonal tensor in the 
principal-axis system, so long as all components have 
the same energy dependence, merely by replacing each 
m, in the result by m,/7;, where 7; is the corresponding 
tensor component of r.* 


THE CALCULATION 
We consider first the effects from a single ellipsoid: 
The jth component of the current density from one 
ellipsoid may be written 


1;= o jpLyt+ o lH 4 O 5k tm. 1H m, (5) 


if terms of higher power than E and H? are neglected. 
(Summation over a repeated index is implied in this 
and all subsequent equations.) By solving Boltzmann’s 
equation, the current density may also be expressed as 
an integral over k space of a function of &, 7, E, H, the 
carrier charge g, the unperturbed carrier energy distri- 
bution fo, and the effective mass components m;.! 
Comparison of this expression with Eq. (5) yields (in 
the principal-axis coordinate system of the ellipsoid) 


—_ - Ofo : 
qe J j7—d 6, 
m; 0& (6) 


0 


— aber jx e Ofo 
C= ——— J j7°—d6, (7) 


m;*m,. ~¢ 0é& 


and 
Ofo 


— ab*€m j€isk : 
0 jkim= neeeeeuant J ;°#—d6, (8) 
m;"M.M, 0 0& 


where J; is the integral over a constant-energy surface 
in k space 


h®k dS 


i= f : , 0) 
s L(hi/m)?+ (ko/me)?+ (k3/m;)? }! 
and a= q?/4n°h', b=q/c' (q may be positive or negative), 
and the €j: are zero except for 
93 = €231=> = & 
€123 — €231= €312 (10) 


€213= €132= €321= — 1. 
The choice of the principal-axis coordinate system re- 
duces the 9 possible nonzero a to 3 (j=), the 27 oj: 
to 6 (j#kAIA¥})), and the 81 Tjkim to 12 (6 O 5 jkk and 
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6 oj. jx). The surface integral is 


J j= 27!73-a (mymom;) !?9m 8? = Fm; 8". 
Then Eqs. (7), (8), and (9) become 
aF 
Gi, 
m; 


oii 


abF €1 5x 


Go, 
m jm, 


ab’F e mjs€lsh 


0 jkim= — G3, 
M;jmM.Ms 


as Ofo 
G,= i) r"§i—_d6. 


as 
0 06 


(14) 
where 


(15) 


All of the nonzero conductivity tensor components 
from a single ellipsoid are listed in Appendix A. The 
components of the tensors of each rank differ from one 
another by factors which are combinations of the mass 
ratios 
L=mz2/m. (16) 


K=m;/m, and 


The mass component m; lies along the ith principal axis 
of the ellipsoid, and the principal axes 1, 2, and 3 of the 
ellipsoid in the first quadrant of the &,-k, plane of the 
crystal are in the [001], [110], and [110] directions, 
respectively (see Fig. 1). Thus L=1 corresponds to 
equal transverse masses, and K is the ratio of a longi- 
tudinal to a transverse mass, a quantity which has 
generally been used in the past as a parameter to de- 
scribe the EOR models. 

The jth component of the current density due to all 
the ellipsoids may be written 

I; = D jet > eA it  jrimEnH iH m. ( 1 7) 

In order to seek the minimum number of distinct terms, 
Eq. (17) is referred to the cubic axes of the crystal. The 
quantity 7; is obtained by adding the 7; from each 
ellipsoid, after having transformed each 7; to the cubic 
axis coordinate system of Eq. (17). The necessary 
transformation matrices are described in Appendix B. 
The results are 


2aFG;, : 
my x 
2abFG2/ 1 1 1 
2 jK= — sl (. = --- “Yen 
m,? x ee 


ab*FG; 1 2 1 
2 5355>=- —(—-—+- ), 
me NK* KL DL 


aii 1 1 1 


(18) 
(19) 
(20) 


> ssae= ——] —+—+4—+ 
me LKL? LK? KL 
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‘ 


ab’FG; / 1 * 4 
(++), 

me NR? RE 7 
The terms 2 jj, and D j,x«; are written together because 
they are the coefficients of the same combination of 
components of E and H and have no separate physical 
significance, 

We next express the conductivity components in 
terms of the resistivity components defined by 


Ejy=A plata jl taj rn Pn ys 


D jkjk TD jek; - (22) 


(23) 


The A’s may be expressed in terms of the 2’s (see Eq. 
3.29, reference 1). When this is done, and the result is 
compared with Eq. (2), we obtain ), c, and d in terms 
of a statistical and scattering factor and the mass ratios 


K and L. The relationships are 
[GiGs (KL+K+L) (K-—1)? (L—1)? 

= [« + + --—— 
l2G.2 (K+L+1)? K L 

1 (K—L)? | 

|-1 , (24) 
2 = KL | 

__ {GG (K I - 6 (K—L)’ | 

Lissa 


KL 


41} (25) 
262 (K+L+1)2 


|’ 
K-1)? (L—1)? 


K 


(K+L+1) 


jonny ( 


| 2G.2 


DISCUSSION 

Before discussing the expressions for b, c, and d, we 
will quote briefly some pertinent results for the simple 
band model and for the three EOR models. For each 
EOR model there is a symmetry condition which relates 
b, c, and d, regardless of the scattering law, the statistics, 
or K, the ratio of longitudinal to transverse mass. 
There are also restrictions on the signs of b+c and d. 
These features are summarized in Table I. When K=1, 
all three EOR models reduce to the simple band model 
with spherical energy-surfaces. The properties of the 
simple band model are also listed in Table I. 

An inspection of Eqs. (24)—(26) shows that they are 
not affected by exchanging K and L. This may be 

TABLE I. Behavior of the weak-field magnetoresistance coeffi- 
cients b, c, and d for the simple band model and for the three 


lipid of-revolution models. 


Model 


Symmetry relation 


Simple band model . 
(100) EOR b+c+d=0 
(110) EOR rit d=0 
(111) EOR b+c=0 


MULTIVALLE MODEL 





A (We 

















Fic. 2. Relations among the weak-field coefficients as a function 
of the mass ratios K=m;/m, and L=m2/m,. The quantity b+c 
is negative only in the lightly shaded regions and d is negative 
only in the more darkly shaded regions. 


explained by considering the effect on the ellipsoid 
whose principal axes are shown in Fig. 1. Interchanging 
K and L interchanges the axes 2 and 3; i.e., the ellipsoid 
is rotated 90° about its 1-axis. However, thé other three 
ellipsoids in the k,-k, plane are each rotated 90° about 
parallel axes, and the net effect is to exchange their 
orientations, pair by pair. The calculation presented 
here recognizes ellipsoid orientation, but not position. 
The position of an ellipsoid would appear in the mean 
free time 7 if intervalley scattering were considered. 
Then 7 would be influenced by the magnitude of the 
wave number of the intervalley phonon, which would 
depend on the separation of the valleys in & space. We 
have assumed a 7 which depends most generally on the 
energy and wave number of the charge carrier relative 
to an individual ellipsoid. Thus no effect at all can result 
from exchanging ellipsoid orientations, and this model 
therefore reduces to the (110)-EOR model not only when 
L=1, but also when K=1, and the symmetry condition 
6+c—d=0 holds lines in the K-L 
plane. 

We consider next the line A=Z. Inspection of Eqs. 
(24), (25), and (26) reveals that in this case b+c+d=0; 
this is the symmetry condition appropriate for the 
(100)-EOR model. This result may also be explained 
with the aid of Fig. 1. The condition K=Z implies that 
m2= m3; i.e., the ellipsoid has become an EOR with its 


along these two 


symmetry axis parallel to a cubic axis of the crystal. 
Again, since only the orientation of the ellipsoids is 
significant, this situation is indistinguishable from the 
(100)-EOR model. We wish to emphasize at this point 
that in the cases discussed thus far, not only are the 
symmetry conditions for the appropriate EOR models 
satisfied, but the expressions for 8, c, and d individually 
reduce to those for the simpler models. 

Figure 2 plots the K-Z plane on a log-log scale, and 
illustrates the special situations just described, as well 
as some additional features which are perhaps more 
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surprising. It shows, first of all, that there are also 
lines in the K-Z plane along which 6+c=0, the condi- 
tion appropriate for the (111)-EOR model. These 
lines are 


K=2-L (1/K)=2—(1/L). (27) 


and 


It is clear that no (110) ellipsoid can reduce to a 
(111) EOR (except for the trivial case K= L=1). The 
expressions for 6, c, and d do not reduce to the simpler 
model in this case. Note from Fig. 2 that the lines 
b+c=0 are actually boundaries between regions where 
b+c is positive and negative. A negative b+ c does not 
occur for any of the EOR models. 

What other conditions of the type 6+c+nd=0 may 
be satisfied in the K-Z plane? It is easily shown that n 
is of the form 


n= (1—x)/(1—3x), (28) 


where «x is a function of K and Z and may take on any 
non-negative value. Therefore, any value of , positive 
or negative, may occur except 3 <<1. This exclusion 
may be linked to the requirement that no longitudinal 
magnetoresistance coefficient be negative. 

Another feature shown in Fig. 2 is the existence of 
d=0 lines in the K-Z plane. These are 


K=(—(L?—L+1)+(L—1)(L2+6L4+1)!] 


(2L—3). (29) 


Along these lines, the magnetoresistance becomes iso- 
tropic in the sense that the magnetoresistance depends 
only on the angle between the directions of current and 
magnetic field, but does not depend on the orientation 
of the current and magnetic field relative to the cubic 
axes of the crystal. This is never true for the three EOR 
models except when they all degenerate to the simple 
band model with spherical energy-surfaces. 


CONCLUSION 


We have derived expressions for: the weak-field 
magnetoresistance coefficients b, c, and d for a (110 
multivalley-model with ellipsoids of general shape. We 
find that the condition 6+c+nd=0 is satisfied along 
some line in the K-Z plane so long as » lies outside the 
range }<m<1. This therefore includes the conditions 
b+c+d=0, 6+c—d=0, and 6+c=0 which are appro- 
priate for the (100), (110), and (111) ellipsoid-of-revolu- 
tion models, respectively. We also find that along 
certain lines in the A-L plane, magnetoresistance de- 
pends only on the angle between the current and 
magnetic field. 

The fact that the symmetry conditions for any of the 
ellipsoid-of-revolution models may be satisfied by a 
general (110)-model does not necessarily mean that the 
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occurrence of these special symmetry conditions may 
no longer be interpreted as suggesting a particular 
ellipsoid-of-revolution model. Any material having the 
band structure described in this paper may satisfy an 
infinite variety of symmetry conditions, and it is there- 
fore very improbable that it will satisfy one of the two 
which are appropriate for the (100) and (111) ellipsoid- 
of-revolution models. 
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APPENDIX A 


Evaluation of Eqs. (12), (13), and (14) leads to the 
following nonzero conductivity tensor components: 


oi1= — (aF/m,)Gi, 
022>= (1/L)on, 


033= ( 1/K )O11, 


(A1) 


s= —o213= — (abF/mym2)G», 
G931= —o3n= (1/K) ors, 
O312= —0132= (L/K)oiss, 
and 
o1122= (ab?F/m,?m3)G3, 
ois3= (K/L)oiye, 
02933 (K/L? )oj129, 
o2211= (1, ‘L*)ar122, 
03311— ( 1, ‘KL )oi2, 
3322= (1/K)oui2, 


01212 02121 = 01313 = 03131= 0 2323 = 03232 = — | 1, L)oii22. 


APPENDIX B 


The transformation matrix of the transformation 


from the ellipsoid axes of Fig. 1 to the crystal axes is 
1 2 3 
Q —1/v2 1/v2 


0 1/v2 1/v2. 
—|] 0 () 


(B1) 


The other five matrices may be obtained by writing 
down the rows k,, k,, and k, of the matrix (B1) in the 
following arrangements, with changes of sign as indi- 


cated: 


(B2) 
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The magnetic resonance conditions and the spin wave spectra are found for canted antiferromagnetic and 
ferromagnetic lattices, where the cant is produced by magnetocrystalline anisotropy fields which are non- 
collinear. The sublattices are thereby caused to cant towards each other in antiferromagnets and away from 
each other in ferromagnets. The cant of the antiferromagnetic sublattices may produce a net moment (weak 
ferromagnetism) but does not alter appreciably the usual antiferromagnetic spin wave spectrum in the 
presence of anisotropy. The static susceptibility parallel (Xj) and at right angles (X,) to the vector difference 
of the anisotropy fields is calculated, and is shown to be altered from the noncanted result. It is shown that 
in antiferromagnets with no apparent weak ferromagnetism, canted sublattices may still be present, and 
can be detected by a nonzero ratio of Xj; to X, at O°K. The ferromagnetic spin wave spectrum shows a sudden 
change from the normal spectrum as soon as one introduces the noncollinear anisotropy fields. An optical 
branch is formed and a high-frequency k=0 magnetic resonance is expected. This resonance is a consequence 
of the two-sublattice character of the canted ferromagnet and may be termed an exchange resonance. 


I. INTRODUCTION 
ECENTLY D2zialoshinsky' showed that the weak 
ferromagnetism observed? in antiferromagnetic 
a-Fe,O; and other materials is plausibly explained by 
noncollinear magnetocrystalline anisotropy fields. These 
fields serve to turn the antiferromagnetically coupled 
sublattices towards each other, producing a net mag- 
netic moment. The angle of rotation may give rise to 
a ferromagnetic moment of 10~! to 10~° of the sublattice 
saturation moment. Dzialoshinsky also showed that 
some antiferromagnets may be canted by the anisotropy 
fields but will not show the weak ferromagnetism if the 
net moment of any two neighboring canted spins is 
cancelled by the moment of a nearby pair of spins 
which are canted in the opposite direction. This 
cancellation is a matter of magnetic crystalline 
symmetry. 

It is the purpose of this paper to derive the magnetic 
resonance conditions and spin wave dispersion relations 
for antiferromagnets subject to noncollinear anisotropy 
fields. We shall also investigate the static magnetic 
properties of canted antiferromagnets and indicate how 
both the magnitude and angular direction of the 
anisotropy fields can be detected by ordinary suscepti- 
bility measurements. It should be noted that Vonsovsky 
and Turov® have recently considered this problem. 
However, they have apparently neglected the magneto- 
crystalline anisotropy fields H4,, which correspond to 
the normal anisotropy fields found in antiferromagnets. 
Such an omission from the resonance equations drasti- 
cally changes their form. As it seems physically reason- 
able that such anisotropy fields should be present in a 
~* This research was supported in part by the National Science 
Foundation. 
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canted antiferromagnet, it is necessary that the calcula- 
tion be done with these terms included. 

The canting of a ferromagnetic spin system can arise 
from two noncollinear magnetocrystalline anisotropy 
fields, one field acting on one set of spins, the other on 
their nearest neighbors. These fields cause the ferro- 
magnetic lattice to be broken up into two ferromagnetic 
sublattices, rotated away from each other in the plane 
containing the anisotropy fields. Here too the angle of 
rotation is assumed small. We shall compute the spin 
wave spectrum for the canted ferromagnet and compare 
it with the usual ferromagnetic spin wave spectrum 
to see if the canting has any effect on the dispersion law. 

For simplicity, we shall assume all the lattices with 
which we deal can be subdivided into two magnetic 
sublattices, such that the nearest magnetic neighbors 
of any given magnetic atom on one sublattice shall all 
lie on the other sublattice. 


II. CANTED ANTIFERROMAGNET 
A. Zero External Field 


In this section we compute the zero-field magnetic 
resonance (k=0) frequency and also the spin wave 
spectrum of an antiferromagnet subject to the non- 
collinear anisotropy fields shown in Fig. 1. The anisot- 
ropy fields H4! and H,4” act on the spins of the / and 
m sublattices, respectively. For our purposes, we assume 


Fic. 1. The noncollinear anisot 
ropy fields. Ha! and Ha” act on 
the / and m sublattices, respec- 
tively. 





1189 





1190 


|H4'|=|Hu™|. The z axis is taken parallel to 
H,'—H4". The x axis is directed parallel to H4'+H4" 
and @ is the angle Hy! and H4™ make with the z axis. 
For purposes of computation, we shall take 


Ha,=H,' sind=H 4" sind, 
Hay'=H a! cosd=H 4, (1) 
Hay" = H,™ cos6 = —HA ay, 


where H 4, acts along the x direction on both the / and 
m sublattices. H4,,' and H4,," act in the +2 direction 
on the / sublattice and in the —z direction on the m 
sublattice, respectively. The exact quantum mechanical 
equation of motion for a spin on the / sublattice is 

dS; 2J 

=—({$.x(> S,.)]+7(S:xH), 
dt h m 


and similarly for a spin on the m sublattice. The sum 
goes over all spins S,, which are nearest neighbors to a 
given spin S, on the / sublattice; H, is the resultant 
magnetic field acting on the / sublattice, including 
Hai', Ha.', and the external field Hp. We take Ho zero 
in this section. The equations of motion become 


d§;*¥_ 2. 2J '* 
1X Sm)——( EX Su) Se +YS/H aur, (3a) 
dt "4 h om 


dS ¥ 2J 
= Sm2)—-—( > Sa) S72 
dt h m 


+ SH a —yS7H Ail, 


2J 
Sm”) =: ( > 


ho om 


A 2J 
Sm ( os NY ae 


l h 


Sm7)S 1" = yS YH {iy 


( es SP) S02 — Yo wt Ally 


2/ 2) 
7 antl Zz. S7 = ( 
h l 


> Si ¢ )S m ‘ 
l 


l 
+75 7H 7 YS mH lil, 


2J 2J 


a S,") - ( > Si) Sm” - YS mH ve (4c) 
l 


ht 


dl h 


To solve this set of equations, we perform a rotation 
of coordinates in the same manner as in Keffer and 
Kittel.4 We rotate about the y axis to two new frames 
of reference in which the zy and z,, directions are taken 
as the static magnetization directions for each sublattice 
under the influence of H4,,, H,, and the exchange field, 
H,. The latter may be taken as 2/2S,,/yh acting on the 
1 sublattice and —2/z2S;/yh acting on the m sublattice, 
where S,, and 5S; are the magnitudes of the spins on the 


‘F. Keffer and C. Kittel, Phys. Rev. 85, 329 (1952). 
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m and | sublattices, respectively, and z is the number 
of nearest neighbors of each spin. For an antiferro- 
magnet, S,,= —S;. The rotation angles g; and ¢» may 
be found by requiring that the sum of the torques be 
zero for each sublattice. This results in the pair of 
equations 
H, sin( git ¢m)+H au singi= Ha, cos¢i, 
H, sin(g,;+ 2m)+ Bay SING» = H 11 COSYm. 
For small angles the solutions are 
= g1= mH 4,/2H., (6) 
where we have assumed H,>H4,, Hay. AS Hai/H-. 
~10~ to 10~-°, we see that the small angle approxi- 
mation is justified. We rotate to the new coordinate 
systems labelled 1’ and m’ by making the trans- 
formations 
be = Sa* cosg,— S/? sing), 
Syv= Sy, 
Sp? = S/? cosy, +S$)7 sin Yl, 
Sar a Sa” COS Smt Sm? SIN Gm, 
Sen’ ‘= aa" 
Sm’?= Sm? COSPm— Sm SIN Gm. 
We now make the usual spin wave approximations of 
small amplitudes and write 
S)= (€12,€tyyS = (€rz;€tyS), (8a) 
Sm = (€mz)€myySm)== (Emz Emyy — 5), (8b) 


where the e’s are assumed small deviations of the 
magnetic moment from the z axis of the J’ and m’ 
coordinate systems. S; represents the magnitude of the 
spin on the / sublattice, and is assumed approximately 
constant along the z, direction; S,, represents the 
magnitude of the spin on the m sublattice, and is 
assumed approximately constant along the z,, direction. 
We take the e’s to be in the form of standing waves: 


€1z= €12° sink,« sinkyy sink,2 sinwt, 
€1y= €1,° sink,« sinkyy sink,2 coswt, 
Emz= €mz’ Sink,x sink,y sink,z sinwt, 
Emy = €my° Sink,« sinkyy sink, coswt. 
The sum over nearest neighbors takes the form 


(10) 


Dm Ems = 27 kEmz; 


similarly for €my, €12) €1y) and 


vk= (1/2) 2) cos(o-k), || =a. (11) 


Here, o is the vector between a given atom and its 
nearest neighbors, and the sum in (11) goes over all 
such vectors. Using (5), (6), (7), (8), (9), and neglecting 
terms quadratic in the e’s, (3) and (4) reduce to 
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(w/y)éiz= €1y(H. cos2yt+H ani cosg+H as sing) 
+ €myl eV; 
(w/y)ey= €1(H, cos2y+H 4), cosep+H a, sing) 
+é€mzH yx Cos2¢, 
— €my(H, cos2e+H 4), cosg+H 4, sing) 
—éewH yi; 
—€mz(H, cos2y+H 4, cose+H a: sing) 
— €12H yx Cos2¢. 


(w/7) €mz= 
(w/¥ ) Emy > 


Solving this set of equations for w/y, we find 


(w/y)? = [H.( 1 -{- Vk) cos2yg+H a1 cosgt+H 41 sing | 
x H, (cos2y FY k +H ay cosg+H 4, sing ]. (13) 
For small angles we may simplify this expression using 
(6). We find 
(w/7)?= Han (Hay+2H.)+H2(1—y2) 
43H a2ye(yet1). (14) 
For ka1, y,~1-—- (k?a"/2), so that (14) reduces to 
(an/¥)?= Han (Han t+2H.)+ (He—$Has) Re’, 
(w2/y)?= Hau (Hai +2H.)+Has’ 
+ (H2—jH42)Ra’. 


(15a) 


(15b) 


The k=0 resonance frequencies (uniform precession) 
are similar to those predicted by Keffer and Kittel* 
and Nagamiya® for an external magnetic field Hp at 
right angles to the anisotropy axis of a normal anti- 
ferromagnet. Their Hy corresponds to our H4,; and their 
anisotropy field H, to our H4,,. The spin wave spec- 
trum of (15a) is similar to the usual spin wave spectrum 
of an uncanted antiferromagnet: quadratic in k for 
A Ra? <2H A 4,,+Ha4, and linear in k for H2ka? 
>2H HaytHai*. However, the spectrum of (15b) 
differs a little from the usual dispersion law in that it 
is quadratic in & for larger values of ka; i.e., until 
Aka? > 2H Hant+Hair?+Ha. 

On solving the equations of motion for the rf suscepti- 
bilities, one finds that, if the rf field is in the usual y 
direction, only the frequencies (15a) will be excited. 
If the rf field is in the x direction (parallel to H4,) the 
frequencies (15b) will be excited. The differential 
excitation of these modes is very similar to that obtained 


by Keffer and Kittel. 


B. External Field Perpendicular to H,’—-H,” 


In this case, the external field is assumed perpen- 
dicular to H4'—H4”, i.e., perpendicular to the z axis. 
The treatment is similar to section IIA, except that 
H4, is replaced by H4it+Ho. If Ho is not parallel to 
Hai, but in the plane perpendicular to the z axis, we 
may merely take the vector resultant of H4it+Ho, 
redefine this direction as the x direction, and perform 
the same analysis as in Sec. ITA using |H4it+Ho| for 


5 T. Nagamiya, Progr. Theoret. Phys. (Kyoto) 6, 350 (1951). 
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Fic. 2. The rotated anti- 
ferromagnetic sublattice co 
ordinate systems. Ho is 
parallel to the z axis. 








H4,. The angle of rotation about the new y axis will be 
given by 


o= ¢l= fa |H4i.t+-Ho|/2H.. (16) 


The susceptibility perpendicular to the z axis at 0°K, 
X,, assuming Hp parallel to Hai, is given by 


Xi= (1+H4i/Ho)M./H,, (17) 


where M, is the sublattice magnetization. If H, is 
assumed equal to AM, (i.e., the molecular field approxi- 
mation), then 


X= (1+H 4i/Ho)/X. (18) 


In canted antiferromagnets where there is no weak 
ferromagnetism, H4, must reverse directions for 
alternate pairs of spins. If H4, and Ho are in opposite 
directions, the perpendicular susceptibility becomes 


X,= (1—Hai/Ho)/d. 


The sum of the susceptibilities, (18) and (19), is 
X,=1/A, the usual result for an antiferromagnet. We 
have taken care of the factor of two by noting that, for 
the case of no weak ferromagnetism in canted anti- 
ferromagnets, (18) and (19) refer to half the total 
magnetization. 


(19) 


C. External Field Parallel to H4'—H.”™ 

In this case the external field is parallel to H4'— Hy", 
i.e., parallel to the z axis, and ¢; no longer equals ¢m, 
as is shown in Fig. 2. One finds, in place of (5), by 
requiring the sum of the torques to be zero for each 
sublattice, 
H, sin(gi+ Ym) + (HautHo) sing:= Has cos¢i, 
H, sin(git ¢m)+ (Hau—Ho) singm=H a1 COS¢m. 
This set of equations may be solved by assuming ¢, 
and ¢m<1. We find 


(20) 


Has(Han— Ho) 
Ais t-Be+W Ba 


Has(Hau— Ho) 
2HHay 


el 


(21) 
Has( Hay t+) Ha)(Hant+H) 
2H May 


Hay?—He+2H Hay 
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Fic. 3. The rotated ferro- 
magnetic sublattice co- 
ordinate systems. 








The susceptibility parallel to the z axis at 0°K, X,,, may 
be computed from (21): 


X=M,Hat/2H 2H an. (22) 


It is to be noted that the 0°K parallel susceptibility 
is not zero, as it is in the noncanted antiferromagnet. 
The ratio X,,/X, for the canted antiferromagnet becomes 


Xi Hai? 
= (23) 


xX; 2H Hay(l+Hai/ Ho) 


For Ha:>Hau, i.e., the angle between Hy! and Hy” 
less than 90°, this ratio may possess a significant value. 
It is to be noted that even if the canted antiferromagnet 
does not show any weak ferromagnetism, the lattices 
will show the nonzero ratio of susceptibilities, given 
by (22): 
Xi H Vg 
(24) 


X, 2HMay 


Thus, a lattice cant can be detected even if no 

observable weak ferromagnetic moment is present. 

We return to our equations of motion (2). We assume 
Hy parallel to the z direction, use (20), (21), and solve 
for (w/y): 

(w ‘"y = Ae A—y"?)+Han(Aant+2A.) 
+He+3HaPye+ (4H 2H? (1-2) 
+8H.H4,,He°—4(A HH PH, H aoa as v1") 
+4H 4,PH?—He Hs? (7—-e) 

+ (Ha 2H P/H ai?)(Halv—He) (1-7?) 
+4 Hasty}. 

We have assumed H,>H4,,, Hai, and Ho. It is seen 

for kaX1 that the spin wave spectrum of (25) is similar 

to that calculated in Sec. IIA for a canted antiferro- 
magnet with zero external field. The k=O uniform 
precessional mode has the frequencies 

(w/y)?= Hau(Haut2H)+He+ pHa’ 

+ (8H Ha, He+4Ha4,PHe—6H PH 42 
+4H 4i5}}. 
As in the noncanted antiferromagnet,‘ an rf field in the 
y direction will excite both resonance modes. 


(25) 


(26) 


III. CANTED FERROMAGNET 


In this section we compute the zero-field magnetic 
resonance (k=0) frequency and also the spin wave 


spectrum of a ferromagnet subject to noncollinear 
anisotropy fields as shown in Fig. 3. The ferromagnetic 
lattice is subdivided into two magnetic sublattices, / 
and m, such that the magnetic nearest neighbors of a 
spin on the / sublattice lie on the m sublattice and vice 
versa. The anisotropy fields H4' and H4” act as before 
on the spins of the / and m sublattices, respectively. 
We assume |H,4'|=|H4™| and take the z direction 
parallel to H4'+-H4”™. The x axis is directed parallel to 
H,'—H,4" and ¢ is the angle Ha! and H4” make with 
the z axis. For purposes of computation, we shall take 


Hayu=H4!' cosep=H 4™ cose, 
Ha.= H,! sing= Ha, 
Has™ = Ha wi sing= —Hai, 


(27) 


where H4,, acts along the z direction on both the / and 
m sublattices. H4,' and H4,™ act in the +2 direction 
on the / sublattice and in the —~x direction on the m 
sublattice, respectively. The equations of motion are 
similar to (3), except that the changes appropriate 
to (27) are made. We perform the rotation (7), the 
sublattices now being rotated about the y axis away 
from the same +2 direction, as shown in Fig. 3. Re- 
quiring the sum of the torques be zero for each sub- 
lattice, we find the angle of rotation gy becomes 
~H4,/2H,.. We have made the small-angle approxi- 
mation and assumed H.>H ,. H, is the exchange field, 
defined in the ferromagnetic case to be 2/2S,,/yh 
acting on the / sublattice, and 2/2S;/yh acting on the 
m sublattice. For this case we take 


Sy bi (€12,€1yyS I (€12,€1y9), 


Sar ™ (Ems; EmyyS m=z (Ems; Emyy))- 


(28) 


We insert the above into our equations of motion and 
solve for (w/y): 


(w/yP?=H2IFy: )2+- 2H Hai(iFyx) 


+H ?+3H ary. (lx). (29) 


For ka<1, 
(w/y)?= HarP+ (A Mant thal) Pe+ tH eka; (30a) 


(wo/y)?=4H8 .(A.+Han)t+Hair—Har 


— (2H2+H Hay—iharyko+ tH ka'. (30b) 
( 


Equation (30a) is the usual ferromagnetic resonance 
expression except for the term in H4,? which arises from 
the canting field. Equation (30b) however, represents 
an optical branch for the ferromagnet. This optical 
mode arises from the two sublattice character of the 
canted ferromagnet and is similar to the exchange mode 
found in ferrites. It can be shown that a uniform rf 
field in either the x or y direction will excite only the 
lower, or acoustic mode, (30a), at k=0.° The optical 


6 Tt is to be noted that the uniform rf field can excite spin waves 
of nonzero k if the end pins are pinned, as shown by C. Kittel, 
Phys. Rev. 110, 1295 (1958). As for k=0, only spin waves in the 
acoustic mode will be excited by rf fields in the x or y directions. 
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mode may be excited either because of a difference in 
the g values of the two sublattices or by an rf field 
parallel to H4’+H4” (z direction). The former corre- 
sponds to the exchange resonance in ferrites predicted 
by Kaplan and Kittel’ and need not be discussed here. 
The latter excitation, however, is possible also for 
identical sublattices. The rf susceptibility for a field in 
the direction of H4'+H4™ (z direction) is found to be, 
at k=0, 


M, sin’ yLH.(1+cos2¢)+H 41, cosp+H a, sing | 


[(o/y)?— (4H 24+4H Han +H ae—Ha)] 


’ 


(31) 


where M, is the sublattice saturation magnetization. 
For small angles ¢ and a resonance line width of AH 
the susceptibility at resonance becomes 


X,"= (M,/AH) ¢°= (M,/AH)(Hai/2H)2 


Here X,™* is the usual paramagnetic susceptibility 
multiplied by the square of the cant angle. From 
comparison with the canted antiferromagnet we may 
take g~ 10. Then assuming M,~10* and AH~10?, 
we find X,"*~10-*. This susceptibility may be large 
enough to allow detection by present day infrared 
equipment. 

For H 4, different from zero, the number of spin waves 
in the acoustic branch is less than the number present 
for H4, zero; the remaining spin waves, their number 
proportional to the Boltzmann factor between the two 
branches, lie in the optical branch. It is to be noted that 
both branches follow the w~k? law for ka sufficiently 
large such that H.k’a*>>H4\,, Has. For smaller ka the 
behavior is more complex, but in general follows the k? 
relation. 


(32) 


IV. CONCLUSIONS 


The magnetic resonance experiments of Anderson 
Merritt, Remeika, and Yager’; and of Kumagai, Abe, 
Ono, Hayashi, Shimada, and Iwanaga® on a-Fe,O3 are 
difficult to interpret using the analysis of Sec. II because 
at the time they were performed, the resonance was 
thought to be a ferromagnetic one. Hence the experi- 
mentors paid little attention to the direction of Ho, 
the external field, relative to the weak moment in the 
basal plane. As the canted spins lie in the basal plane 
in a-Fe,O3, interpreting their results necessitates a 
knowledge of the angle between Hy and the vector sum 
of the anisotropy fields, H4'+H4”, the direction of the 
weak moment. Once this angle is determined, the 
results of Sec. II can then be used to explain the experi- 


7 J. Kaplan and C. Kittel, J. Chem. Phys. 21, 760 (1953). 

§ Anderson, Merritt, Remeika, and Yager, Phys. Rev. 93, 717 
(1954). 

® Kumagai, Abe, Ono, Hayashi, Shimada, and Iwanaga, Phys. 
Rev. 99, 1116 (1955). 
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mental results. The observed anisotropy of the ferro- 
magnetic moment out of the basal plane can be ex- 
plained by the analysis of Sec. ITB, in which the external 
field Ho is directed normal to H4,, and must be added 
vectorially to Ha. The vector sum of Ho and Ha, 
determines the direction the net magnetization makes 
with the basal plane. The anisotropy in the basal plane 
can be explained using the results of Sec. IIC. The field 
Hy in the basal plane must be broken into its com- 
ponents along H4, and H,4,,'. If these components be 
labelled Ho, and Ho, the angle of rotation in the basal 
plane of the weak ferromagnetic moment from its zero 
field value becomes (H41+Ho.)Hou/2H Hau. 

As Dzialoshinsky has shown, magnetic sysmmetry 
considerations predict that some canted antiferro- 
magnetic lattices may not show any weak ferro- 
magnetism. The cant in such materials can be detected, 
however, by the ratio of the static susceptibilities as 
defined in Secs. IIB and C, X;,/X, at O°K. This ratio 
will differ from zero as H 4,”, as shown in (24). H4, may 
thereby be estimated from this ratio if H, and"H 4, are 
determined from the resonance data. 

It is to be further noted that the appearance of a 
net moment resulting from a canting of the antiferro- 
magnetic sublattices does not appreciably alter the 
spin wave spectrum of the antiferromagnet. This result 
seems surprising at first glance, as the change from an 
antiferromagnet to a ferromagnet produces a violent 
change in the dispersion law for H .k°a?>>H4(Ha+24.). 
It is seen from the preceding calculations, however, 
that the spins are still compensated in a canted anti- 
ferromagnet, such that the antiferromagnetic character 
of the dispersion law is preserved. 

Observation of the ferromagnetic canting has yet to 
be made. Its occurrence will depend upon the local 
magnetocrystalline anisotropy fields and the differences 
in local environment of the two sublattices. Obser- 
vation of the optical branch will serve to confirm the 
existence of the canted ferromagnet. It should also be 
pointed out that the character of the ferromagnetic 
dispersion law for the canted ferromagnet is not 
appreciably altered, a result which now seems 
reasonable in light of the results for the canted 
antiferromagnet. 
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The expansivity (Al/l273.2) and linear thermal expansion coefficient [/-!(dl/dT), ] have been measured for 
the a and ¢ axes of manganese fluoride. There is a marked anomaly in the linear thermal expansion coefh- 
cients at the Néel temperature; the Néel temperature was found to be 67°+1°K. The anomaly has the 
characteristic shape associated with order-disorder transformations. 


ANGANESE fluoride has been studied exten- 
sively because of the antiferromagnetic transition 
which occurs at liquid nitrogen temperatures. Many dif- 
ferent techniques have been used to measure its prop- 
erties, e.g., nuclear magnetic resonance,! magnetic,” and 
thermal,? but in order to utilize these results to the 
fullest extent, it is necessary to have information about 
the change in lattice spacing and elastic constants with 
temperature. The purpose of this paper is to report 
upon the former, namely the linear thermal expansion 
coefficients of manganese fluoride. 

Manganese fluoride crystallizes in the rutile structure 
which has tetragonal symmetry and therefore two linear 
thermal expansion coefficients ay, and a33 are required 
to describe the second order strain matrix. fan refers to 
the coefficient normal to the ¢ axis (hereafter referred 
to as ay) and a3; refers to the coefficient parallel to the 
c axis (hereafter referred to as a3). | The expansivity, 
3(Al/lo73.2), was measured by the optical interferometer 
method and the apparatus has been described else- 
where.* The temperature of the interferometer was con- 
trolled to within +0.05°K. The helium 5878 A spectral 
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Fic. 1. The expansivity (Al//273.2) of manganese fluoride 
along the c and a axes. 


1 R. G. Shulman and V. Jaccarino, Phys. Rev. 108, 1219 (1957). 
2M. Griffel and J. W. Stout, J. Chem. Phys. 18, 1455 (1950). 
3J. W. Stout and H. E. Adams, J. Am. Chem. Soc. 64, 1535 


(1942). 


‘1D. F. Gibbons, Phys. Rev. 112, 136 (1958). 


line was used throughout the investigation to give a 
resolution of approximately 150 A (i.e., 2/5 of fringe 
spacing) for the change in length of the specimens; the 
specimens where ~6 mm in length. 

A single crystal of manganese fluoride was kindly 
grown by J. M. Nielsen of Bell Telephone Laboratories, 
Incorporated, for this investigation and two sets of 
specimens were carefully cut from the crystal with a 
diamond wheel. One set of specimens was cut with the 
cone axis parallel to the c axis and the other with it 
parallel to the @ axis. Figure 1 shows the expansivity, 
8, for the c and a axes as a function of temperature and 
Fig. 2 shows the linear thermal expansion coefficients 
a; and a; as a function of temperature. In each case the 
reported values of a; and a3 were obtained graphically 
from a plot of the expansivity with temperature. Table I 
gives the value of expansivity 8 and linear thermal ex- 
pansion coefficients, /—'(dl/dT), for both a and c¢ axes, 
between 10°K-280°K. 

From Fig. 1 it can be seen that there is a marked 
change in the slope at the Néel temperature, Ty, which 
was found to be 67°K+1°K;; this results in the typical 
order-disorder transition type of curve for ai, and a;. 
It is immediately obvious that the a axis does not show 
such a large variation in expansivity as does the c axis 
but at 170°K the a axis starts to increase in length with 
decreasing temperature giving rise to the negative 
values of a, below this temperature. This expansion of 
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Fic. 2. The linear thermal expansion coefficients a; and az as : 
function of temperature for manganese fluoride. 
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THERMAL EXPANSION 
the a axis may be the result of short-range order occur- 
ring above the Néel temperature. However, since the 
expansivity along the a axis is an order of magnitude 
less than that along the c axis the total volume of the 
crystal continues to decrease. In Fig. 1 it can be seen 
that approximately 3 of the total change in length 
between 280°-0°K occurs below T'y, and is the result of 
the antiferromagnetic ordering. The total change in 
length between 0°-273.2°K is ~0.3% along the ¢ axis 
which is unusually large for an essentially ionic lattice 
(of the crystalline solids the metals have large expansivi- 
ties and of these aluminum has one of the largest, 0.38% 
in the same temperature range) and gives an indication 
of the relatively large energy associated with the anti- 
ferromagnetic ordering. Foex® has measured the varia- 
tion of linear thermal expansion coefficient with tem- 
perature for a series of antiferromagnetic oxides and 
finds a similar well-defined A-type transition. The oxides 
have cubic symmetry, however, and so numerical com- 
parisons would not be meaningful. 

Qualitatively it is possible to interpret these results 
in terms of the antiferromagnetic exchange energy 
arising from an interaction through the # orbitals of the 
fluorine atoms. The greater the decrease in the c spacing 
the greater will be the overlap between the manganese 
d states and the fluorine p states thus increasing the 
exchange interaction. However, if the a axis continued 
to expand, it would in effect decrease the exchange in- 
teraction by increasing the Mnft-MnyJ spacing. Thus, 
below the Néel temperature, although the c axis is de- 
creasing rapidly (Fig. 1), the @ axis spacing remains 
constant below 50°K. 

To calculate the energy associated with the anti- 
ferromagnetic ordering from these results and compare 
it with that obtained from thermal measurements it is 
necessary to know the change in compressibility with 


5M. Foex, Compt. rend. 227, 193 (1948). 


COEFFICIENTS OF MnF 
TABLE I. Expansivity and linear coefficient of 
thermal expansion." 


B=Al/lata.2 a =1-1(dl)/(dT)p 
T (°K) Bi X104 Bs X104 ai (10-6 °K~!) as (107 °K) 
15 
20 
30 
40 4(),! 206 
50 +-0.45 3.72 0.99 
60 0.55 
70 : 3.55 1.46 
SO +0.06 3.46 
90 0.28 ; 3.20 
100 0.59 is 2.84 
110 0.85 2.40 
120 1.07 1.93 
130 1.56 
140 1.17 
150 0.76 
100 0.40 
170 0.06 
180 +-().39 
190 0.70 
200 0.97 
210 +1.21 
220 + 1.48 
230 
240 
250 
260 
270 
280 
65 
67 
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*® Subscript 1 refers to the a axis and subscript 3 to the ¢ axis. 


temperature. The elastic constants are being measured 
so that such a comparison can be made. 
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A new method of producing temperatures below 1°K is considered. It utilizes the fact that the entropy 
of certain paramagnetic salts is increased by the isothermal application of a magnetic field, so that, conversely, 
adiabatic magnetization should produce cooling. The factors limiting the temperatures which can be reached 
are discussed, and some suitable classes of salts proposed. 


HE usual method of producing temperatures below 
1°K by means of adiabatic demagnetization of 
a paramagnetic substance relies on two properties 
common to most salts in use at present: (i) the entropy, 
S, in a given applied magnetic field, H, increases 
monotonically with temperature, (0S/0T)7>0, and 
(ii) at a given temperature, the entropy decreases as H 
increases, (0S/0H)7r<0. The first of these properties 
implies a positive specific heat and is therefore common 
to all substances under normal conditions. The sign of 
(0S/0H) 7, on the other hand, is not necessarily nega- 
tive and there exist paramagnetic salts for which, within 
certain ranges of magnetic field, it will be positive. The 
purpose of this note is to draw attention to the fact 
that for this class of substances adiabatic magnetization 
should produce cooling comparable with that usually 
achieved by means of demagnetization, and to estimate 
the temperature which could be reached in a practical 
case.! The effect would be exactly analogous to that 
which has been observed on magnetizing antiferro- 
magnetic substances at very low temperatures.’ 

One advantage of this method would be to facilitate 
certain experiments which require the application of 
magnetic fields at temperatures below 1°K, without 
the need of either heat links or an arrangement for 
rotating the direction of the magnetic field relative to 
an anisotropic sample.’ In particular it may be useful 
in connection with magnetic refrigerators, nuclear 
alignment, and Bloembergen-type masers. 

The type of paramagnetic salt envisaged is one for 
which, in the absence of a magnetic field, the electronic 
degeneracy is partly removed (usually by the crystalline 
field), in such a way that a nonmagnetic state is lowest, 
with one or more magnetic states somewhat higher in 
energy. For optimum operation the energy separation 
should be large, though this may entail the use of large 
magnetic fields. A practical value for the energy gap, 
D, would be between 2°K and 10°K. Substances of this 
kind are, for example, salts containing Ni** ions, which 
have spin S=1, in which an axial electric field brings 

! Since these calculations were completed, the author’s attention 
has been drawn to the fact that an outline of the method described 
here has recently been given independently by C. Kittel, Pro- 
ceedings of the Kamerlingh Onnes Conference on Low-Temperature 
Physics (Suppl. Physica 24, S88 (1958) }. 

?.N. Kurti, J. phys. radium 12, 282 (1951). 

’ Bogle, Cooke, and Whitley, Proc. Phys. Soc. (London) A64, 
931 (1951). 


the S,=0 state below the S,= +1 states [see Fig. 1(a) ]. 
In practice the S,=+1 doublet may be further split 
by a rhombic term in the crystalline field, but we shall 
ignore this in our simple example. At temperatures 
such that k7<D, the entropy of such a salt will tend 
to Rlogi=0. If a magnetic field is now applied iso- 
thermally and parallel to the crystal field axis, the 
entropy will increase until the lower of the two magnetic 
states meets the ground state, when the entropy will 
be R log,2=0.693R (neglecting the population of the 
highest magnetic state). For larger fields the entropy 
again decreases towards zero [see Fig. 1(b) ]. If, on the 
other hand, the field is applied adiabatically, so that 
the entropy remains constant, the temperature will fall 
initially, reaching a minimum when the field is again 
such that the two energy levels cross. 

In practice it is impossible to make the energy levels 
exactly coincident for several reasons, and these set the 
limit on the lowest temperature than can be reached by 
this method. As in the case of conventional salts, there 
will be interactions between the ions, and also between 
the ions and nuclear magnetic moments, but in most 
cases the effect of these will be relatively unimportant. 
Much more serious is a misalignment of the crystal 
relative to the magnetic field, since this will usually 
give rise to matrix elements between the two inter- 
secting energy levels and thus remove the desired 
degeneracy. Another factor which could give rise to 





Fic. 1. (a) Vari- 
ation of energy levels 
with magnetic field 
for an idealized Ni?* 
salt with D>0O. 
d=minimum energy 
separation between 
S;=0 and S,=-1 
states. (b) Isother- 
mal variation of en- 
tropy with mag- 
netic field for dD 
(d~D/30). 














1196 





COOLING BY 


matrix elements between the lowest states is a distortion 
of the crystalline field. This effect could be either static 
(strains) or fluctuating (lattice vibrations), and in 
either case it would affect the properties in much the 
same way as a misalignment. 

If we express the combined effect of these factors in 
terms of a minimum energy separation d, we can calcu- 
late the entropy at this separation as a function of d/kT, 
and equating this to the entropy at the initial tem- 
perature, 7;, find the final temperature reached on 
magnetizing. For a system with an energy level pattern 
similar to our example of Ni?* ions, this gives a curve 
as shown in Fig. 2. From this it can be seen that if, 
for example, D/k=3°K, 7;=1°K, and d/k=0.1°K 
(corresponding to an effective misalignment of about 1°), 
then 7;(min)=0.05°K. If we assume that g=2.3, the 
field which would be required to reach this temperature 
would be 20 kilo-oersted. Unfortunately none of the 
Ni** salts investigated so far have energy levels quite 
as simple as those shown in Fig. 1(a), though there 
appears to be no reason why such a salt should not 
exist. The chief complication arises from the fact that 
most salts, e.g., all the Tutton salts, have at least two 
magnetically inequivalent ions, so that the magnetic 
field can be applied along a favorable direction for only 
a fraction of the total number of ions. This reduces the 
degree of cooling which can be produced, but even so a 
useful temperature might still be reached. For example, 
if we were to use Ni(NH4)2(SeO4)2-6H2O! starting at 
T;=0.9°K, and assume, as above, that the mini- 


mum energy separation d/k=0.1°K, we would reach 
T;=0.16°K. The field required would be 19.5 kilo- 
oersted. 

It will be obvious that in order to measure 7 experi- 


mentally it would be advantageous to use some second- 
ary thermometer, since the susceptibility of the salt 
itself will be a complex function of temperature and 
field. The specific heat of the salt after magnetization 

‘J. H. Griffiths and J. Owen, Proc. Roy. Soc. (London) A213, 
459 (1952). 
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Fic. 2. Variation 
of minimum tem- 
perature obtainable 
by adiabatic mag- 
netization, Ty, as a 
function of the initial 
temperature 7;, for 
a system with energy 
levels as shown in 
Fig. 1 with dD. 06 











will also depend on the field as well as on temperature, 
and it will be large over a wide range of conditions at a 
value of the order of the maximum of 0.43R. In this 
respect adiabatic magnetization of a salt of this type 
has a great advantage over the alternative method of 
cooling by magnetization using a superconductor.® 
Although our example of a Ni** salt is the simplest to 
consider, it may in practice be more advantageous to 
use less common ions, such as the rare earths with 
even numbers of electrons (e.g., Ho*+, Tb**+) in suitable 
compounds. These ions would have the advantage of 
larger g values, making it possible to use a big initial 
splitting without the need of excessively large fields to 
bring the two lowest states together: also alignment 
might be less critical. Other possible systems include O» 
molecules trapped in a clathrate compound® and 
coupled pairs of ions with S=} which have a singlet 
ground state (similar to those in copper acetate,’ but 
with a smaller exchange coupling). 
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Che dipole polarizability aq has been calculated for several ions by solving the Schrédinger equation for 
the first-order perturbation of the wave functions of the core electrons. General results have been obtained 
for the number of nodes of the various types of perturbed wave functions (ml — I’) in terms of the principal 
quantum number n. Tables of the perturbed wave functions for the Na* and Cl- ions are presented. The 
results for a of Nat, K*, Rb*, and Cs* are in reasonable agreement with those obtained in previous work. 
Calculations have also been carried out for the electric field at the nucleus due to the charge distribution 
induced in the ion by an external charge. Values of the quadrupole shielding constant y.. have been obtained 


for several helium-like ions 


I. INTRODUCTION 


HE electronic dipole polarizability aa of several 

ions has been previously calculated by means of 
the Hartree and Hartree-Fock wave functions for the 
ions.!* In this work, the inhomogeneous Schrédinger 
equation for the first-order perturbation of the wave 
functions was solved directly, without any expansion 
in terms of the eigenfunctions of the unperturbed 
Hamiltonian. In the present paper, we give the results 
of similar calculations for Hg+* and U*t, which are 
the two heaviest ions for which Hartree wave functions 
are available. The purpose of these calculations was to 
determine the order of magnitude of the dipole polariza- 
bility aa for large Z. The heaviest ion for which calcu- 
lations were previously carried out is Cs*, which gave! 
ag=5.03 A*. Hartree wave functions* for Cst+ were used 
in this calculation, since Hartree-Fock functions are 
not available. Presumably the result for az would be 
somewhat reduced if Hartree-Fock functions (including 
exchange) were employed. 

Besides the results for Hg*+* and U*, 
recalculated the dipole polarizabilities for the Na*, 
Cl-, K+, Cut, Rbt, and Cst ions, which have been 
previously obtained in I. The present calculations are 
believed to be somewhat more accurate. With a few 
exceptions, the previous values of the various terms of 
aq agree within ~10% with the present results. 

The calculation of aq for F~ given in I was carried 
out by means of the Hartree functions‘ for this ion, 
which were at that time the only ones available. In the 
meantime, Hartree-Fock wave functions for F~ have 
been obtained by Froese.® Since the effect of exchange 
on the wave functions is very important for negative 


we have also 


ions, ag of F’~ was recalculated using the Hartree-I’ock 


wave functions.® 


*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1R. M. Sternheimer, Phys. Rev. 96, 951 (1954). This paper 
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4D. R. Hartree, Proc. Roy. Soc. (London) A143, 506 (1934). 

‘D. R. Hartree, Proc. Roy. Soc. (London) A151, 96 (1935). 

5 C, Froese, Proc. Cambridge Phil. Soc. 53, 206 (1957). 


The calculations of the perturbed wave functions are 
described in Sec. IT. The resulting values of the polariza- 
bility ag are discussed in Sec. IIT. In Sec. IV, we present 
a calculation of the electric field produced at the nucleus 
by the induced charge distribution, for the cases of F~ 
and Nat. Section V gives the results of calculations for 
the following helium-like ions: H~-, He, Lit, and Bet*. 
Values of the electric field at the nucleus and the 
quadrupole shielding constant y,, have been obtained 
for these ions. 


II. CALCULATIONS OF THE PERTURBED 
WAVE FUNCTIONS 


rhe present calculations were carried out in the same 
manner as in I and II. aq is given by 


5 8 16 
I (ns — p) +> | -I(np > s)+—I (np — d) 
s 


ne 3 np 3 


_ [16 
+ >> | —I (nd — p)+8I(nd— f)}, (A) 
nd 3 


ate 


where the sums extend over the filled ns, np, and nd 
shells, as indicated, and J (nl — 1’) denotes the following 
integral for each type of excitation: 


® 


I(nl— =f uo (nl)uy' (nl — I')rdr, (2) 
0 


where / and /’ are the azimuthal quantum numbers of 
the unperturbed wave function and the perturbation, 
respectively; m’ is r times the radial unperturbed 
(Hartree or Hartree-Fock) wave function, normalized 
according to 


a 


f uy 2dr = 1. (3) 
0 


In Eq. (2), m’ is r times the radial part of the pertur- 
bation, and is determined by 


ad I'(l'+1) 
{ + Vo— Ep ty! (nl 1) = Wy! (nl)r, (4) 


dr? yr? a 
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where Vo is the unperturbed (spherically symmetric) 
potential, and Ep is the unperturbed energy. In solving 
Eq. (4), the function Vo—£o is so chosen that it re- 
produces the unperturbed wave function 1%’. Thus 
Vo—£> is obtained from 


1 d?u! 1(1+1) 
Vo>—-kKy=— = meee, 


5 
uy dr’ r? 8) 

Equation (1) gives aq in units @y° (ay= Bohr radius), 
and must be multiplied by (0.529)*=0.148 to obtain 
aq in units A*. The terms of aa [ Eq. (1) ] will be denoted 
by aa(nl — 1’). As was shown in I, the outermost filled 
shell (with principal quantum number mo) makes the 
predominant contribution to ag, so that terms with 
n<mo can usually be neglected. 

For Cl-, Kt, Cut, Rb*+, and Cst, the same unper- 
turbed wave functions were used as in I, i.e., the 
Hartree-Fock functions®” for Cl-, K+, and Cut, and 
the Hartree functions* for Rb+ and Cst. For Nat, we 
employed the Hartree-Fock functions obtained by 
Hartree and Hartree,’ which are slightly more accurate 
than the wave functions of Fock and Petrashen® which 
were used in I. For Hg*+* and U*, we used the Hartree 
functions obtained by Hartree and Hartree’ for Hg+* 
and by Ridley" for U%+. Unfortunately, Hartree-Fock 
wave functions (including exchange) are not available 
for these ions. As a result of the use of Hartree functions 
(without exchange), the calculated values of ag are 
somewhat too large, since the Hartree-Fock functions 
are more internal than the Hartree functions. However, 
for U*, the overestimate of the present values is not 
expected to be important, because of the relatively 
tight binding of the outermost electrons (65,6) which 
arises from the large net charge Z» of the ion (Z)=6). 

The procedure of the numerical integration of Eq. 
(4) was as follows. In each case, the equation was 
integrated inward starting from a large radius r; 
(~6—10an), with various assumed values of 1’(r;). 
If 5; denotes the interval of integration in this region, 
the value of 1;'(r:+61) was obtained from the following 
equation [see Eq. (58) of I]: 


uy’ (71+61) = my’ (11) expl — | N (11) | 451], (6) 
where V(r) is defined by 
l’(l’+-1) 


N(r)=- Vo—Eo— 
r? uy,’ 


uo 
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We note that if 7; is chosen large enough, a small error 
in the initial slope, [11’(71+-61) —1'(r1) ]/61, will have 
a negligible effect on the calculated values of 1,’ in the 
region of the principal (outermost) maximum of 1%’, 
which makes the predominant contribution to 
ag(nl > 1’), 

In the region near the nucleus (r<0.4aq), the in- 
homogeneous term of Eq. (4) makes a negligible con- 
tribution. Moreover, the EZ») term on the left-hand side 
is relatively unimportant, so that small differences such 
as Eo(nms)—Eo(mp) can be neglected. As a result, 
u;'(ns — p) is proportional to “o’(mp) near r=0, and 
similarly ,'(np— s)«uo'(ns). Thus for the ns— p 
and mp—s excitations, the unperturbed ms and np 
wave functions can be used up to r~0.4an. The correct 
initial value of m’(r;) is then determined from the 
condition that the internal and external solutions 
should join smoothly at a radius ro~0.4a¢y. More 
precisely, it was required that the value of 1’ (ro+60)/ 
u;'(ro) be the same for the internal and external 
solutions, where 69 is the interval of the numerical 
integration at fo. 

For F~, Nat, Kt, and Cl, the d wave function per- 
taining to the internal solution for mpp—d was ob- 
tained by outward numerical integration starting with 
a power series for r<0.05aq. Similarly, for Hg+* 5d — f, 
the internal solution (up to r~0.4ay) was obtained by 
numerical integration, using values of the tabulated 4f 
wave function” to start the integration at r=0.12aq. 
For Cs*, 1'(5p— d) was taken as proportional to the 
Hartree 4d function’ up to r=0.4ay, and similarly for 
Hgt*, uy’ (5d — p) « uo’ (5p), and for U*, 1’ (6p — d) « 
uo’ (5d) at the joining radius 7p. 

Concerning the number of nodes of the solutions 1’, 
the following results were obtained. For ns— p, 
u,'(ns—> p) behaves like an np function (for n= 2) 
having »—2 nodes. [Of course, for 1s — p, m;' behaves 
like 2p and has no node; see Eq. (18) of I.] For np— s, 
u;' has n nodes, like the s wave function with principal 
quantum number u+1. The outermost node of 
u;'(np — s) was not obtained in the calculations of I, 
probably because the solution at large r was not ob- 
tained by inward integration, as was done in the present 
work. However, it was found that the outermost 
maximum of «'(np— s) generally does not contribute 
a large amount to the integral for aa(np — s) [Eq. (2) ], 
so that the previous values' of aa(np—s) are not 
changed significantly, except for 3p — s of CI-, as will 
be discussed below. 

For np — d, u'(np — d) has n—3 nodes (for n> 3), 
and thus behaves like mo’ (nd). 1,'(2p — d) has no node, 
similarly to ,'(3p—> d). The case of nd — p is similar 
to np—s: m'(nd— p) has n—1 nodes, and behaves 
like an (n+1)p function. Finally, 1,'(nd— f) has n—4 
nodes like an mf function (for 24). Moreover, 
u;'(3d — f) has no node, similarly to '(4d— f). In 
all cases, «;’ has the same sign as m’ in the region of 
the outermost maximum of 1’. 
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I. Perturbation of the wave functions for the Na* ion. 
The radius r is in units aq. 


TABLE 


ui'(2s — p) ui'(2p — s) ui'(2p — d) 
0.0000 
0.0001 
0.0003 
0.0007 
0.0013 
0.0021 
0.0032 
0.0045 
0.0061 
0.0080 
0.0137 
0.0207 
0.0287 
0.0374 
0.0466 
0.0561 
0.0750 
0.0929 
0.1091 
0.1231 
0.1346 
0.1435 
0.1498 
0.1556 
0.1533 
0.1450 
0.1327 
0.1185 
0.1040 
0.0898 
0.0763 
0.0643 
0.0538 
0.0447 
0.0368 
0.0299 
0.0239 
0.0134 
0.0076 
0.0042 
0.0023 


0.130 
0.205 
0.240 
0.244 
0.227 
0.195 
0.151 
0.102 
0.048 
0.007 
0.142 
—(),262 
0.361 
—0.435 
— 0.487 
0.519 
0.538 
—0.513 
0.462 
—().398 
~0.331 
—0.264 
0.203 
0.100 
~0.025 
0.024 
0.053 
0.068 
0.073 
0.072 
0.067 
0.060 
0.053 
0.045 
0.038 
0.032 
0.026 
0.015 
0.009 
; 0.005 
6.0 0.003 


— 0.004 
—0.016 
—0.032 
—0.051 
—0.072 
0.094 
0.116 
~0.138 
0.159 
0.179 
0.225 
0.264 
0.296 
0.320 
0.337 
0.350 
0.361 
0.358 
0.347 
0.330 
0.309 
~0.287 
0.264 
0.218 
~0.176 
0.139 
0.107 
0.083 
0.063 
0.047 
0.035 
0.026 
0.020 
0.015 
0.011 
0.008 
0.006 
-0.003 
0.001 
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rhe values of the perturbed wave functions for Na*, 
namely, #;/(2s—> p), m:'(2p— s), and m'(2p — d), are 
listed in Table I. In accordance with the results given 
above, the 2s— p and 2p — d functions have no node, 
whereas ™;'(2p— s) has two nodes (at r=0.20ay and 
1.7ay). Table I shows that the values of #'(2p — s) in 
the region of the outermost maximum are considerably 
smaller than those in the central maximum at r~0.6ay 
(~0.07 as compared to ~ —0.5). 

Table II gives the perturbed wave functions for Cl-, 
namely, 2u,'(3s— p), 2m'(3p — s), and 2u,'(3p — d). 
It may be noted that the values listed represent twice 
the normalized functions, as defined by Eqs. (3) and 
(4). The numbers of nodes are 1 for 3s— p, 3 for 
3p— s, and 0 for 3p—d. In this case, the outermost 
maximum of #'(3p — s) is quite prominent, and makes 
a large contribution to aa(3p— s).” 


2 Similar tables of the perturbed wave functions for the other 
ions considered in the present work (F~, K+, Cut, Rb*, Cs*, 
Hg*+, and U**+) are given in a supplementary paper, “Wave 
Functions for Electronic Polarizabilities of Ions and Quadrupole 
Antishielding Factors.”’ This paper also contains tables of the 
perturbed wave functions used to calculate the quadrupole 
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The unperturbed 5s function and the 5s— p per- 
turbation /(5s—> p) for Cs*+ are shown in Fig. 1. 
Similarly, Fig. 2 shows the 5p function of Cs*+ and the 
corresponding perturbations, 4/(5p—>s) and 
u;'(5p— d). 


Ill. VALUES OF THE POLARIZABILITY az 


The resulting values of aa(nol — 1’) and the total ag 
are listed in Table III. Except for the case of Cl- 
3p — s, the present values of aa(mol 1’) are in good 
agreement with those previously obtained’ for Nat, 
Cl-, K+, and Cs+. Thus for Nat, K+, and Cst, the 
additional maximum of ;'(mop — 5s) is relatively weak, 
so that it has only a small effect on aa(mop — 5). 

For Cl 3p— s, the outermost maximum is very 
pronounced, and actually changes the sign of 
aa(3p — s). The contribution of the 3p — 3s excitation 
to aa(3p — s) was calculated and found to be — 1.35 A®. 
Thus the contribution to aa(3p— s) of s states lying 








ae 
RADIUS (o,,) 


» p perturbation 
shown for 


Fic. 1. The 5s function uo’(5s) and the 5s 
u;'(5s > p) for Cst. The wave functions are not 
r<0.laq. 


above 3s is ~1.35+0.50=1.85 A*. It was found that 
the effective potential Vo,3p [Eq. (5)_] of the 3p electrons 
of Cl- does not have any bound s states above 3s. This 
result is actually not surprising, since the valence 
electrons are very weakly bound in a negative ion. Thus 
the positive contribution to aa(3p— s) [which arises 
from the outermost maximum of m,/(3p—s)] is 
probably due to excitation to low-lying continuum s 
States. 


polarizabilities of various ions [R. M. Sternheimer, Phys. Rev. 
107, 1565 (1957) ], and the wave functions which determine the 
effect of the atomic core on the nuclear quadrupole coupling in 
ions and for atomic ground states and excited states [as obtained 
by R. M. Sternheimer and H. M. Foley, Phys. Rev. 102, 731 
(1956), and R. M. Sternheimer, Phys. Rev. 105, 158 (1957)]. 
This supplementary paper has been deposited as Document 
No. 6044 with the ADI Auxiliary Publications Project, Photo- 
duplication Service, Library of Congress, Washington 25, D. C. 
A copy may be secured by citing the Document number and by 
remitting $8.75 for photoprints or $3.00 for 35-mm microfilm. 
Advance payment is required. Make checks or money orders 
payable to: Chief, Photoduplication Service, Library of Congress. 
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For Cs*, we have calculated only the 5s > p, 5p— s, 
and 5p—>d terms. The small term aa(4d — f)=0.16 
A® was taken from previous work.'! For U*, the term 
ag(5d — f) was calculated, in order to verify that it is 
indeed small (0.14 A*) compared to the effect of the 
no=6 terms (sum= 1.20 A*). 

Concerning ag(2p — d) for F-, it may be noted that 
because the Hartree-Fock 2p function® is appreciably 
more internal than the Hartree 2 function used in I, 
this term is considerably reduced as compared to the 
result obtained in I (1.234 A® instead of the Hartree 
value! 3.11 A*). The present result ag(2p — d) = 1.234 
A? is in very good agreement with the value 1.237 A® 
obtained by Burns using a variational method. 
Similarly for Na+ 2p— d, Burns’ value is also in close 
agreement with our result: 0.132 A* as compared to 
0.133 A*. The good agreement with the result of the 
variational calculation is to be expected for the 2p — d 
terms, since Burns assumes that /(mp— d) is given 


5p FUNCTION 














1 








Py. 
RADIUS (ay) 


Fic. 2. 
uy’ (5p 


u,' (5p 


The 5p function wo’(5p) and the perturbations 
>s) and m’(5p — d) for Cs*. The functions 1o’(5p) and 
>s) are not shown for r<0.1laq. 


by a;'=1' f(r), where f(r) is a polynomial in r. Thus 
wu,’ has nodes at the same radii as wm’. For 2p—d, 
where neither wo’ nor m' has any nodes, this procedure 
is fully justified. On the other hand, for the heavier ions 
with 3p—>d, 4p—d, modes of excitation, the 
assumption #,’= f(r) introduces an artificial node 
into the solution #’. The actual solution m,'(np— d) 
has n—3 nodes (for n23), whereas m'(mp) has n—2 
nodes. The existence of the extra node may account for 
the small discreancy between the variational results 
and the present values for Kt 3p—d (Burns: 0.972; 
ours: 1.148 A*), Cl’ 3p—d (Burns: 5.03; ours: 5.31 
A’), Rb+t 4p—d (Burns: 2.775; ours: 2.568 A*), and 
Cst 5p— d (Burns: 5.79; ours: 4.94 A’). 

The positive sign of ag(2p— s) for F~ (+0.278 A*) 
arises from the outermost maximum of 2’, in the same 
manner as for Cl” 3p— s. The outer maximum occurs 


13 G, Burns, Phys. Rev. (to be published). See also E. G. Wikner 
and T. P. Das, Phys. Rev. 107, 497 (1957); M. Sundbom, Arkiv 
Fysik 13, 539 (1958); L. C. Allen (to be published). 
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TABLE IT, Perturbation of the wave functions for the Cl~ ion. 
The radius r is in units aq. 


2ui'(3s — p) 2ui'(3p > 2ui’(3p — d) 
0.01 
0.02 
0.03 
0.04 
0.05 
0.06 
0.07 
0.08 
0.09 
0.10 
0.12 
0.14 
0.16 
0.18 
0.20 
0.22 
0.24 
0.26 
0.28 
0.30 
0.35 
0.40 
0.45 


—0.013 
- 0.049 
-0.100 
-0.165 
-0.239 

—0.316 
- 0.396 

0.477 
—0.558 
0.638 
~0.782 
- 0.909 
—1.013 
— 1,094 
1.149 
1.187 

- 1.202 
~ 1.194 
1.170 


0.659 
1.099 
1.366 
1.492 
1.502 
1.426 
1.280 
1.085 
0.852 
0.598 
0.045 
—0.515 
1.047 
1.516 
-1,919 
~ 2.246 
— 2.493 
~ 2.667 
-2.768 
1.130 2.806 
0.969 ~ 2.649 
—0.744 - 2.225 
0.479 1.599 
0.193 0.857 
0.098 0.060 
0.387 0.739 
0.941 2.205 
1.445 3.389 
1.867 4.268 
2.207 4.848 
2.471 5.162 
2.660 5.248 
2.875 4.954 
2.922 4.239 
855 3.328 
721 2.369 
548 1.440 
55 0.589 
-0.162 
-0.810 
— 1.354 
- 1.803 
2.163 
2.446 
2.6600 
2.817 
3.013 
3.000 ys 

- 2.856 —2 
-2.618 1.! 
f. 

L 

i. 


0.000 
0.000 
-0,001 
-0.002 
0.003 
-0,005 
-0.008 
0.012 
—0.016 
-0.021 
—0.033 
—0.048 
—0.065 
-0.085 
—(.108 
-0.133 
0.160 
—0.189 
—(.219 
-().250 
~0.334 
—0.423 
—0.514 
— 0.606 
—().697 
—0.786 
-0.960 
—1.129 
— 1.295 
~ 1.454 
— 1.606 
— 1.748 
2.001 
2.216 

- 2.394 
— 2.541 
2.658 
2.749 
~2.815 
-2.862 
2.890 
2.896 
-2.889 

- 2.864 
2.827 
2.781 
— 2.620 


mio % 
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- 2.356 
2.081 
554 144 
ZS 0.830 
0.591 
-0).413 
-0).282 
—0.121 
— (0.048 


( 


MMION 


w 


0.009 


0.057 


at r=3.8ay (where m;’=0.858), whereas the central 
maximum is located at r — 1,29). 
Presumably, the predominant positive contribution is 
due to excitation of the 2p electrons into s states lying 
above 2s. 

The term aa(5d— p) of Hgt* 
This term is positive and relatively large (0.935 A’). 
One might have expected that ag(5d— p) would be 
negative [and of the order of ag(5d— 5p) |, in simi- 


—2 / 
O./ day (1 


will now be discussed. 
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TABLE III. Calculated and experimental values of the dipole polarizability ag. The rows above ag(calc) give the contributions to ag of 


the various modes of excitation of the (outermost) shell with highest principal quantum number mp. All values are in units A’. 


ig 
1.38 
0.50 
5.31 


kt 
0.594 
—0.501 
1.148 


Na* 
0.117 
—0.098 
0.133 


Ion F- 


0.346 
0.278 
1.234 


Qq\Nos > p) 
aq(mop — S$) 
aq(nop > d) 
ag (nod op p) 
aa (nod > f 
Qd (calc } 

aqa\exp) 


1.241 
0.83-1.20 


7.19 
2.97-3.66 


0.152 
0.18-0.26 


1.858 
0.76-1.04 


* This term is due to 4d » This term is due to 5d 


larity to the aa(mop — s) terms of Nat, Kt, Cst, Hgt*, 
and U*t, which are predominantly due to aa(mop — mos). 
aa(5d — 5p) is given by 


ag(5d — Sp) a (0.148 A’) (16, 3)dsp/ bp, (8) 


where ds, and J;, are defined by 


x 


dsp J u,'(Sd — p)uo'(5p)dr, 


0 


« 


I sp= J uo’ (5p) to’ (5d)rdr. 
0 


It may be noted that as, is also given by 
(11) 


where Es, and Esq are the unperturbed 5p and 5d 
energies. Since E5,<Es5a, the negative sign of 
aa(5d—> 5p) is obtained directly from Eqs. (8) and 
(11). From Eqs. (8)-(10), one finds ag(5d— 5p) 
= —0.358 A’. 

Since the total aa(5d— p) is positive and ~2.6 
times |aa(5d — 5p) |, it was expected that the 5d — 6p 
excitation may make a large contribution. In order to 
verify this possibility, the 6p wave function 1’ (6p) 
was obtained for the effective potential Vo,s¢ of the 5d 
electrons. It was found that Es,—Esa=0.813 ry. The 
term ag(5d — 6p) is given by 


a5p—=J sp (Esp— Lea), 


aa(5d — 6p) = (0.148 A*) (16/3) a6p>/ 6p 


(0.148 A*) (16/3) J¢,2/(Esp—Esa), (12) 


where ds, and J¢, are obtained from Eqs. (9) and (10) 
by replacing 5p by 6. From the first expression of (12), 
involving dep/Jep, one finds aa(5d — 6p) = 1.186 A*. It 
may be noted that from the second expression which 
involves J¢,*/(Ee6,—Esa), one obtains ag(5d— 6p) 

1.156 A*, in good agreement with the preceding 
result (1.186 A®). 

Upon taking the sum ag(5d— 5p)+aa(Sd — 6p) 
= —0.358+ 1.186=0.828 A*, one sees that the pre- 
dominant term is ag(5d — 6p), while the higher excited 
states above 6p make only a small contribution: 
0.935 —0.828=0.107 A*. The situation for ag(5d— p) 
of Hgt* is similar to that of aa(2p— s) of F~ and 
aa(3p— s) of Cl, where the excited states above mos 





us 


0.945 
— 1,195 
1.452 


Ce* 


2.01 
—1,51 
4.94 


Hgt* 


0.202 
—0.189 
0.320 
0.935 
Lous” 
2.780 


Cut 


0.0737 
—0.0753 
0.1001 
0.442 
0.441 0.16" 
0.982 5.60 
1.6 1.40-1.81 2.42-3.14 





0.142» 
1.344 


of 


make the predominant contribution, which determines 
the positive sign of the integral, as discussed above. 

The term aa(3d— p) of Cut is very similar to the 
term ag(Sd— p) of Hgt*, which has just been dis- 
cussed. Thus ag(3d— p) is positive and relatively 
large (+0.442 A*). This is probably mainly due to 
excitation of the 3d electrons into 4 and higher excited 
p states. In the previous calculation (see Table I of I), 
the value of ag(3d— p) was found to be small and 
negative (—0.084 A*). The other terms of ag are not 
changed appreciably, so that the total ag is increased 
from 0.470 A® to 0.982 A*. This value is still somewhat 
lower than the experimental result ag(exp)=1.6 A’, 
obtained by Tessman, Kahn, and Shockley," but the 
disagreement is no longer as serious as was believed 
previously.!. Unfortunately, the only experimental 
value of ag available is that of Tessman et al. In this 
connection, we note that for Catt, Srt*, and Bat, 
where several determinations of ag exist, the result of 
Tessman ef al.4 (see Table VI of their paper) exceeds 
other values by the following amounts: for Catt, 
1.1—0.5=0.6 A®; for Sr**, 1.6—0.86=0.74 A’; for 
Batt, 2.5—1.6=0.9 A*. Since the discrepancy for Cut 
is ~0.6 A’, it is quite possible that a major part of the 
disagreement is due to the uncertainties in the experi- 
mental determination of ag. 

On the basis of numerical estimates, it is believed 
that the accuracy of the various terms of aq is within 
+3%, which is probably also the limit of error of the 
perturbed wave functions ™’(m/—/') at various radii 
r, except in the regions of r where ™' goes through a 
zero. 

The range of the experimental values of az is listed 
in the last row of Table III. This range of ag was 
obtained from a consideration of the results of Tessman, 
Kahn, and Shockley," Pauling,’® Born and Heisenberg,'* 
and Fajans and Joos.'’ Table III shows that for Nat 
and Kt, the calculated az lies essentially in the range 
of the experimental values, whereas for F~, Cl-, Rbt, 
and Cs*, the theoretical value is larger than ag(exp) by 
a factor of ~2. The agreement for Nat and K+ is 
probably due to the use of Hartree-Fock wave functions 


4 Tessman, Kahn, and Shockley, Phys. Rev. 92, 890 (1953). 
16], Pauling, Proc. Roy. Soc. (London) A114, 191 (1927). 
16M. Born and W. Heisenberg, Z. Physik 23, 388 (1924). 
17K, Fajans and G. Joos, Z. Physik 23, 1 (1924). 
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in the calculations, and the fact that in positive ions, 
the outer electrons are relatively tightly bound, and 
therefore the wave functions are not very sensitive to 
the effects of electrostatic correlation between the 
electrons, which are not included in the Hartree-Fock 
equations. For F~ and Cl, although Hartree-Fock 
wave functions were used, the effects of correlation are 
expected to be important, because the outermost (2p 
or 3p) electrons are very weakly bound. It may be 
noted that for F~, the effect of including exchange has 
reduced the calculated value from 3.20 A® (Hartree 
functions)! to 1.86 A* (Hartree-Fock), i.e., by a factor 
1.7. Thus it is quite possible that the inclusion of cor- 
relation, which would make the Hartree-Fock wave 
functions more internal, would decrease the theoretical 
value of aa for F~ by an additional factor of ~2, and 
bring it into agreement with experiment. The same 
remarks apply to Cl-. For Rb* and Cs*, the use of the 
Hartree functions (excluding both exchange and cor- 
relation) probably accounts for the overestimate of aug. 

For Hgt* and U*, experimental values of ag do not 
seem to be available. The fact that the calculated 
ag(U*t) is considerably smaller than ag(Hgtt) is 
probably mainly due to the larger net charge of the 
U* ion. Upon comparing the calculated values of 
aa(Hgt*) and ag(U**) with that of ag(Cst) (=5.60 A), 
it is seen that ag does not increase with Z beyond Z~50. 
Instead, there is actually a decrease of aq in going from 
Cst to Hgt*. This decrease is probably due in part to 
the increase of the net charge Zo of the ion. The effect 
of a change of Zo is very pronounced, as can be seen 
from a comparison of aa(Hgt*) and aa(U*), or aa(Cl-) 
and aa(K*). 


IV. ELECTRIC FIELD AT THE NUCLEUS 


A sensitive test of the accuracy of the zero-order 
wave functions #’ and the perturbed functions ;’ can 
be obtained by calculating the electric field at the 
nucleus E;,q due to the distribution of charge induced 
in the ion by an external charge placed at a large 
distance x= R from the nucleus. The quantity Ejng is of 
interest, because its exact value is known from an 
argument first proposed by Feynman.'* As shown in I 
[Eq. (113) ], from the fact that the net force on the 
nucleus in the x direction is — Ze?/R?, one finds that the 
component Ejng,z along the x axis is given by 


(4 Zo 
Find, 2= -(1- ‘), 
R? A 


where Zp is the net charge of the ion, and it has been 
assumed that the external charge is a unit positive 
charge (+e) placed along the positive x axis at a 
distance R. 

In terms of the perturbed wave functions 1’, Ejna, 


(13) 


18R, P. Feynman, Phys. Rev. 56, 340 (1939), 
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TABLE IV. Contributions to the electric field at the nucleus due 
to the perturbation of the wave functions induced by an external 
charge. ¢ is the induced field in units e/R®. The last three rows give 
the total calculated &, the actual value of {(=1—Z»/Z), and the 
ratio p= £&(calc)/(1—Zo/Z). 


Nat 
0.187 
1.027 
~1.125 
1.063 
1.152 
0.909 
1.267 


Ion 


0.230 
1.374 
— 1.841 
1.670 


t(1s — p) 
&(2s — p) 
§(2p — s) 
£(2p — d) 
E(calc) 1.433 
1—Zo/Z 1.111 
p 1.290 


e 8 
1 ; > -K(ns — p) 
R? 


16 
+> +—K (np - -~| 
np 3 


16 
+> | K(nd — p)+8K (nd — | } (14) 


3 


nd 


where the sums extend over the filled s, p, and d shells, 
and K(nl— I’) denotes the following radial integral: 


(15) 


K(nl —1)= f uo (nl)uy’ (nl > I’)r-*dr. 
0 


It may be noted that, aside from the factor e/R’, Eina,: 
differs from the expression for ag only through the 
replacement of I(nl— 1’) by K(nl—l') [see Eq. (1) ]. 
We denote Eina,:/(e/R’) by & so that the actual 
value of £ is 1—Zo/Z. The quantity & is given by the 
curly bracket of Eq. (14). The terms of & will be 
denoted by é(nml—/’). & was calculated from the 
perturbed wave functions for the cases of F~ and Nat. 
The results of the calculations are given in Table IV. 
For 2s—p, 2p—s, and 2p—d, the values of 
K (nl — 1’) were obtained by numerical integration over 
the functions mo’ and m’. For 1s— , it was assumed 
that mo’ can be approximated by a hydrogenic wave 
function with an appropriate effective Z, obtained by 
means of Slater’s!® screening constant for 1s (0.30). 

Thus 
uo (1s) = 22,47 exp(—Z.r), 


with Z,=Z—0.30. As shown in I [Eq. (18) ], the 
corresponding 1’ is given by 


uy’ (1s > p)=Z 37° exp(—Z.r) [1432.7], 


(16) 


(17) 
whence 


8 2 
E(1s p)= J uo (1s)u,'(1s — p)r — (18) 
3 / 


0 -¢ 


L 


The values of 2/Z, are listed in Table IV. It is seen 
that both for F~ and Nat, the calculated & exceeds the 


9 J. C. Slater, Phys. Rev. 36, 57 (1930). 
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actual value 1—Z)/Z. The ratio p of the calculated to 
the actual value, p=£&(calc)/(1—Zo/Z), is given in the 
last row of the table. Similar calculations were carried 
out in I (Table V). The values of p obtained in I were 
2.05 for F~ and 1.49 for Nat, as compared to 1.29 and 
1.27, respectively, from the present work. It is seen 
that for F~ in particular, the present value of & repre- 
sents a marked improvement, as was to be expected 
from the result for ag. This improvement arises both 
from the use of Hartree-Fock wave functions, which 
mainly decreases &(2p—+d), and from the more 
accurate determination of '(2p— s) which leads to 
a more negative value of &(2p—s) (present value 
— 1.841, as compared to —1.29 obtained in I). 

The use of the hydrogenic approximation for 1s 
introduces some uncertainty in the preceding results. 
However, even if one assumes an uncertainty of +20% 
of the value used (2/Z,), this leads to a maximum error 
of only +0.04 in p for both F~ and Nat. 

For the heavier ions (CI-, Kt, ---), values of & have 
not been obtained, because the required 2s— 9, 
2p — s, and 2p — d perturbed wave functions have not 
been determined for these ions. In contrast to the 
situation for ag, the inner shells are expected to make 
a significant contribution to &, essentially because the 
integrand of K involves the factor r~*, which weights 
more heavily the region near the nucleus [as compared 
to the factor r for J(nl — 1’) }. 

It should be pointed out that the calculation of 
Eina,2 May provide a sensitive test for a set of Hartree 
or Hartree-Fock wave functions for any given ion or 
neutral atom. (In the latter case, the actual value of 
£ is 1.) The value of p would then be a criterion for the 
accuracy of the zero-order wave functions. The calcu- 
lation of Eina,z probably tests parts of the wave func- 
tions which are, on the average, closer to the nucleus 
than the more external regions which make the pre- 
dominant contribution to the energy eigenvalue £o. 
Thus the value of p could be used as an independent 
criterion, besides the calculation of Eo for the various 
electron shells. 


V. CALCULATIONS FOR THE HELIUM-LIKE IONS 


We have previously obtained solutions’ for the 
perturbed wave functions for the following helium-like 
ions: H-, He, Lit, and Bet*, for both the dipole 
polarizability (1s — p excitation) and the quadrupole 
polarizability (1s — d excitation). In these calculations, 
the zero-order 1s wave functions mo’ were taken from 
the work of Léwdin.” The dipole perturbation 
u;'(1s—> p) was obtained by means of Eq. (4) (with 
l'=1). The quadrupole perturbation m,'(1s—d) was 
determined from a numerical solution of the equation 


a? 6 
(- +-—+Vy- Fa) 1s — d) =’ (1s)r?. (19) 


dr? ‘i 


*” P, O. Léwdin, Phys. Rev. 90, 120 (1953). 
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The function Vo—o was obtained from the Léwdin 
wave functions by means of Eq. (5). 

The solutions m'(1s —> p) and #'(1s — d) were used 
in II to obtain the dipole and quadrupole polariza- 
bilities ag and ag (see Table I of II). In connection with 
the discussion of the preceding section, it is of interest 
to obtain the electric field at the nucleus Ejna,z and the 
resulting value of p, & is given by 

8 a 
J uo’ (1s)uy/(1s — p)r*dr. 
0 


3 


(20) 


The second, third, and fourth columns of Table V list 
the values of £, 1—Zo/Z, and p=é/(1—Z)/Z). For 
comparison, we have also given the values of p (here 
denoted by p.) which were obtained in I (see Table V) 
by means of an analytic approximation to the solutions 
u;'(1s— p). It is seen that both for H~ and He, the 
more accurate numerical solution leads to an appre- 
ciably lower value of p than the approximate analytic 
solution of I. For Lit and Bet*, the values of p and pg 
agree within the accuracy of the calculations. 

The perturbation «,'(1s— d) can be used to obtain 
the quadrupole shielding constant” y,. For a nucleus 
with electric quadrupole moment Q, y., is defined as the 
ratio of the quadrupole moment induced in the electron 
core to the nuclear Q. y,, is taken as positive if the 
induced quadrupole moment tends to shield the nuclear 
Q, as is the case here. Alternatively, y., can be defined 
in terms of the field gradient at the nucleus due to an 
external charge. For a charge +e placed at x=R, the 
field gradient due to the charge alone is given by 
(dE,/dx)o>= —2e/R*. In addition, there will be a 
contribution due to the charge distribution induced in 
the ion. This term can be written as A(dE,/dx) 

+ 2ey../ R’, where y., is the same quantity as defined 
above. Thus the total field gradient at the nucleus, 
dE,/dx, is given by 


dE,/dx= — (2e/R*)(1—y,.,). (21) 


TABLE V. Calculated values of £, p, and y.« for several helium- 
like ions. The values of p were obtained from the present calcu- 
lations, using the numerical solutions u,'(1s — p) determined in 
II. The values of pa were found in I from an analytic approxi- 
mation to the solutions ™,'(1s — p). The shielding constants y. 
were obtained in the present work. y.(DB) and y.(S) are the 
values of y~ previously determined by Das and Bersohn* and by 
Schwartz. 


1—Zo/Z Y«(DB) Ye (S) 


1.141 
0.416 


Pa Yeo 


1.91 1.131 
1.32 0.424 
1.19 0.263 
1.13 0.189 


Ion é 


H 3.251 
He 1.261 
La’ 0.795 
Bett 0.569 


s 


1.080 
0.413 


a pe pa 
mR DO 
Hm OD 


* See reference 23. 

b See reference 24. 
21 R. M. Sternheimer, Phys. Rev. 80, 102 (1950) ; 84, 244 (1951); 
Foley, Sternheimer, and Tycko, Phys. Rev. 93, 734 (1954); R. M. 
Sternheimer and H. M. Foley, Phys. Rev. 92, 1460 (1953); 102, 
731 (1956). 
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It has been shown” that for medium and heavy ions, 
Yo iS negative and very large (of order 10-100). The 
resulting antishielding of the nuclear quadrupole 
moment has important effects both for the quadrupole 
coupling of polar molecules and ionic crystals, and for 
the relaxation times in nuclear magnetic resonance 
experiments.” 

For an ion with only a filled 1s shell, y,, is given by 


8 
Yo= f uo (1s)a/(1s > d)r-dr. 


~- 
S) 0 


(22) 


The resulting values of y,, are listed in the sixth column 
of Table V. The last two columns [marked y,,(DB) 
and y..(S)_] give the values of y,, previously obtained 
by Das and Bersohn* and by Schwartz.” It is seen that 
the present results for y,. are in good agreement with 
those of references 23 and 24. 

Note Added in Proof.—Additional calculations of 
polarizabilities and antishielding factors have been 
carried out for the Nat, K+, and Bt ions. For the case 
of Nat, the Fock-Petrashen® wave functions were used 
in II to calculate the quadrupole polarizability ag. 
Since the Nat Hartree-Fock wave functions obtained 
by Hartree and Hartree’ are believed to be somewhat 
more accurate than the Fock-Petrashen® functions, the 
perturbed wave functions 1;’(2s—> d) and ,'(2p—>f) 
were recalculated using m/(2s) of reference 8, and 
uo (2p) of Léwdin,” which closely approximates the 2p 
function of Hartree and Hartree.6 The function 
uy'(2p— p) pertaining to the Léwdin wave function” has 
been obtained previously.*® The results for the terms of 
aq are as follows: ag? (2s — d)=0.0102 A®, ag"? (2p > p) 
=0.0218 A®, ag"? (2p — f )=0.0314 A®, giving for the 
total ag of Nat: ag =0.0634 A®. These results may be 
compared with the corresponding values for the Fock- 
Petrashen functions, as obtained in II: a, (2s— d) 
=0.0133 A®, ag (2p— p)=0.0173 A®, a, (2p—f) 
= (0.0256 A®, which give a, = 0.0562 A®. It is seen that 
aqg)(2s—d) is smaller than a,®(2s—>d), whereas 
ag? (2p— p) and a, (2p—f) are larger than the 
corresponding values ag” (2p— p) and a,” (2p—f) 
obtained from the Fock-Petrashen wave functions. 
These results arise from the fact that the 2s function of 
Hartree and Hartree® is slightly more internal than the 
2s function of Fock and Petrashen,® whereas for uo’ (2), 
the function of Hartree and Hartree’ is somewhat more 
external than that of Fock and Petrashen.® The present 
values for ag‘? (nl — /') are in good agreement with the 
results obtained by Burns by means of a variational 

reference 
0.0226 A5, 


functions of 


ag? (2p — >i: 


calculation using the wave 
8: ag3 (2s — d)=0.0101 A‘, 
ag ( 2p = >f )=0.0322 AS. 


2 FE. G. Wikner and T. P. Das, Phys. Rev. 109, 360 (1958). 

°3'T, P. Das and R. Bersohn, Phys. Rev. 102, 733 (1956). 

*4C, Schwartz, Ann. Phys. 6, 170 (1959). 

25R. M. Sternheimer and H. M. Foley, Phys 
(1956), 


Rev. 102, 731 
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From the wave functions 1,/(n/ — l’) one can obtain 
the contributions y,,(n/—>/') to the quadrupole anti- 
shielding factor y.. y.(n/— 1’) is given by 


Y¥2(nl — l')=c(nl— ")f ty (nl) uy’ (nl — I’)r-*dr, (23) 
0 


where c(nl — 1’) is a constant which has the following 
values: c(ns — d)=8/5, c(np — p)=48/25, c(np—f) 
=72/25. One thus obtains for Nat, using the wave 
functions of references 8 and 20: y,,(2s — d)=0.234, 
Ya(2p — p)=—5.16, y.(2p—f)=0.303. y..(1s — d) 
is approximately given by” (2/3)Z,=0.062. Thus the 
total y., due to the angular modes of excitation (ns — d 
and np—f) is: y.(ang)=0.599, and the total y.. for 
Nat [=y7..(2p — p)+7.(ang) ] is —4.56. The present 
results for y..(l — l') can be compared with the corre- 
sponding values of Das and Bersohn”: +,,?8(1s — d) 
= 0.064, 7.28 (2s — d)=0.326, y..?8 (2p — p) = —5.23, 
VoP? (2p — f)=0.304. It is seen that there is good 
agreement, except for the term y.,.(2s — d). The reason 
for the discrepancy in this case may be a shortcoming 
of the variational method used by Das and Bersohn.* 
Thus the actual perturbed function 1'(2s — d) has no 
node,” whereas the variational function of reference 23 
has one node, being proportional to mo’ (2s). Inside the 
node of (2s) at r=0.20ay, the functions m’(2s) and 
u;/(2s—>+ d) have therefore opposite sign, so that the 
actual contribution to the integral of Eq. (23) is nega- 
tive, whereas the variational calculation gives a positive 
integrand for all r. Thus the absence of a node in the 
function “/(2s—d) will act to reduce y,,(2s— d), in 
agreement with the results obtained above. 

For Kt, values of the terms y,,(/— 1’) have been 
obtained from the wave functions '(nl— 1’) calcu- 
lated in II, and from the wave functions »,’(nl — 1’) 
determined** in III, which represent the distortion of 
the electron core by a nuclear quadrupole moment (). 
[These functions were called '(m/— 1’) in III, but 
we use the notation 2,’ here in order to avoid confusion 
with the present functions u,’ which pertain to the 
perturbation due to an external charge. | In the calcu- 
lation of v,’ in III, the Hartree-Fock functions for K* 
were used’ for uo’. In terms of 0)’, y..(nl > 1’) is given by 


y,(nl > 1')=c(nl - ry f uy (nl)v,'(nl > l')r?dr. (24) 
0 


the following results were obtained: 
> d)=0.1016, Yo(2p > p) 
> d)=0.298, 

Thus the 
1.051. 


From Eq. (24) 
Yx2(1s — d)=0.0368, y..(2s- 
=—1.219, y..(2p — f)=0.1366, y..(3s 
Y¥2(3p > p)=—17.15, yo(3p — f) =0.478. 
total y., due to the angular modes is: y,,(ang) 

The total y., for K* is given by 


Yeo (K+) = (ang) +7.0(2p — p) 
Fx (3p — p) 


26. M. Sternheimer, Phys. Rev. 105, 158 (1957). This paper 
will be referred to as ITI. 


—17.32. (25) 
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As a check on some of the terms, values of y,,(nl — 1’) 
were also obtained by means of Eq. (23) from the 
functions u;’ determined in II. The results are as 
follows: ya.(2p — p)=—1.230, y.(3s — d)=0.303, 
Ya(3p — p)= —17.83, y.(3p — f) =0.485. It is seen 
that these values are in good agreement with those 
obtained from 2;’. The maximum deviation occurs for 
Ya(3p— p), where the difference amounts to 4%. The 
present results for the terms due to the radial (np — p) 
modes can be compared with those of Wikner and Das” 
who used a_ variational method and _ obtain: 
2"? (2p — p)=—1.22, y."9(3p — p) = —13.03. The 


STERNHEIMER 


agreement is very good for 7..(2p — p), but for 3p — 9, 
2" "(3p — p) is lower by 24% than the value obtained 
from the present work. 

We have also calculated y,, for the (1s)?(2s)? core of 
the boron atom, using the wave functions 1,’(1s — d) 
and v;'(2s—>d) determined in III. These perturbed 
wave functions are based on the Hartree wave functions 
for boron obtained by Brown, Bartlett, and Dunn.” 
The results are: y..(1s > d) =0.148, y,,(2s—>d) =0.620, 


giving y..(B*) =0.768. 


27 Brown, Bartlett, and Dunn, Phys. Rev. 44, 296 (1933) 
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Application of Wave Functions Containing Interelectron Coordinates. 
I. The Ground-State Energy of Lithium* 
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Several years ago, Pluvinage made a substantial advance in the use of interelectron coordinates in atomic 
systems by illustrating how the Schrédinger equation can be partially separated in such a way that the 
interelectron potential no longer appears as the perturbing term. His method gave excellent results when 
used to obtain variational energies of helium-like systems. In this paper, the Pluvinage method is modified 
in such a way that it can be applied with a reasonable amount of labor to more complex systems. In this 
modification, the nuclear coordinates act like Fermi-Dirac “particles” filling the energy levels pairwise, 
while the interelectron coordinates act like Bose “‘particles,”’ all of which pile into the lowest energy con- 
tinuum state. An accurate approximation technique is also developed for use in integrating functions 
containing three or more interelectron coordinates over the space of the nuclear coordinates. The modified 
Pluvinage approach is used in conjunction with the approximation technique to calculate the ground-state 
energy of neutral lithium. Internal evidence indicates that the approximation technique is better than 99% 
accurate in evaluating the individual integrals which appear. Although the wave function used here has no 
adjustable parameters, it yields an energy value for lithium which is slightly better than the two-parameter 
value of Wilson. 


1. INTRODUCTION work was done originally in using interelectron coor- 
dinates explicitly. The well-known variational method of 
Hylleraas® does introduce the interelectron coordinates. 
However, the wave function is specified only after a 
variational calculation of the energy, and the method 
is consequently difficult to apply to excited states and 
to atoms much heavier than lithium. The method of 
configuration interaction as generalized by Léwdin’ 
and applied by Tycko, Thomas, and King® shows 
excellent promise in treating the interelectron effects 
although the interelectron coordinates are not intro- 
duced in a direct manner. The recent approaches of 
Brueckner® and of Bohm and Pines’ which also treat 


HE problem of suitably describing atomic systems 

has been attacked since the advent of Quantum 
Theory. The statistical theory of Thomas! and Fermi,’ 
the self-consistent method of Hartree* and the methods 
of Slater‘ and Morse® are among the oldest and have 
been widely investigated. All of these methods deal, in 
essence, with the nuclear coordinates of the individual 
electrons. Although it has long been recognized that 
the interelectron potential within the atom is of 
comparable magnitude to the nuclear potential, little 


* The research reported in this document has been partially 
sponsored by the Geophysics Research Directorate of the Air Force 
Cambridge Research Center, Air Research and Development 
Command, Contract No. AF 19(604)4555. 

1L. H. Thomas, Proc. Cambridge Phil. Soc. 23, 542 (1927). 

? E. Fermi, Z. Physik 48, 73 (1928). 

7D. R. Hartree, Proc. Cambridge Phil. Soc. 24, 111 (1928). 
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5P. M. Morse e¢ al., Phys. Rev. 48, 948 (1935). 


6 E. A. Hylleraas, Z. Physik 54, 374 (1929). 

7P. O. Léwdin, Phys. Rev. 97, 1474 (1955). 
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GROUND-STATE 
interelectron effects have not found much application, 
as yet, in atomic systems. 

A few years ago, Pluvinage'' made a substantial 
advance in the use of interelectron coordinates in 
atomic systems when he illustrated how the Schrédinger 
equation can be partially separated, using nuclear and 
interelectron coordinates together, so that the inter- 
electron potential no longer appears as the perturbing 
term. In this partial separation the perturbing term 
has the character of derivative terms (as it were, 
‘‘velocity-dependent” potentials) and these derivative 
terms are always finite. This contrasts with the behavior 
of the interelectron potentials which are, of course, 
infinite when two electrons have zero separation. The 
zero order wave function for such a system becomes a 
product of bound state hydrogenic wave functions for 
the nuclear coordinates and continuum state hydrogenic 
wave functions of variable kinetic energy for the 
interelectron coordinates. Such a wave function takes 
into account the binding of all the electrons to the 
nucleus and also the mutual scattering among the 
electrons themselves. We will designate product wave 
functions of this type as scattering wave functions 
(SWF) to distinguish them from the product of bound 
wave functions (BWF) involving only the nuclear 
coordinates. 

The SWF would be expected to yield much better 
results than the corresponding BWF since all of the 
potentials, nuclear and interelectronic, are accounted 
for in the SWF. This was indeed the result found by 
Pluvinage when he used the SWF to obtain variational 
energies of ground states of helium-like systems. The 
SWF gave answers which were in general twice as close 
to the experimental results as the corresponding BWF. 

The purpose of this paper is to modify and expand 
the Pluvinage approach in such a way that SWF can 
be used with a reasonable amount of labor for atomic 
systems beyond the helium type. Once the modification 
has been accomplished the actual results will be tested 
in the case of the ground state of lithium. 

Two things have been done in applying SWF to 
atomic systems beyond helium. It was first noted that 
the use of continuum wave functions of zero kinetic 
energy greatly simplifies the mathematics and allows 
integration of the SWF in terms of tabulated functions. 
Section 2 discusses this aspect of the problem and 
presents a comparison of the energies calculated using 
the simplified SWF with those of Pluvinage in helium- 
like systems. In Sec. 3 the method for applying these 
simplified SWI to more complicated systems is de- 
scribed and it is seen that these SWF describe the 
nuclear coordinates as Fermi-Dirac “‘particles’’ filling 
the bound energy levels pairwise, while the interelectron 
coordinates are described as Bose “particles” all piling 
into the lowest energy continuum state. 

The second thing done in applying SWF was to 


1 P, Pluvinage, Ann. phys. 12, 10 (1950). 
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devise an accurate approximation method to integrate 
functions containing three or more _ interelectron 
coordinates over the space of the nuclear coordinates 
(including angles). In Sec. 4 an accurate approximation 
method is described which consists of expanding the 
functions containing the interelectron coordinates 
about well-chosen points in the space of the nuclear 
coordinates. The approximation technique is tested in 
helium-like systems and is found to be better than 
99% accurate. 

In Sec. 5, the ground-state energy for lithium is 
calculated using the SWF proposed and the approxi- 
mation technique described. The answer reproduces 
the excellent results found in helium and _ internal 
evidence indicates that the accuracy of the approxi- 
mation technique is fully maintained in lithium. The 
results are discussed somewhat in Sec. 6. 


2. SCATTERING WAVE FUNCTIONS IN 
HELIUM-LIKE SYSTEMS 


Pluvinage treated the problems of two electrons in 
the ground state of helium-like systems. The wave 
equation for such a two electron system is the following: 


Lb &°Y 
= =v, (2.1) 
Yo Vie 


1 
Hy=|- (vetve _ 
? 


r\ 


using atomic units. The notation has its customary 
meaning. Because of the Coulomb potentials, the wave 
equation possesses singularities when the electronic 
distances, are or the interelectron 
spacing ry is zero. The unique feature of Pluvinage’s 
approach was that he separated the Hamiltonian in 
such a way that the behavior of the electrons at any of 
the singularities is exactly correct. Consequently the 
effect of all the potentials, nuclear and interelectron, 
is taken into account to a very large extent. 

If the coordinates 71,r2,712 are used and symmetric 


1,12 zero when 


states only are considered, then H becomes 


1 L -4. | 
Be — (Cr+ Vi $20) ——-—+ 

2 1, 2. Tyo 
ole 0" 
COSA» 12 ‘ 

oredr; ) 


COSA, 12 
Or Ory» 
where 
V?=—4 
or ror 
is the Laplacian in radial coordinates, 


ré—T/7 +7;;7 
2 cos; i;= 2 , 
1Hij 


and 6;,,;; is the angle between r; and r;;. 
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This result immediately suggests that we take 
H=H +H’ with the unperturbed wave equation as 


1 Zz 1 
Hwo= |- wrt Vro? + 2Vri2") gee -—+—N 


1, 12 Tie 
= Fao. 
The solution is the SWF 
Vo= on(ribn (ro) Ue (112). 


Here ¢, is the hydrogenic wave function for the nth 
symmetric bound state of an atom whose nuclear 
charge is Z, u is the hydrogenic wave function for an 
electron in the continuum having an energy k?/2, and 
scattering from a center of charge 1/2. The factor, 1/2, 
occurs because the interelectron coordinate, rj2, is 
shared by two electrons. The perturbation is now 
Ps 
H’ = —cos6;, »>— 
Or,Or jo 


0 
— COS82, 12———. 
Or2OP jo 


(2.6) 


H’ is finite for all values of the coordinates and is 
small compared to Ho at the singularities. The solution 
to the unperturbed problem thus represents the actual 
wave function exactly at all the singularities. 

Pluvinage took the SWF from Eq. (2.4) and used it 
to calculate the energy of the ground state by sub- 
stituting it in the variational expression 


aa (Wo, Ho) ; (Wo,H po) 


a (Woo) 


The integrals were evaluated by power series and the 
parameter varied was k. This resulted in the energy 
value — 2.878 a.u., for helium. The correct energy is 
— 2.90372 a.u., while the energy obtained by using the 
product of bound hydrogenic wave function with 
variable atomic number, Z, is —2.848 a.u. The SWF 
function yields an energy value which is closer to the 
true energy by a factor of two when compared to 
comparable BWF. This result is also true for the 
calculations made upon other helium-like systems. 

The good energy value calculated by the Pluvinage 
approach is gratifying. Even if no better energy value 
were found the approach deserves a great deal of 
consideration as a fundamentally different approach to 
atomic systems. The treatment of the singularities due 
to the potentials in the wave equation is very satisfying 
and lends a great deal of validity to the method. 

The true wave function for the lowest state of a 
two-electron system ‘is expected to have nodes only 
when the electrons are at infinity and at the nucleus. 
However, the wave function (2.5) has an infinite 
number of nodes when k>0 since « oscillates at large 
distances. On the other hand, # has no nodes at any 
value of the argument. In addition, physical grounds 
would indicate that k should be zero. If we removed 


9 


AND 
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the two electrons far from the nucleus, their kinetic 
energies would decrease and their motion relative to 
each other would also decrease, and at an infinite 
distance from the nucleus they would scatter from each 
other with no relative motion at all. 

The unperturbed wave equation for the interelectron 
coordinate with k=0 is 


dup 2duy Uo 


——=0. 


(2.8) 


dry. drin fie 


The solution of this equation is the modified Bessel- 
Clifford function of first order, £,, which is finite at 
r;o=0. Thus 


Uy= Ji (2iy, 112)/t ‘19 = E\(ry), (2.9) 


where J; is the Bessel function of first order. Tables of 
the Bessel-Clifford function are available.” 

The advantage of the use of the wave function, 
uo= E,, for the SWF is twofold. Firstly, the integrals 
which contain the full wave function are integrable in 
closed and relatively simple form. Secondly, a physical 
basis has been obtained for selecting one of a set of 
SWF for use in problems. This obviates the need to 
adjust k by a variational method whenever the SWF 
is to be used. This second is a true advantage only if 
the wave function using k=0 is comparable in accuracy 
with one using the best value of k. That this is so is 
shown below. The a priori selection of a particular 
value of & will save a considerable amount of effort in 
the calculation of the energy level of the lithium 
ground state. 

We now proceed to the calculation of the energy of 
the ground state of helium and helium-like ions using 


Yo=eZ"¢ 2B (ry). (2.10) 


This will be compared with Pluvinage’s results as a 
test of the usefulness of this particular SWF. As usual 
the variables used by Hylleraas® are best suited to the 
problem. Therefore, we set 


s=ntr, t=n—fo, (2.11) 
The volume element is now 


(2.1 


and retain the variable rj. 
dt= 2r?(s?*— f)ryodsdtdr jo. 


Since the ground state is symmetric, only even powers 
of ¢ appear in the integrals and this results in the factor 
2 appearing in the equation. It is very convenient to 
arrange the limits of integration in such a manner that 
the integration over 712 appears last and covers the 
region from zero to infinity. Thus we have 


O<tK rp, O< race, (2.13) 


2M. Abramowitz, Tables of Bessel-Clifford Functions of Orders 
Zero and One, National Bureau of Standards Applied Mathematics 
Series 28 (U. S. Government Printing Office, Washington, D. C., 
1953). The notation, E,, for the modified Bessel-Clifford function 
is that used by Abramowitz and will be continued here. It does 
not refer to the Error Integral. 


Ne Qs 0, 
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Using the Hylleraas variables and remembering that 
k=O, the expression for the energy becomes 


E=—2+(Hoo'/Nw), (2.14) 


where 


Hol =Z (2%) f ara f as f dt 
0 T12 0 


dE? 
Xs(n2— Aem(—), (2.15) 
dri2 


Noo= (2n') f drs f as f dt 
0 r12 0 


Xrio(se—P)eP"Ey. (2.16) 
Since k is constant the variational expression for the 
energy has become the usual first order perturbation 
expression, 

The quantities Noo and Hoo’ are evaluated by first 
integrating over the ¢ and s coordinates. In the case of 
Hoo’ an integration by parts is then performed and we 
have finally 


2 1 1 
Htw!=29'2| IZ) —- iiZ)~ 1(2)| (2.17) 
3 Z 2Z? 


172 1 1 
Nu= 20] I4(Z)+—Is(Z)+- 12), (2.18) 
2z13 Z 2Zz? 


where 


EZ) om j é ~22r13 Fh 2 ( r12)r12"drj2. (2.19) 


The integral, /;, is evaluated by integrating over the 
Bessel function with the substitution r;.=V?. The 
expression for /; is 


1,(Z)= (1/42?) exp(1/Z)F,(1/42Z?). (2.20) 


The integrals for m greater than one are obtained 
easily from J, by differentiating with respect to Z or 
by using certain recurrence relations. The method for 
doing this is discussed in Appendix I where the explicit 
expressions for several of the J, are also given. These 
expressions are simple combinations of polynomials in 
Z, the exponential function and the modified Clifford- 
Bessel functions, Eo and £;. The latter are rather fully 
tabulated in reference 12. They can also be computed 
from their power series representation, Eq. (I.3), 
which converges quite rapidly. 

The ground state energy was calculated for several 
helium-like ions and atoms by the method outlined 
above. Its deviation, A,, from the experimental energy, 
(A= Eeate— exp) is given in Table I, in atomic units, 


13 Gray, Mathews, and MacRoberts, A Treatise on Bessel 
Functions and Their Application to Physics (MacMillan and 
Company, Ltd., London, 1922), second edition. I am indebted to 
Dr. M. Kelly for pointing this evaluation out to me. 
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and is compared with several other computed devia- 
tions. Ap is the deviation obtained with Pluvinage’s 
work, A, is that calculated using BWF and, Az that 
calculated by BWF with variable Z. 

There are several noteworthy features exhibited by 
Table I. The indicated superiority of the Pluvinage 
wave function is clearly shown. That the choice of k 
equal to zero is indeed a good one is quite evident. A 
major part of the improvement in energy obtained by 
Pluvinage is retained with & equal to zero with a 
substantial saving in labor. The energy value for H™ is 
easily calculated with k taken as zero whereas Pluvinage 
did not calculate this energy, presumably because of 
the slow convergence in the power series he used. 
Incidentally the energy value calculated for H~ does 
not quite yield binding, falling 0.002 atomic units 
short of the energy of atomic hydrogen. 

Since the two electrons in the inner shell of neutral 
lithium contribute the major part of the energy in the 
ground state of lithium (Z=3), the table shows that 
the use of £, in the wave function will probably yield 
80% of the improvement we can expect if we vary . 
The labor saved in the process of calculating the energy 
of neutral lithium using /, will prove substantial. 

The advantage of using the SWF with k=0, over 
the BWF in a perturbation-type approach to atomic 
wave functions is even more evident in Table I. Ay is 
the deviation of the first order perturbation energy 
from the experimental value when the interelectron 
distance is considered the perturbation. This deviation 
is four to five times the deviation calculated when the 
Hamiltonian is broken in such a manner that Eq. (2.6) 
is the perturbation. This strongly indicates that excited 
states, which cannot be treated easily by a variational 
method, could be treated with good results by a 
perturbation approach based upon the SWF with & 
taken as zero. 


3. MANY-ELECTRON SYSTEMS 


In the last section we illustrated, in the case of the 
two-electron system, the simplification we have pro- 
posed to the Pluvinage method. The extension to the 


TaBLeE I. Deviation of various calculated energy values from 
the experimental values of the ground state of helium-like atoms 
and ions. The energy differences at infinite Z are obtained by 
comparison with the formula given by Hylleraas and Mitdal* for 
the energy. 


A =Eecale — Eexp in atomic units 
Eexp(a.u.) BY} Az As Ap 
— 0.528 
— 2.904 
— 7.280 
— 13.656 
— 22.031 

32.406 

44.781 


N 


0.030 
0.029 
0.031 
0.033 
0.034 
0.034 
0.035 
0.040 


0.153 
0.154 
0.155 
0.155 
0.156 
0.156 
0.156 
0.157 


0.055 
0.056 
0.057 
0.057 
0.058 
0.058 
0.058 
0.059 


0.026 
0.025 
0.025 
0.025 
0.025 
0.025 


SNAOU POH 


* EK. A. Hylleraas and J. Mitdal, Phys. Rev. 109, 1013 (1958). 
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many-electron case poses some problems. We cannot 
write down a Hamiltonian for a many-electron system 
which is analogous to the one that has been written 
down for the case of helium. The easiest way to see 
this is to note that if we were to introduce the inter- 
electron coordinates, the radial coordinates of each 
electron, and three Euler angles the number of co- 
ordinates we have available with which to express the 
Hamiltonian is 


N+4N (N—1)+3, 


where .V is the number of electrons. The original 
number of degrees of freedom is 3.V. If we now insist 
that the total number of coordinates used to express 
the Hamiltonian be the same, then V must be equal 
to either 2 or 3. Thus, we could not proceed in this way 
for any element beyond lithium. 

We can circumvent this difficulty as follows: First 
we are guided by our discussion of the helium problem 
in our choice of an approximate wave function to 
describe the many-electron system. The generalization 
of the wave function which we have used for the helium 


itom Is 

Yo= (DIL ¢n(r) TT Fi(rin), 3.1) 

i ID>n 
in which D represents the Slater determinant of 
unperturbed hydrogenic wave functions corresponding 
to suitable unperturbed states. The £, functions are 
the Clifford-Bessel functions of their argument. The 
product of the Clifford-Bessel functions remains 
invariant as we interchange the coordinates. Thus, 
the total wave function is properly antisymmetric 
provided we include the spin wave functions in the gn. 
According to (3.1) we have restricted ourselves to s 
states since the ¢’s depend only on the radial co- 
ordinates. The generalization to other unperturbed 
angular momentum states poses no essential difficulty. 
The approximate energy is given by 


(Wo,Hyo) - f WoHYodr,: . - dy, 
where H is given by 


(3.3) 


(teen Seng om 


i j>k Vik 


and the Wo are properly normalized. Since the Yo depend 
on the coordinates r; and 7;;, we can reexpress the 
operator H in terms of the coordinates r; and r;; by 
the rules of partial differentiation. This decomposes H 
into two parts Hy and H’, where 


1 1 od 0 4 


j 0 0 1 
— a Vim” = 
i>m Tim” Orim Or im Tim 


Ho 


AND 


S. BOROWITZ 


and 
0" 
H'’=—)>->. cos, 5;—— 


Or,Or;; 


> Dake COSO:.1, km (3.5) 


k#lx¥#m OF OT km 


The effect of Ho operating on Yo in the integral is to 
yield a contribution to the energy equal to the sum of 
the hydrogenic energies of the electrons neglecting 
their interactions, since the use of the Clifford-Bessel 
functions in Yo» corresponds to an eigenvalue of 0 for 
that part of Ho. The correction to the hydrogenic 
energies is given by 


| WoH Yori: . -dr,,. (3.6) 


The perturbing Hamiltonian, H’, contains a new 
set of terms which do not appear in two-electron sys- 
tems. In addition to the interaction between the nuclear 
and the interelectron coordinates, the interaction 
among the interelectron coordinates now appears. 

When we had to evaluate the integral similar to (3.6) 
for the case of helium, we expressed the volume element 
in terms of the coordinates, 7, 72, and 712, and properly 
restricted the range of integration. For heavier atoms 
expressing the volume element in terms of the inter- 
electron coordinates is not a fruitful way to proceed. 
In the first place, there are too many of them and, in 
the second place, it is doubtful that the integrals could 
be carried out since the range of integration would 
have to be severely restricted. However, this paper will 
present a very accurate approximation technique for 
doing this in a rather simple manner and this technique 
will form the basis of the calculations in lithium. The 
lithium problem will thus serve as a testing ground 
for the usefulness and accuracy of the approximation 
technique developed. 

It is worthwhile to note here the physical significance 
of the symmetrized SWF given by Eq. (3.1). The 
nuclear coordinates act like Fermi-Dirac “particles” 
filling the energy levels pairwise, while the interelectron 
coordinates act like Bose “particles,” all piling into 
the lowest energy continuum state. 


4. MATHEMATICAL APPROXIMATION 


The type of integration which must be evaluated is 
of the following general form: 


12)= f fZrurs: + rn) (112,7 135° fn—1.n)dV. (4.1) 


The function, f, has a monotonic exponential variation 
in the radial direction. g also varies monotonically but 
more slowly than f. dV is the volume element in the 
space of the » electrons. The integral of f alone over 
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all the coordinates can be performed and, in the 
applications we make, is simply the integral of products 
of hydrogenic wave functions over the corresponding 
radial coordinates and angles. The relatively slow 
variation of g compared to f leads us to expect that a 
Taylor expansion of g about well-chosen points in the 
space of all the radial coordinates and angles will lead 
to a rapidly convergent series of integrals to represent /. 
Indeed we have been able to treat the expansion in 
such a way that the first term alone gives an answer 
which is generally more than 99% accurate for the 
type of integrals with which we must deal. Such 
accuracy will give an answer for the energy of the 
lithium ground state with a computational error much 
smaller than the expected difference between the 
computed energy and the experimental energy. 

The scheme adopted to evaluate J is as follows: 
Expand g about the radial points r10,720,-- + thus 


mn Og 
2(112,713,°° <7 =got)>, 


i=l Or; rio 


(r:—rio) +---, (4.2) 


where go indicates g evaluated at the radial expansion 
points. Since we have not expanded g in terms of the 
angles, go and 0g/dr; are, as yet, functions of the 
various angular coordinates. Substitute Eq. (4.2) into 
(4.1); then there results 


Og 
12)= f+ f teaiV +5 ri 
Or; riod 


X (ri—ro)dV+-++. (4.3) 


To speed the convergence of the series the rio are 


chosen such that the second terms in the series are 
zero. Thus the formulas for the rj are 


f (ri—rio)fdV=0; t=1,-++,n. 


The separation of the angular and radial coordinates 
allowed 0g/dr; to be taken outside of the integral. 


(4.4) 


After the rj have been determined the angular 
expansion points are then found. The angular treatment 
is different from the radial treatment for two reasons. 
First, the angular variation, which appears in the 
term /dV, is generally slow or only comparable to the 
variation that occurs in g. Second, the radial treatment 
depends only on the value of g and not its shape, since 
0g/dr; does not appear explicitly in determining rj or J. 
We make use of the angular treatment to introduce the 
shape of g. The criterion established to determine the 
angular coordinates 60:0 is then this: the angles are 
chosen to be those angles for which the integrand has a 
maximum subject to Eqs. (4.4). It is more convenient 
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to deal with the logarithm of the integrand: therefore, 


0 
weil In[w,;(6;) go }} =(), 
00; 


0 
i {InLw;( ¢1)g0]} =(), 
09; 


w is the appropriate weighting function for the angle 
which appears in the volume element. 

The system of Eqs. (4.5) must be solved simultane- 
ously, and in practice an iteration procedure is used to 
solve them. Since the interelectron coordinates which 
enter into g do not depend strongly upon the angles, 
the iteration of Eqs. (4.5) converges quite rapidly if a 
reasonable guess is originally made for the angles. 

Writing r;;9 as the value of r;; at ri0,0i0,ai0 We NOW 
have for J, 


IZ) = £(7120,7 130, ° . )f fesrorey “s )dV. (4.6) 


Note the dependence of J upon Z in Eqs. (4.1) and (4.6). 
With large Z the exponential variation of / is so strong 
that only those regions near the nucleus contribute to /. 
As long as g is monotonic this means that Eq. (4.1) 
reduces to 


I «)=8(00,---) f sav, (4.7) 
This is exactly the form which Eq. (4.6) assumes at 
large Z and that expression is thus exact at large Z. 
The approximate expression for J can be modified in 
several ways of special importance. For example, it 
sometimes happens that g is not monotonic or uniquely 
defined when all interelectron coordinates are zero. 
However, it may be possible to separate g into two 
parts, one part of which is monotonic and uniquely 
defined at zero interelectron distances and the remaining 
function is directly integrable. Thus 
g=Gx, (4.8) 
where x is integrable. Then, in the same manner as 
previously, 


I*(Z) =G(ni20, °° )f nav, (4.9) 
still subject to Eq. (4.4). This expression is exact at 
Z=«. Other modifications are also possible. For 
instance, x may be integrable when the 7,9 are deter- 
mined, or perhaps it is not integrable at all. In these 
cases equations paralleling (4.6) and (4.9) are easily 
written; however, they are not correct at Z=~*. To 
make them correct, the equations can be multiplied by 
a constant which equals the ratio of the approximate 
to the true answer as Z approaches infinity. 

The accuracy of the method described above will 
be illustrated by using it to calculate the normalization 
integral Voo and the perturbing Hamiltonian integral, 
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Ho’, for helium-like systems and comparing with the 
exact results given by Eqs. (2.16) and (2.17). 
The normalization integral is 


Noo= ff e242 (ritr2) Fi? (710) dridro, (4.10) 


f=e 22 (ritrs) | 


where 
g= Ej} (nip). 


Take r, as a polar axis and let 62 be the azimuthal 
angle between r2 and r;. The integrals over all the 
orientations of r; and over the polar angle, ¢2, of r2 
can be performed immediately. This results in 


x x sf 
Nov=8et f f f e724 (rit12) Fi? (70) r-dr) 
0 0 0 


Xre*dro sinBedO.. (4.11) 


The radial expansion points are determined by Eq. 
(4.4) yielding 


1re=feg=3 az. (4.12) 


The angular expansion points reduce to the single 
point, 420, determined by Eq. (4.5) in the form 
0 
. {In[sin®2/;7(r10,7 20,42) }} =(). 


082 


(4.13) 
Set 


$°= (r120/ Ey") (dE\*/dry2) 


= [ 2E (1120), Ei(r120) |—2, (4.14) 


where we have used Eq. (1.4) of the Appendix. Thus 
¥120= V2r of 2— (Fy ‘Eo) }', (4.15) 


where /y and £, are evaluated at rj2o. Using this value 
of ri29 and integrating over the exponential, the formula 
(4.6) becomes 


Nov _ (r, Z®)E¥*(r390). (4.16) 


The evaluation of 7129 from (4.15) is obtained by a 
series of iterations, which as mentioned already, 
converges rapidly. Two iterations generally yield rj20 
to an accuracy of a part per thousand with a fair 
estimate for 429 or 7120 initially. 

The quantity E,° is a direct measure of the change 
produced in the normalization integral because of the 
presence of the interelectron term in the wave function. 
A comparison of the approximate answer for the 
normalization integral with the exact is made in Table 
II where EY= ZN oo*/* is tabulated versus Z°N oo /2? 
for various values of Z. Except for Z=1, the error is 
less than one percent despite the fairly large change 
produced by the presence of the interelectron term. 
The interelectron term is clearly not a small perturba- 
tion even at Z as large as 6. The excellent accuracy 
throughout the entire range is quite gratifying; at 
Z=1, the error is less than 6% despite the increase of 
almost 9 times in the normalization integral. 

The integral, Hoo’ is obtained from (2.6) by integra- 
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tion. It is convenient for the present case to differentiate 
with respect to the radial coordinates and then to 
combine the angular terms by using Eq. (2.3). Estab- 
lishing 7; as the polar axis and integrating over the 
orientations of r; and the polar angle of r2 as before, 
yields: 


Ho’ = (smyz f f f [eeerirctr 
0 0 0 


1 dE? 
X (1—cos6e)— ——r7dry r2*dro sind (4.17) 


rio dri2 


The function / is the same as before but g has the form 


(ri+72)(1 —cos62) d oe 


g (4.18) 


Ti2 drys 


Because of the angular term, g is not uniquely defined 
at r12=0. We thus try Eq. (4.8) where 


G= dE?/dry, x= (ri; +72) (1 ro cos62)/r12, 


and we find that x is indeed integrable. 
As before, rio=%20=3/2Z. However, the angle 620 is 
now changed and is given by 


0 dE? 
alls) 
08s drjo 
evaluated at 110,720. Setting 
(-)’ = (dE? ‘dry2) = 2Ei(Lo— E,)/rie, 
$' = (ri20/0") (dO’/dri2) 
ryoohvyt+ (Eo- EF)’ 
E\(Eo- F) 


(4.19) 


(4.20) 


we have 


r120= 2riol (3+¢6'/4+¢’) }}. (4.22) 


The quantities Eo,£, entering into ¢’ are evaluated 
at 7129. Once £129 is obtained by iteration, the integration 
indicated in (4.9) can be carried out by use of the 
Hylleraas variables. Finally 


E,(Eo— Ej) 5 2° 
H'*= ——- (- - ), 
1120 425 


TABLE IT. Comparison of approximate values, Voo%, Hoo’¢ 
with exact values, Noo®*, H0’e*. 


Zé 
( - ) Noo 
wr? 


8.931. 
3.075 
2.111, 
1.746; 
1.558. 
1.445, 
1.369, 


(4.23) 


Noo 
Noot® 
0.9445 
1.007 
1.008; 
1.005, 
1.002; 


1.0005 
0.999, 


0.8305; 
0.7510; 
0.7020, 
0.6690, 
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Table II presents a comparison of approximate and 
exact values of Hoo’ for various Z. The error is again 
less than one percent although larger than in the case 
of the normalization integral. 

Before closing this section we will indicate the way 
in which the approximation technique will be applied 
in lithium. The function £; recommends itself because 
it is readily integrable. To obtain the best accuracy 
possible in lithium consistent with a reasonable amount 
of labor we will always integrate over one of the 
interelectron coordinates as well as the radial co- 
ordinates. To see how this is to be done the differential 
element of volume is examined. Choosing one electronic 
vector, say r3, as the polar axis and denoting 61,02, ¢2 as 
the azimuthal angles of r,r2 with respect to rs and the 
polar angle of rz with respect to a plane through r; and 
rz, we easily see that 

dV = 89'r 2dr, r2dre r32dr3 sind; sinOedOed gz. (4.24) 

We now choose rj2 as one of the integration variables 
and obtain 

dV= 829 dry rodrs r-drs 1 207 12d0\d8 2 SiN ¢». (4.25) 


In conformity with the previous discussions 119,r20, 
r30,f120 are chosen by 


J (-royav=o, 1=1,2,3. 


fo ri20)fdV =0. 


To choose the angular expansion points we note that 
there is a singularity in the integral in the ¢g» direction 
at go=0,r because of the volume element (4.25). In 
practice the ¢g2=2 value which places r, and rz farthest 
away from each other gives the largest value in the 
vicinity of the singularity. We thus take 

20> 7, (4.27) 
619 and 62) are now determined by the condition 
analogous to (4.5), that is, 

O(Ing)/d0,=0; d(Ing)/d0.=90, 
subject to Eqs. (4.26) and (4.27). As mentioned an 
iteration procedure is used to solve both equations in 
(4.28) simultaneously. 


(4.28) 


5. ENERGY CALCULATION FOR THE 
GROUND STATE OF LITHIUM 


The wave function for the ground state of lithium 
follows from Eq. (3.6). The two core electrons in 
lithium will be in the (1S) hydrogenic state and the 
outer electron will be in the (2S) hydrogenic state. 
The interelectron wave functions are all of the same 
form. The determinant indicated in (3.6) is then 
formed remembering that proper spin functions must 
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be included. Using the symmetry properties of the 
Hamiltonian and of the spin functions,“ the wave 
function reduces to the following form for calculating 
the energy: 
p= e-21{ eS rt¢— (212) 73 1 — (Z/2) 13 |—e- 2 8¢- 22) 12 
X[1—(Z/2)r2]} Ei (ri) Ei (res) Ex (rs1) 
= $(1,2,3)—@(1,3,2). 
Exchange effects occur because of the interaction of 
the first and second terms on the right. 
The energy is obtained from Eqs. (3.2) and (3.3). 
For the ground state of lithium the energy is 


E=— (9Z?/8)—(MaetM.e)/N, 


v=fff ¢°dr,drodr3, 


M..=>,), M;.5=d>,  cos6; 4; 


(5.1) 


0’ 
dV, 
Or Ori; 
(5.3) 


0’ 
——dV. 


Mee=LUDX Mit im= LUD | coset, km- 


kx#l¥ém k#lA¢m OTK OT em 


M ne expresses the coupling of the interelectron and 
nuclear coordinates and is much larger than M,, which 
expresses interelectron-interelectron coupling. In the 
usual manner the M’s and WN can be split into two 
parts, one of which expresses the direct interactions 
while the other expresses the exchange or overlap 
effects. Thus 

N=N°-N*, 
MM; 5=M;,P—Mi.,F, 


M ki,tm>= M ki,km? — M k1,km*, 


(5.4) 


where 


vo=2f f for2.saV, 
ve=2f f f6112,3)003,20V, 
a g?(1,2,3)] 
MiP ff f cost. dV, 
Or OF i; 
d°[o(1,2,3)o(1,3,2) ] 
Mist= fff cos. wv 
Or OP; 
#°(6(1,2,3) 
OF, 10 km 


' d°L9(1,2,3)6(1,3,2) ] 
Musm®= ff f COSO«1, km ——— - dV. 
OF KOT km 


44K. Huang, Phys. Rev. 70, 197 (1946). 





1214 P. WALSH 
Note that the derivatives act explicitly on the co- 
ordinates indicated in the differentiation. After differ- 
entiating, the r;; must be expressed in terms of r; and 
r; and the integration performed. The integration is 
done approximately in the manner outlined in the 
previous section by integrating one of the r;; variables 
along with the remaining radial and angular coordinates. 
The integrals in the M’s and in N contain polynomials 
in their integrands. The approximation technique is 
applied term by term to the polynomials in order to 
retain the greatest accuracy. 

An alternate expression for Mn, 
by noting 


can be obtained 


re— 1; tr? _ On 
cos8;, j= =, 
? 


or; 


(5.6) 


The derivative on the right is the partial with respect 
to r; keeping 7; constant. Then 
1 r{—r7+1.7 9 re) 


; 


2 iAi rPij Ori; Or; 


where the derivative on the right applies to functions 
which depend explicitly on 7;; alone. We can use (5.7) 
to convert certain derivatives with respect to the 
interelectron coordinates to derivatives with respect to 
the radial coordinates. Applying these ideas to M,, 
and integrating by parts eventually yields 


M.2= f E?(ry2) Ey? (123) E:2(1r31) 


(19, 1 Z*r;" 
x | 2 2(—+- sila ~) [1-204] 
| 1, fo. 3 4 


8 
yA 9 | 
+- {3° Zr34+-—Zr33 |e 


2Z (rit T2)¢ ~ZradV 
16 I 


E -f EP? (ry) EP? (103) Ey? (191) 
9 1 1 1 
x z—2( -+—+-)| 
| 8 Tr; To A} 


(re+1r3) PA La 5 
xf1-2= + rr] |3- Z(ro+13) 
) 4 2L 4 


| 
+ re] ré 
? 


The actual integrations of Eqs. (5.5) were performed 
essentially in the manner indicated in the previous 
section. The details are given elsewhere.!® Equations 
(5.8) were used as a valuable check on the internal 
accuracy of the calculations. This check indicated that 


(5.8) 


2Zrnie 


3Z (rat rs) dV, 


16P. J. Walsh, Westinghouse Research Report BL-R-8-0089- 
6A6-1, 1958 (unpublished). Available from Westinghouse Lamp 
Division, Bloomfield, New Jersey upon request. 
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the error in M,,” due to the approximations made was 
less than 0.2% 
6. RESULTS 

The energy calculated for the ground state of 
lithium is — 7.395+-0.005 atomic units. The uncertainty 
in the energy value is due to the various approximations 
used. It should be noted that a given error in the 
individual integrations shows up in the energy reduced 
by a factor of about three. The energy calculated here 
is compared in Table III with a number of other 
calculations using BWF formed from a product of 
symmetrized hydrogenic wave functions but with 
different numbers of variable parameters. These results 
can be obtained from the work of Wilson.'® 

The BWF with no variable parameters are the 
hydrogenic functions with Z=3. Screening is then 
introduced through the variable parameters. With one 
variable parameter the inner and outer orbits are 
screened in the same way while with the two parameters 
they are screened individually and with three parame- 
ters the node in the outer orbit is adjusted independent 
of the screening. The seven parameter calculation of 
Huang, which introduced two of the three inter-electron 
coordinates, and the experimental value!’ are also 
given for reference. 

The excellent result indicated in helium is fully 
realized in lithium. As in helium (see Table I) SWF 
function is 5 times closer to the true answer than the 
zero order BWF. It is more than twice as close as the 
one-parameter function and perhaps a little better 
than the two-parameter function. The SWF, of course, 
has no adjustable parameters. 

We can conclude that the Pluvinage approach is 
fully applicable to larger atomic systems. In addition, 
the mathematical approximation outlined can be ex- 
tended without great difficulty to these atomic systems 
so that reasonably exact calculations could be carried 
out. This is especially true of quantities which might 
be calculated from the wave functions where errors of 
the order of 0.1% to 1% are tolerable. We also note 
that the approximation technique can be carried to 
higher orders, if necessary, to obtain requisite accuracy. 
This, however, would probably involve considerable 
increase in labor. 

TABLE III. Comparison of various energy values calculated 

for the da state of lithium. 


Number of 
parameters 


‘te (a.u.) 
SWF 


—7.395+0.005 


ios) 
a 
= 


sans 
OOM 
Non 


| 


iP ih WHOS 
so 
oo = 60 


E incite 


“T. Wilson, if Chem . Phys. 1, 210 (1933). 

od. OE 8 Moore, “Atomic Energy Levels,” Vol. 1, National 
Pind of Standards, Circ. No. 467 (U. S. Government Printing 
Office, Washington, D. C., 1949). 
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APPENDIX I. THE INTEGRALS, /, 

The integral J; is given by Eq. (2.20). Successive J, 
values can be generated by differentiation. Thus, in view 
of Eq. (2.19), 

dI,(Z)/dZ= — (1/2Z) 7 41. 


/ 


(1.1) 


By means of this formula and Eqs. (1.4) below, we 
arrive at the following expressions: 


ky 1 1 
h=—(- ) exp( ). 
4Z?\ 42° Z 


Ep ! 
y | Z a exp( ) 
szloz? Z Z 


1 2 Io 2 Eo 1 
I;=- | (2+ ) +(3+ ) | eo( +), (1.2) 
8Z3 PALS bag LIL Zz 
1 
root 
162% 


13 4\ £4, 
+a) 
Z LYLE 


IS 4\£o 1 
+(124 + ) | eo( ) 
£ EE Z 


Several other /, have been calculated and are available.’® 
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KE, designates the modified Clifford-Bessel function 
of order, v. The argument in these functions in the 
above equations is 4Z~*. E, has the following properties : 

J, (2in/ x) 

E, (x) =——— 
(ta/x)” 
£L bag 


tienen 
n=0 2!(v-+n)! 


thyyi=E,1—vE,, 


E,' = E41. 


(1.4) 


The following recurrence relation'* can also be used 
to obtain /,,: 


8237 ny 9= (12nZ?+8Z)1 141 —[L6n(n+1)Z+4n—2 |, 
+n(n—1)(n—2)7,_-;. (1.5) 


By using the recurrence relation, higher 7, can be 
generated if only the three lowest J, are known. This 
can be done quite rapidly on a desk calculator. How- 
ever, accuracy is lost in evaluating the higher 7, by the 
recurrence relation and there is also a possibility of 
carrying along errors in the lower J,. Values of 7, used 
in this paper were always computed by the explicit 
formulas (1.2) and the recurrence relation (1.5) and 
found identical within the accuracy desired (four sig- 
nificant figures). This served as an independent check 
on the correctness of the formulas in (1.2). 


18 P. Pluvinage, J. phys. radium 12, 789 (1951). 
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The method described previously for the solution of the wave 
equation of two-electron atoms has been applied to the 11S and 
2%S states of helium, with the purpose of attaining an accuracy 
of 0.001 cm™ in the nonrelativistic energy values. For the 11S 
state we have extended our previous calculations by solving 
determinants of orders 252, 444, 715, and 1078, the last yielding 
an energy value of —2.903724375 atomic units, with an estimated 
error of the order of 1 in the last figure. Applying the mass- 
polarization and relativistic corrections derived from the new 
wave functions, we obtain a value for the ionization energy of 
198 312.0258 cm™, as against the value of 198 312.011 cm™ 
derived previously from the solution of a determinant of order 
210. With a Lamb shift correction of —1.339, due to Kabir, 
Salpeter, and Sucher, this leads to a theoretical value for the 
ionization energy of 198 310.687 cm™', compared with Herzberg’s 
experimental value of 198 310.82+0.15 cm™. 

For the 28S state we have solved determinants of orders 


1. INTRODUCTION 


HE recent renewed interest in accurate solutions 

of the wave equation for two-electron atoms has 
come from the experimental side, when Herzberg! 
initiated his program of a precise spectroscopic meas- 
urement of the ionization potential of He, in order to 
determine the Lamb shift in the ground state. The 
parallel theoretical investigation of Chandrasekhar and 
Herzberg! first brought to light a gross discrepancy of 
21.5 cm™ between theory and experiment, where none 
had been suspected. This gap was soon reduced by 
these authors’? to 2, and subsequently by Hart and 
Herzberg’ to 1, while simultaneously, on the experi- 
mental side, Herzberg and Zbinden? succeeded in 
reducing an initial uncertainty’ of 15 cm™ to 1 cm”. 
Some reported reversals from this trend® were promptly 
dispelled. At this stage the Lamb shift just began to 
emerge above the noise level, since Kabir and Salpeter® 
and Sucher’ showed that its magnitude is only — 1.339 
cm~'. When Herzberg* completed his spectroscopic 
determination of the ionization energy, achieving an 
accuracy of +0.15 cm™, the best theoretical value 
available was that of Kinoshita’ obtained variationally” 


! Chandrasekhar, Elbert, and Herzberg, Phys. Rev. 91, 1172 
(1953). 

2S. Chandrasekhar and G. Herzberg, Phys. Rev. 98, 1050 
(1954). 

3 J. F. Hart and G. Herzberg, Phys. Rev. 106, 79 (1957). 

* Atomic Energy Levels, edited by C. E. Moore, National Bureau 
of Standards Circular No. 467 (U. S. Government Printing Office, 
Washington, D. C., 1952). 

5 E. A. Hylleraas and J. Midtal, Phys. Rev. 109, 1013 (1958); 
Dornstetter, Munschy, and Pluvinage, J. phys. radium 20, 64 
(1959). 

6 P. K. Kabir and E. E. Salpeter, Phys. Rev. 108, 1256 (1957). 

7 J. Sucher, Phys. Rev. 109, 1010 (1958). 

8 G. Herzberg, Proc. Roy. Soc. (London) A248, 328 (1958). 

® T. Kinoshita, Phys. Rev. 105, 1490 (1957). 

0 E. A. Hylleraas, Z. Physik 54, 347 (1929). 


125, 252, 444, and 715, the last giving an energy value of 
—2.17522937822 a.u., with an estimated error of the order of 1 
in the last figure. This corresponds to a nonrelativistic ionization 
energy of 38 453.1292 cm~!. The mass-polarization and relativistic 
corrections bring it up to 38 454.8273 cm™. Using the value of 
74.9 ry obtained by Dalgarno and Kingston for the Lamb-shift 
excitation energy Ko, we get a Lamb-shift correction to the 
ionization energy of the 24S state of —0.16 cm™. The resulting 
theoretical value of 38 454.66 cm™ for the ionization potential is 
to be compared with the experimental value, which Herzberg 
estimates to be 38 454.73+0.05 cm™. The electron density at 
the nucleus D(0O) comes out 33.18416, as against a value of 
33.18388+0.00023 which Novick and Commins deduced from 
the hyperfine splitting. We have also determined expectation 
values of several positive and negative powers of the three mutual 
distances, which enter in the expressions for the polarizability 
and for various sum rules. 


from a 39-term solution, for which the uncertainty was 
estimated to be +0.5 cm“, 

In the solution given by the author," an accuracy of 
0.01 cm for the nonrelativistic energy value was 
aimed at. This precision could also be ascribed to the 
value obtained for the ionization potential if the 
Lamb-shift correction were known to the same degree 
of accuracy. At present, the Lamb-shift correction is 
subject to an uncertainty of an order of magnitude 
higher,® principally because it depends on a knowledge 
of the oscillator strengths fo, for transitions from the 
ground state to the excited states; and while the 
ground-state wave function is known with considerable 
accuracy, no comparable accuracy has as yet been 
attained for the wave functions of the excited states. 
In this investigation we aimed at achieving an accuracy 
of 0.001 cm~ in the nonrelativistic energy values of 
the 115 and 2 4S states. In the case of the ground state 
it was necessary to go to a determinant of order 1078, 
while in the case of the 24S state, the convergence was 
more rapid and a determinant of order 715 sufficed. 
One may reasonably expect that within a year or so, 
accurate wave functions for the excited states will be 
forthcoming, and that the Lamb-shift correction will 
then be delineated within correspondingly narrow 
limits. The problem of firmly establishing the magnitude 
of the Lamb shift in two-electron atoms is thus thrown 
back to the experimentalists. What is needed is a 
reduction, for the second time, of the experimental 
uncertainty in the ionization potential of He by a 
factor of 100 to +0.0015 cm“. 

Another result obtained from the solution of the wave 
function for the 24S state is an accurate value of the 


"C. L. Pekeris, Phys. Rev. 112, 1649 (1958). This paper will 
be referred to as I. 
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TABLE I. Values for the 14S state of the nonrelativistic energy —é, the mass polarization correction —ey, and the relativistic cor- 
rection to the ionization potential Z;. J denotes the theoretical value of the ionization potential, excluding the Lamb-shift correction. 


Ruet= 109722.267 cm™; a?=5.32504X 1075. 


1.704031775 
2.903724290 
1.807448581 
0.15906968 
54.08851 
1.810337 
0.106413 
0.278224 
198317.3558 
— 4.785432 
—0.5580 


(2@—4)Rue! 
egg” 


E; 


1.704031794 
2.903724356 
1.807448712 
0.15906953 
54.08832 
1.810389 
0.106377 
0.278202 
198317.3702 
— 4.785427 
—0.5612 


715 


18 
1.704031799 
2.903724370 
1.807448741 
0.15906950 
54.08822 
1.810410 
0.106362 
0.278195 
198317.3734 
—4,7854263 
—0.5625 
198312.0254 


1078 
21 
1.704031800 
2.903724375 
1.807448750 
0.15906948 
54.08815 
1.810419 
0.106355 
0.278192 
198317.3743 
—4.7854256 
—0.5631 
198312.0258 


Extrapolated 


1.704031800 
2.903724376 
1.807448754 


54.08802 
1.810427 
0.106345 
0.278189 

198317.3747 
— 4.7854 
— 0.5636 
198312.0259 


198312.0236 


J 198312.0124 


® The quantities tabulated in I (Table IV) are &(A/N) and —em, not —e(A/N) and ew. 


electron density D(Q) at the nucleus. In connection 
with the recent precision measurement of the hyperfine 
splitting,’* in He® this quantity, which depends sig- 
nificantly on the spatial distribution of nuclear currents 
and magnetic moments," provides a restrictive criterion 
on the choice of nuclear models. 


2. THE 1'S STATE OF HELIUM 


The method developed by the author for thesolution 
of the Schrédinger wave equation for two-electron 
atoms!! is based on the use of perimetric coordinates 
u, v, and w, which are defined by 


U=e€(fotry2—N1), 
v=e(ritriz—fo), 
w= 2e(ritre—riy), 


where r; and rz denote the distances of the electrons 
from the nucleus, 7,2. their mutual distance, E the 
energy, and e=\/—E£. The wave function y, which in 
S-states is a function of the distances 7}, ro, and rp 
only, is expanded in the form 

0 


p= utrte) FS A(lymyn)Li(u)Lm(v) Ln (w), 


l,m,n=0 


(4) 


and the coefficients A (/,m,) are determined from the 
wave equation. They are connected by the recursion 
relation I1(22) containing 33 terms, and the vanishing 
of the determinant of these coefficients provides the 
condition for the energy eigenvalues e. In I (Table III) 
are given eigenvalues obtained from the solution of 
determinants of orders n=95, 125, 161, and 203, these 
corresponding to wave functions represented by com- 
plete polynomials of orders w= 8, 9, 10, and 11, respec- 
tively, in the variables u, v, and w, where 


w=l+m+n. 


(5) 


12 White, Drake, and Hughes, Bull. Am. Phys. Soc. 4, 10 (1959). 
18 R, Novick and E. D. Commins, Phys. Rev. 111, 822 (1958). 
144. M. Sessler and H. M. Foley, Phys. Rev. 98, 6 (1955). 


It was found that the ratios of the differences of the 
evalues were nearly constant, and this was made the 
basis for extrapolation to n= © in order to obtain some 
notion as to the degree of convergence of the results. 
Let €1, €2, €3, €, denote eigenvalues obtained for four 
equally spaced values of w. Then to the extent that 
the successive ratios, 

€2), (6) 


41= (€;—€2)/(€2—€1),  Vo= (€s—€3)/ (E3— 


are nearly equal, the extrapolation is made by the 
formula 


€0= €1+ (€2—€1)/(1—x)?, (7) 


where the constants x and a are determined from 


(a+1)x/2= x2. (8) 


ax=%1, 


Here x may be negative in the case of oscillating 
differences. 

The value for ¢ obtained in I from the solution of 
the determinant of order 203 was 1.704031757, and the 
extrapolated value was 1.704031794. A determinant 
of order 210, in which were included the large coeffi- 
cients A(l,m,n) selected from among the first 438, 
yielded a value of 1.704031781 for e. Table I gives the 
results of the solution of determinants of orders n= 252, 
444, 715, and 1078. These are spaced at intervals of 3 
in w. The chief result is the solution for n= 1078, where 
also the vector was refined to high accuracy, while the 
lower orders were done mainly for the purpose of 
exhibiting the rate of convergence of the results, and 
providing a basis for extrapolation. The nonrelativistic 
ionization energy is given in Rydbergs in the line 
marked (2e¢—4), and in units of cm™ in the line 
(2€—4)Ruet. ew denotes the shift in the energy level 
due to the mass-polarization, and is given by 

éu= 2e(m, M)(A/ N)Ruet cm}, (9) 


where m denotes the mass of the electron, M that of 
the nucleus, and JN is a normalization constant defined 
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TABLE II. Expectation values of various functions for the 1 'S state. 


E, and E, denote the energies of the ground state and of the mth excited state, respectively, measured in Rydbergs, 


V =(—1/r,—1/re4+1/2ri2). S(k)=Z fon(Eo—En)*, fon= 


measured in units of do. 


252 


1.19348333 
0.929472381 
1.688316596 
6.0173826 
2.51644015 
1.42207040 
0.945818478 
1.464798 
2.708656 
1.920947 
—0.064736742 
— 2.903723953 
13.976384 
0.752497727 
2 
8.16745059 
121.3300 


444 


1.19348309 
0.929472316 
1.688316754 
6.0173997 
2.51643954 
1.42207029 
0.945818459 
1.464781 
2.708656 
1.920945 
— 0.064736684 
— 2.903724279 
13.976417 
0.752497601 
? 


8.16745036 
121.3334 


715 


1.19348303 


0.929472302 
1.688316789 
6.0174053 
2.51643939 
1.42207027 
0.945818455 
1.464776 
2.708656 
1.920945 
—0.064736669 

-2.903724351 

13.976427 
0.752497571 
) 


8.16745034 
121.3348 


4 (Eo— En) |Wo(ritte)Wn|?. 


1078 


1.19348301 
0.929472297 
1.688316796 
6.0174071 
2.51643934 
1.42207026 
0.945818451 
1.464773 
2.708656 
1.920944 
—0.064736665 
— 2,903724367 
13.976430 
0.752497561 
) 


8.16745028 
121.3354 


lengths being 


Extrapolated 


1.19348299 
0.929472293 
1.688316798 
6.0174080 
2.51643932 
1.42207025 


1.464770 
2.708656 


— 0.064736664 

— 2.903724372 
13.976432 

0.752497553 


121.3360 


1.97279 1.97818 
0.45640 0.46440 


in 1(39). £; is the relativistic correction to the ionization 
potential : 


E;=a"[ — }27'+-4( pi!) — 24Z(6(r2) 
— 29(6(412) ]—2E», (10) 


in Rydbergs. The theoretical value of the ionization 
potential J given in the last line is the sum of the 
quantities in the preceding three lines. The extrapolated 
value’ of J differs by 2'units of 10-* cm from the 
sum of the three terms above it, and by only one unit 
from the value obtained for n= 1078. The uncertainty 
in the latter, based on the correction terms included in 
(9) and (10), is thus of the order of magnitude of 10~ 
cm. In support of this optimistic estimate we may 
cite the fact that the difference between the J-values 
of n= 203 and the extrapolated value in I was 0.022 
cm~', which is close to the figure of 0.025 cm™ by 
which the 203-value falls short of our new value. It is 
unlikely that a value for J of 198312.026 cm™ would 
be off by much more than the margin of 0.001 cm™! 
aimed at in this investigation. If we add to the above the 
Lamb-shift correction of —1.339 cm™ due to Kabir and 
Salpeter® and Sucher,’ we get a theoretical value for 
the ionization potential of 198 310.687 cm™', as com- 
pared with Herzberg’s* experimental] value of 198 310.85 
+0.15 cm“. 

The Lamb-shift correction is at present subject to 
an uncertainty of 0.2 cm~. The leading terms in the 
Lamb shift® of the ionization potential AZ; are repre- 


18 The J-values in Table I are given to at least one figure more 
than is warranted by the known precision of Rydberg’s constant. 
However, when expressed in Rydberg units, the ten significant 
figures are justified, and these can later be converted to cm™ 
when a more accurate value of the Rydberg constant becomes 
available. 


1.98257 1.98444 
0.46941 0.47391 


sented by 

AE;=E1n—E..—Exy. (11) 
Here £,,; denotes the Lamb shift of the one-electron 
ion, and has the value of 3.534 cm for helium. The 
last term is given by 


2 ot 
E,oe= —_ —a5(5(112)) in(-) ry, (12) 
3 a 


and is equal to —0.2082 cm for the 11'S state. The 
uncertainty in the Lamb-shift correction stems _pri- 
marily from the parameter Ko in the expression 


16 1 Ky 19 
E..= {ere |2 In- ~n—+—| (13) 


a ry 30 


which represents the average excitation energy of the 
11'S state. Ko is defined by 


; fon(Eo— E,)? In(Eo— E ) 


DI i evista neetitens 
:¥ fon(Eo— E,,)? 


where 


fon=43(Eo—E,) | Wo(titte)Yn * (15) 


E,) and E,, denote the energies of the initial state and 
of the mth excited state, respectively, and Yo and y, 
are the corresponding wave functions. In the absence 
of accurate wave functions for the excited states, the 
oscillator strengths fo, are known only approxi- 
mately®!*.!7 at present. Kabir and Salpeter arrive at a 


16 A. Dalgarno and A. E. Kingston, Proc. Phys. Soc. (London) 
72, 1053 (1958); J. P. Vinti, Phys. Rev. 41, 432 (1932); A. 
Dalgarno and J. Lewis, Proc. Roy. Soc. (London) A233, 70 (1955). 

17 A, Dalgarno and A. L. Stewart, Proc. Roy. Soc. (London) 
247, 245 (1958). 
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value of 4.39 for InKy, with an estimated uncertainty 
of the order of +0.2. 

In view of the enormous amount of computations 
required to get a sufficiently accurate value for InKo 
directly from (14), especially for the excited states, 
the following method of inferring a rough value may be 
of interest. 

Let S(k) and P(k) be defined by 


(16) 


S(k)=>X fon(Ev— E,)*, 


P(k) = (d/dk) \InS(k). (17) 


Then InKo is equal to P(2). Now the S(&) are known 


from the sum rules!® 


S(—2)= 1a, (18) 


)= 
S(—1)=3((r+8.2)"), (19) 
S(O) =Z, 

S(1) = (8/3)[e+e(A/N) ] 


S(2) = (642/3)(6(1r2)). 


(20) 
(21) 


(22) 


Here a denotes the polarizability, for which Dalgarno 
and Kingston'® get a value of 1.39a,', and the other 
S-values are given in Table II. Another datum can be 
inferred from Kabir and Salpeter’s asymptotic expres- 
sion® for fon, namely, that $(2.5)=. In the vicinity 
of k=2 we may therefore attempt a representation 


S(k) = B/(2.5—k)?, (23) 


and determine the constants B and a by fitting the 
values of S(1) and $(2). The result is 


a= logs{ S(2)/S(1) ]= 2.456, 


InKo= 2a= 4.91. 


B=Z2:41, (24) 


(25) 


S(O) comes out 2.33, as against the correct value of 2. 
Fitting a polynomial for 1/S(k) at the points k= —1, 
0, 1, 2, 2.5, and evaluating the derivative of the poly- 
nomial at k= 2, leads to a value of 4.50 for InKo. 
Table II also gives expectation values of various 
powers of the three triangular distances for the 11S 
state. The deviation at n=1078 of the expectation 
value of 2.903724367 for the potential energy (—V) 
from the value of 2.903724375 obtained for é is partly 
due to insufficient iteration of the eigenvector. The 


STATES OF He 
TABLE ITI. Ordering of the indices /, m, n in the 
antisymmetrical case. 


> 
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expectation values of (V*) will be useful for the eventual 
determination of (H”), where it enters as a component 
term. 

In the preceding discussion we have dealt with the 
energy eigenvalue and with expectation values of 
operators, which depend on the over-all behavior of the 
wave function in the whole of space, rather than on its 
properties at a particular point. We shall now study 
one such local property, namely the extent to which 
our solutions derived by solving determinants of 
increasing order, reproduce the known linear terms!*'’ 
in the expansion of the wave function at the origin: 


Y=1—Z(nrnitre)+3riot:--. (26) 


Representing the expansion of our solution in the form 


Y=1-—U(ritre)+Triet:::, (27) 


we give in Table II the values of l’ and 7, which at 
n= should approach the exact values of 2 and 3, 
respectively. We see that though the energy parameter 
e is determined at n= 1078 to an estimated accuracy of 
one part in 10", the value of the coefficient T still 
shows a gross deviation of 5% from its true value. 


3. THE 2°S STATE OF HELIUM 


The 24S state can be dealt with by our method in a 
manner similar to the ground state, the only change 
required being that in the expansion (4) we have to put 


A (lmn) A(m,1,it), (28) 


in order that the wave function be antisymmetrical in 


the two electrons. The coefficients A (/jm,n) are again 


TABLE IV. The determinant of order 7 for the antisymmetrical case 


By B; 


—48Z +9 +64e 
8Z —6 —8e 
44Z —6 —S2le 

1 


—64Z +23 +1606« 
-4Z+2 —I16«€ 
16Z —16 —32e 
52Z —10 —108e 
12e€ 


—4e 


—112Z+174160¢ 
4e 

-4Z+2+4¢ 
—12Z+12« 
-4Z +4+4¢ 


12Z —8 —8e 
90Z —9 —114e 
30Z —11 —66€ 


18V. A. Fock, Izvest. Akad. Nauk. S.S.S.R. Ser. Fiz. 
19 J. H. Bartlett, Phys. Rev. 51, 661 (1937). 


By 


—~80Z +43 +288¢ 
827 +4 —36e 


1362 
627 +3 
2Z2+1 


+35 +3606€ 


36€ 1962 +23 +2926 


127 +6+24¢ 1647 +31 +3966 


18, 161 (1954 





1220 


TABLE V. Values for the 24S state of the nonrelativistic energy — , the mass polarization correction — ¢,,, and the relativistic cor- 
rection to the ionization potential £;. J denotes the theoretical value of the ionization potential, excluding the Lamb-shift correction. 


Ruye*t= 109722.267 cm™; a? =5.32504X 10~°. 


Ww 


9 


e 
é 
( 
€ 


2é—4) 
2(A/ N) 

pi‘) 

(6(r2)) 

— (2/a*)E2 
(2é—4) Rue 
—€M 


“} 


J 


125 
10 
1.47486303758 
2.17522097961 
0.35044195923 
0.00745487852 
41.830336 
1.3196009 
0.003259516 


38451.286218 


—0.22427162 
1.96220 


38453.02415 


252 


13 
1.47486584437 
2.17522925888 
0.35045851777 
0.00744233891 

41.835955 
1.3204316 
0.003256937 

38453.103059 

—0).22389436 
1.91760 
38454.79677 
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444 


Extrapolated 





16 
1.47486588434 
2.17522937680 
0.35045875360 
0.00744213349 

41.835507 
1.3203474 
0.003256860 

38453.128935 
—0.22388818 
1.92248 
38454.82753 


19 
1.47486588483 
2.17522937822 
0.35045875644 
0.00744213074 

41.835544 
1.3203558 
0.003256860 


38453.129247 


—0.22388810 
1.92196 


38454.82732 


1.47486588483 
2.17522937824 
0.3504587 5647 
0.00744213071 
41.835541 
1.3203550 
0.003256860 
38453.129250 
—0.22388810 
1.92201 
38454.82737 


determined from the recursion relation I(22). We have 
arranged them into a one-dimensional array by the 
following procedure. Let 


A(l,m,n)=B,, (29) 


p(1,m,n) = (1/24)w(wt 2) (2w—1) 

— (1/16) 1—(—1)*]+/(m+n)+m. 
The scheme which we have adopted for ordering the 
(l,m,n) is illustrated in Table III. For each value of p 
the recursion relation I(22) takes on the form 


p=1, 2, 3--- 


(30) 


> CprB.=9, 


— 

k 

Cyr= Apr tp, 

where the a,, and b,, are integers, and 


(33) 


Con = is p- 


A sample of the determinant is shown in Table IV. 

We have solved the determinant by the iteration 
method described in I, and the results for the orders 
n=125, 252, 444, and 715 are shown in Table V. The 
convergence of the values of the energy parameter e 
with increasing order of the determinant n, is more 
rapid in the 2*S than in the 11S state. The value of 
1.47486588483 for e715 is probably correct to within 
the order of a unit in the last figure, judging by its 
closeness to the extrapolated value, and similarly for the 
nonrelativistic energy value — €715?= — 2.17522937822. 
The solution of the determinant of order 715 thus 
yields a nonrelativistic energy value which appears to 
be reliable to one part in 10'—an accuracy which 
ought to suffice for any foreseeable application in the 
future. Equally, the theoretical value of the ionization 
potential J based on the correction terms included in 
(9) and (10), excluding the Lamb shift correction, prob- 
ably does not deviate by more than one unit in the 
last figure from 38 454.8273 cm~!. Traub and Foley,” 
using a 12-parameter variational wave function, get a 
value for J of 38 452.12 cm“. 

The leading terms in the Lamb shift correction to 


* J. Traub and H. M. Foley, Phys. Rev. 111, 1098 (1958). 


the ionization potential are given by AE; in (11), 
where the Lamb shift of the one-electron ion E,.; is 
3.534 cm™, as for the 14S state, while the term Ez,» 
vanishes with (6(r2)) because of the antisymmetry of 
the wave function. Taking Dalgarno and Kingston’s'® 
value of 74.9 ry for the average excitation energy Ko 
of the 24S state, we get for the leading terms of the 
Lamb-shift correction 


AE; =3.534—3.698= —0.164 cm—!. (34) 


The accuracy of this figure is hard to assess, but 
improved values should be forthcoming soon. This 
leads to a theoretical value of the ionization potential 
of 38 454.663 cm™, 

The experimental value of the ionization potential 
has been estimated by Herzberg” to be 38 454.73 cm=, 
with an uncertainty of less than +0.05 cm~. This is 
based on his® term-value of 29 223.86 cm™ for the 
2*P, state and Meggers™ value of 9230.869 cm™ for 
the transition 2°S,—2°P,, but using Edlén’s vacuum 
correction. 

It would be of interest to attain higher precision in 
the experimental term-value of the 2 8S state. We may 
expect that an accurate theoretical value for the Lamb 
shift will be determined before long, though the problem 
is more complicated in the case of the 24S state. The 
reason for this is that in addition to transitions of the 
2s electron one must also consider transitions of the 1s 
electron, and by far the greater contribution to both 
numerator and denominator in (14) comes from the 
latter, as was shown by Dalgarno and Kingston.'® In 
view of this added complication, it is of interest to 
obtain a rough estimate of Ko by the method described 
in Eqs. (16) to (25). Values of S(k) are given in Table 
VI. We get 

a= logs{.$(2)/S(1) ]= 2.477, 


B=15.8917, (35) 


InKo= 2a= 4.95. (36) 


*1 G. Herzberg (private communication). 
= W. F. Meggers, J. Research Natl. Bur. Standards 14, 487 
(1935). 
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2*S STATES 


TABLE VI. Expectation values of various functions for the 2 4S state. 


V = (—1/r71:—1/re+1/2ri2), 


S(k) == fon(Eo— En)*, 


OF 


Son= }(Eo— En ) \Wo(titTre)~n 2. 


Ey and E,, denote the energies of the 2 °S state and of the mth excited state, respectively, measured in Rydbergs, lengths being measured 


in units of apo. 


n 
(r1?) 
(ri) 
(1/r;) 
(1/r;?) 
(ri9?) 
(r12) 
(1/rj2) 
(1/112?) 
(1/rire) 


(1/riri2) 


(tf, -F2) 
(V) 
(V2) 
S(—1) 
S(0) 
S(1) 


125 
11.4373177 
2.54883477 
1.154708349 
4.1701299 
22.9923236 
4.44431371 
0.2682804874 
0.0889448013 
0.5609066279 
0.3228030465 
— 0.05884408 
—2.175276455 
8.8387052 
7.5856491 
? 
5.82046895 


252 


11.4635124 
2.55042160 
1.154665077 
4.1704717 

23.0445817 
4.44745376 
0.2681995391 
0.0889067652 
0.5607332322 
0.3226983780 

—0.05877845 
— 2.175230385 
8.8392397 
7.6031560 

? 


5.82045759 


444 


11.4643041 
2.55046191 
1.154664166 
4.1704434 

23.0461624 
4.44753369 
0.2681978818 
0.0889060161 
0.5607296916 
0.3226962551 

—0.05877714 
— 2.175229391 
8.8391803 
7.6036846 

? 


5.82045736 


715 


11.4643213 
2.55046267 
1.154664153 
4,1704457 

23.0461969 
4.44753519 
0.2681978557 
0.0889060052 
0.5607296364 
0.3226962221 

—0.05877712 
~2.175229378 
8.8391848 
7.6036961 
? 


582045736 


Extrapolated 


11.4643217 
2.55046268 
1.154664153 
4.1704456 

23.0461975 
4.44753522 
0.2681978553 
0.0889060050 
0.5607296356 
0.3226962216 


~ 0.05877712 


- 2.175229378 
8.8391845 
7.6036964 
) 


S(2) 88.44050 88.49618 
D(0) 33.16519 33.18607 


S(0) comes out 1.64 compared to the exact value of 2. 
Fitting a polynomial for 1/S(k) and getting the 
derivative from it at k= 2, gives a value of 2.65 for InKo. 

The electron charge density at the nucleus D(Q) is 
given by 87(6(r,)), and is tabulated in Table VI. The 
value of 33.18416 for D(O)715, which is subject to an 
uncertainty of the order of a unit in the last figure, is 
to be compared with the value of 33.18388+0.00023 
which Novick and Commins deduced from the observed 
hyperfine splitting.” 


4. CONCLUSIONS 


In this investigation we have shown that the new 
method yields nonrelativistic energy values for the 
11'S and 2%S states of helium which are accurate to 
0.001 cm~, or better. With the program ready, the 


88.49053 88.49110 88.49105 
33.18395 33.18416 33.18414 


problem of achieving even higher accuracy is only a 
matter of availability of computing time. It would be 
of interest to bracket the energy also by a /ower bound, 
as Kinoshita does.*:* However, since the establishment 
of a lower bound involves rather lengthy computations, 
it is a question of economy whether one could not just 
as well carry out instead a solution of a higher order 
determinant, and gain an improved wave function 
into the bargain. 
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*3T. Kinoshita, Phys. Rev. 115, 366 (1959). 
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The isotope shift of the deepest *P and 'P levels of the helium atom is calculated by making use of the wave 
functions which were reported by one of the authors. The theoretical values of the specific isotope shift of the 
*P and 'P levels are —636.00X10-% cm™ and 453.83 10-3 cm™, respectively, which are in fairly good 
agreement with the observed values (—6421+5) 107-3 cm™ (23P) and (46145) 107-3 cm™ (2'!P). 


1. INTRODUCTION 


HE isotope shift of the S—P and D—P lines of 

helium was measured by Andrew and Carter,! 
Bradley and Kuhn,’ Fred, Tomkins, Brody, and 
Hamermesh,’ and Brochard, Chantrel, and Jacquinot.‘ 
A theoretical interpretation of the shift was given by 
Hughes and Eckart,’ but the calculated values based on 
their theory were not in good agreement with ex- 
periment.?* 

The normal shift is simply proportional to the ob- 
served wave number of the lines, while the specific shift 
depends on the initial and final wave functions of the 
transition. From the theoretical viewpoint we are there- 
fore more interested in the specific shift. Stone® calcu- 
lated the specific shift of He 2'*S by making use of 
Huang’s and Hylleraas-Undheim’s wave functions. He 
found agreement within 25% of theory with experiment. 

The 2P levels are most suitable for comparison be- 
tween theory and experiment because the specific iso- 
tope shift of these levels is expected to be largest and 
consequently can be calculated and measured most 
easily. In the present paper this shift will be calculated 
by making use of the wave functions which were re- 
ported by one of the present authors.’ We shall find that 
the theoretical values are in fairly good agreement with 
experiment. 


2. WAVE FUNCTIONS 


The method of selecting the variational wave function 
of the excited states of the helium atom was discussed in 
A,’ and the wave functions for the deepest *P and 'P 
states were determined. They are given by the linear 
combination of four functions, 


y= 2 awe, 


1 A. Andrew and W. W. Carter, Phys. Rev. 74, 838 (1948). 

2L. C. Bradley and H. Kuhn, Nature 162, 412 (1948); Proc. 
Roy. Soc. (London) A209, 325 (1951). 

’ Fred, Tomkins, Brody, and Hamermesh, Phys. Rev. 82, 
(1951). 

4 Brochard, Chantrel, and Jacquinot, J. phys. radium 19, 515 
(1958). 

5D). J. Hughes and C. Eckart, Phys. Rev. 36, 694 (1930) 

6A. P. Stone, Nature 176, 130 (1955); Proc. Phys 
(London) 68, 1152 (1955). 

7G. Araki, Kgl. Norske Videnskab. Selskabs, Forh. 30, 
(1957); Festskrift Til E. Hylleraas Pa Sekstiarsdagen 15de 
1958. This will be referred to as A. 
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1 


2 


where all functions are normalized as follows: 
¥||=||Wel] =1, 

The basic functions are given by 
Yo= 2 (1FP)F (xm; r1,72)Zep, 
V1 


=23(1+ P)F (kyo; 11,%2)Zsp, 


(=O. 4.7.3). 


ans 


4) 


(28) 


11 P)G(kur3 2,71)Z sp, ( 


y;=2 AIF P)G(k,us3 11,72)Z pa, (2.6) 


where P is the exchange operator; 1— P corresponds to 
the triplet and 1+ to the singlet. Z,, and Zp4q are the 
normalized angular functions of the P state correspond- 
ing to the sp and pd configurations, respectively, 


Z, pp V o0(w1) V¥im(we), 


Z pa= (20)-{[2(2—m) (2+m) }*¥ 10(w1) Vam(we) 
—[{(2—m)(3—m) }!V11(@1) Vem_1(we) 


= [(2+m)| 3-+m) }!V, 1(«1) Vom41(we2)}, 8) 


where V;,,(w) is the normalized spherical surface har- 
monic corresponding to the azimuthal quantum number 
! and the orbital magnetic quantum number m, and w 
stands for spherical surface coordinates 6 and ¢. The 
radial functions are defined by 


F (kw; 71,72) = N p(x )roe (et 42 (2.9) 


G(x; 71,%2) =N G(x )reroe (et Hr2) | (2.10) 
m rm 


where re denotes the smaller one of r; and ro, and 
N r(x) and N@(k,) are the normalization constants. 
The values of the parameters are shown in Table I. 


3. ENERGY LEVEL 


The accuracy of the wave function can roughly be 
estimated by comparing the expectation value of the 
energy with experiment. If we neglect the kinetic energy 
of the nucleus, the nonrelativistic Hamiltonian of the 
He atom is given by 

2 4.3 
H,= —$(Ai+A2)— ieee 4 ) 


7, V2 Tie 


(3.1) 


where all quantities are measured in atomic units. 
The radial function G has a cusp at m=72. Strictly 
speaking, such a function does not belong to the domain 


22 
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of the kinetic energy (operator). In order to avoid this 
difficulty we modify the radial function in the immediate 
vicinity of the cusp so that the derivative becomes 
continuous. We can choose the vicinity as small as we 
wish. This is practically equivalent to modifying the 
definition of the matrix element of A in the following 
way: If ¢ (a one-electron function) is continuous and y 
has a cusp, we define the Hermitian inner product of ¢ 
and Ay by 


(¢ap)=lim f otavdla.y.), (3.2) 
0 


where the argument of d indicates the integration vari- 
able, Y. is the modified function, and e is the length of 
the vicinity in question. This modification guarantees 
the Hermiticity of A and 7V in the followlng sense: 


(vy, Ay) = — (Ve, VW) = (Ag). (3.3) 


The detailed points on this consideration together with 
related problems will be discussed elsewhere. 

We denote the matrix element of the Hamiltonian 
with respect to the basic functions given by (2.3)—(2.6) 


TABLE I, Wave function parameters. 


ap ip 


2.003 024 271 
0.482 362 881 4 
0.868 500 000 
1.437 000 000 
1.199 750 000 
0.999 952 404 
0.007 405 727 30 
0.000 963 922 308 
0.019 384 822 6 


1.991 185 792 
0.544 574 887 & 
1.654 750 000 
1.975 000 000 
0.967 500 000 
0.991 608 392 
0.034 105 777 2 
0.003 003 987 56 
0.017 361 829 1 


as follows: 


H x= (Wj,H Wx), (3.4) 


We can calculate H ;, for k=0, 2 according to the ordi- 
nary definition of the Hermitian inner product, while in 
other cases we have, for example, 


j, k=0, 1, 2, 3. 


= f vtHabad aa) + f PLG(k,u1; 7,7) \*dr (3.5) 


The second term is a correction arising from the cusp at 
r1=r». We shall refer to such a term as the cusp correc- 
tion. The values of the matrix element H ;; are shown in 
Table II. The expectation value of //,, is given by 


Ke= > dD ajarH jx. 


7=0 k=0 


(3.6) 


The mass correction arising from the nuclear motion will 
be calculated in the next section. Its values are shown in 
Table III. If we add the mass correction to /,, we have 
the energy level of the He atom. This is denoted by F. 
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TABLE IT. Matrix elements of the Hamiltonian and energy values 
in atomic units. 


ap iP 


— 2.122 390 09 
0.181 742 651 

- 1.652 745 68 
1.013 382 362 

-0.167 848 971 

~ 1.038 796 041 
0.056 130 469 9 
0.412 138 016 
0.121 671 222 
0.178 005 342 


Hwo — 2.130 691 33 
Hy 157 797 040 
Hoo 246 83 
H33 i 788 159 
Ho, -0.455 520 839 
Hoe -0.827 816 805 
Ho 0.041 869 052 4 
Hy» — 0.816 763 287 
Hy; 0.048 215 6457 
Hos 0.070 346 734 6 


E. - 2.132 532 48 
{ Mass corr. 0.000 283 462 
E ~ 2.132 249 02 
Eobs 2.132 968 647 X 1077 


2.123 477 22 
0.000 297 401 
-2.123 179 82 
2.123 637 347X107? 


He‘: 


The calculated values of £, and E together with the 
observed value’ /.p, of the levels are shown in Table IT, 
where we adopt the energy relation 1 atomic unit 
= 219 474.618 cm~!. We see that E and Fp, are in 
agreement to four places. This indicates a rough measure 
for the accuracy of the wave function although accuracy 
for the energy does not necessarily mean accuracy for 
the isotope shift. The values of /,, are not in agreement 
with the result in A because the cusp correction was not 
taken into account in A. If we further vary the parame- 
ters we can improve the theoretical values of energy in 
the fifth place. The details of the calculation and the 
result will be reported elsewhere as we are here only 
concerned about the isotope shift. 


4. MASS CORRECTION 


We now consider the effect of the nuclear motion. 
When the center of mass is at rest, the nonrelativistic 


Matrix elements of Vi-Ve and mass corrections in 
atomic units 


TABLE III 


3P IP 


—().037 010 763 6 
0.015 611 4649 
0.644 767 025 
0.177 305 738 
0.062 201 805 9 

-0.154 477 571 
0.248 126 915 
0.108 987 520 
0.038 232 128 5 
1.154 744 10 
0.009 673 465 6 
0.036 448 593 0 
0.046 122 058 6 
0.000 291 079 
0.000 006 321 40 
0.000 297 401 


0.056 125 580 4 
0.070 280 054 
0.983 082 492 
0.120 622 065 
0.311 714 701 
0.234 895 882 
0.368 409 361 
0.303 517 289 
0.217 492 077 
1.13 + 109 47 
0.013 061 040 
0.077 696 761 
0.064 635 721 
0.000 292 321 
-(0).000 008 858 § 
0.000 283 462 


normal 
He? mass corr. 4 specific 
total 


8 Eobs is derived from the observed value of He** 1s 2S; (C. E. 
Moore, Atomic Energy Levels, National Bureau of Standards 
Circular No. 467 (U. S. Government Printing Office, Washington, 
D. C., 1949), Vol. 1], and the observed values of #Sy;—P; and 
25,;—'P, [G. Herzberg, Proc. Roy. Soc. (London) A248, 309 
(1958) ] by eliminating the fire structure. 
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Hamiltonian of the internal energy of the He atom is 
exactly given by 


H=H,.—(14+M)"H.—M(1+M)°V-V2, (4.1) 


where the length is measured in (1+M)M~ times 
atomic units, and other quantities are all measured in 
atomic units. M is the mass of the nucleus, and H,, is 
given by (3.1). If the eigenfunction of H is denoted by 
y, the eigenvalue of H is given by 


E=E,—(1+M)'E,—M(1+M)-(VV2), (4.2) 


where £,, and (V,V2) are the expectation values of H,, 
and ¥V,-V2, respectively. The last two terms represent 
the effect of the nuclear motion. The second term will be 
referred to as the normal mass correction, the last term 
as the specific mass correction, and the sum of them as 
the total mass correction. The isotope shifts arising from 
these mass corrections will be referred to as the normal, 
specific, and total isotope shifts, respectively. 

y and E,, are approximately given by (2.1) and (3.6), 
respectively. The matrix elements of V;- V2 with respect 
to (2.3)—(2.6) are denoted by 


M jx=(Wi,V1- Vax), 7, R=O, 1, 2, 3. (4.3) 


The cusp correction should be taken into account for the 
calculation of these elements too. The calculated values 
of M ;, are shown in Table ITT. (V,V2) is calculated in the 
same way as (3.6). It consists of two parts, the direct 
and exchange integrals which are, respectively, given by 


( ViV2 dir— 2(aoM o3+a\M, s+a2M 93), (4.4) 


(ViV2)ex= i an?M xi. 
k 


={) 


+-2(a9a)M 9, + a9d2M o2+a;a2M 2). (4.5) 
The origin of the former is the polarization of the s- 
orbital, but to discriminate the polarization term from 
the rest is not obvious.’ The calculated values of these 
expectation values together with those of the normal, 
specific, and total mass corrections for He‘ are also 
shown in Table ITI. The values of the isotope shift are 
given in the next section. For these calculations the 
following observed mass values (in atomic mass units) 
are adopted®.”: 
Mass of electron=5.487 6310-4, 
mass of He‘ atom=4.003 875 0, 
mass of He® atom= 3.016 983 55. 
The cusp correction to the mass correction is very small. 
The direct integral of Vi-V2 is small as compared with 
the exchange integral, as is usually expected. 
® Cohen, DuMond, Layton, and Rollett, Revs. Modern Phys. 
27, 363 (1955). 
© Mattauch, Waldmann, Bieri, and Everling, Annual Review of 


Nuclear Science (Annual Reviews, Inc., Palo Alto, California, 
1956), Vol. 6, p. 179. 
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5. ISOTOPE SHIFT 


The theoretical values of the specific isotope shift of 
levels amount to 


5(2 *P),= —636.00X 10-* cm= (theor.), 


5.1 
6(2 1P),=453.83X10-% cm™! (theor.), sia 


where *'P denotes the energy level (i.e., minus the 
spectral term), and 6Q stands for Q(He*)—Q(He'*) for 
any quantity Q. 

The observed values? of the total isotope shift 6y of 
S—P and D—P spectral lines are shown in the fourth 
and seventh columns of Table IV. From these values we 
can separate the observed values of the specific shift in 
the following way. Corresponding to (4.2), the wave 


TABLE IV. Observed isotope shifts in 10™° cm™ 6»=»(He’) 
—v(He*) denotes the isotope shift of the lines. (6v), and (6v), are 
the normal and specific isotope shifts of the lines, respectively. 
(6E;), is the specific isotope shift of the initial level. 


Fred et al.* Brochard et al.> 
—édv (dv), (6Ei)s —édyv (dv)e (5Ei)e 


A (A) — (dv)n 


7065 635 : —22 657 
4713 952 297 5S 303 649 
4120 1089 438 
3867 1160 508 
3732 1202 548 
3652 1228 586 


5875 763 123 128; 635 -1 
4471 1003 360 . 366 637 1 
4026 1114 474 
3819 1174 547 
3705 1210 592 
3634 1234 617 


3) —23P 


Bradley-Kuhn¢e 

—430 24 
—430 24 
—429 25 
—459 -—5 


1046 
1333 
1461 

1529 
1606 


7281 
5047 
4437 
4168 
3935 


1535 
—466 


1128 
1358 
1462 
1497 
1537 
1543 


1124 
1358 
1462 
1512 
1532 
1543 


6678 
4921 

4387 
4143 
4009 
3926 


—456 -—2 
—447 7 
—440 14 
—415 39 
—418 36 
—401 53 


2%*P —23S 10 830 1151 


* See reference 3. 
> See reference 4. : 
e See reference 2. The largest values of their measurement are cited. 


number » of spectral lines is given by 


y=v_—(1+M)»,.—M(1+M)»,, (5.2) 


where y,, and y, are the wave number corresponding to 
the difference of E, and (ViV2), respectively. The 
normal isotope shift of lines is defined by 
(6) ,= —».6(1+M)1. (5.3) 
From (5.2) and (5.3) we have 
(6v),=—v(2+M)(14+M)6(1+M)" = (5.4) 


to good accuracy, where the omitted part is negligibly 
small. The values of (6v),, are shown in the third column 
of Table IV. 
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The observed values of the specific shift (6v), can be 
obtained by subtracting the normal shift from the total 
shift : 


(6v),=dv— (dv) n. (5.5) 


The result is shown in the fifth and eighth columns of 
Table IV. If we denote the specific isotope shifts of the 
initial and final levels by (6#;), and (6Es),, respectively, 
the specific isotope shift of lines is given by 


(6v).= (6E:),— (6Es).. 


The contribution to the specific shift of S and D levels 
only comes from the polarization term of the s orbital, 
while the main part of the specific shift of P is the ex- 
change integral. Therefore the former must be small as 
compared with the latter. It may be considered as 
evidence for this that (6v), is nearly constant for a 
definite final level. 

If we subtract the theoretical values of — (6E;), given 
by (5.1) from the observed values of (6v), in Table IV, 
we obtain the specific shifts of S and D levels which are 
shown in the sixth and ninth columns of Table IV. The 
observed values of 6v mostly contain errors of about 


(5.6) 
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5X10-* cm™ (even 16X10-* cm™ in the largest case). 
Therefore their last figures are not definitely significant. 
The values of (6), indicate only the order of mag- 
nitude. 

Bradley and Kuhn? graphically derived the total 
shifts of the levels 2'P and 2%S from the plot of the 
measured shift of lines by extrapolation. We obtain the 
normal shift of levels from the observed spectral term 
values in the same way as (5.4). The difference of these 
two kinds of shift represents the specific shift of the 
levels. Thus we have 


6(2'P),= (46145) X10-* cm™ (obs.), (5.7) 


6(2 4S),= (9545) 10-* cm~ (obs.). (5.8) 


Eliminating 6(2 4S), from (6v), of 2*P—2%S shown in 
the last line of Table IV, we have 


6(2 §P),= (—642+5)X10-* cm™ (obs.). (5.9) 
Comparing (5.1) with (5.7) and (5.9), we see that the 
agreement between theory and experiment is satis- 
factory. 
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Electron Affinity of O, 


R. S. MULLIKEN 
Laboratory of Molecular Structure and Spectra, University of Chicago, Chicago, Illinois 
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It is shown, using molecular orbital theory and experimental data, that 0.15 ev is much the more probable 
of two alternative values for the electron affinity of O2 which have been considered. Thermochemical evi 
dence favoring a value of 0.9 ev is rather uncertain and should be given less weight. 


URCH, Smith, and Branscomb! have recently re- 
ported an extrapolated experimental threshold 
value of 0.15+0.05 ev for photodetachment of an 
electron from O,-, in agreement with conclusions of 
others from experimental work with gas discharges. 
However, in view of thermochemical evidence surveyed 
by Pritchard* pointing to an electron affinity of about 
0.9 ev for Os, they suggest that these data could be 
made consistent by the assumption that the photo- 
detachment which they observed occurs from meta- 
stable ‘2,- ions with an excitation energy of 0.75 ev 
(0.9-0.15 ev) above the *II, ground state of O.-. But 
“if the interpretation of [ the thermochemical evidence ] 
should be erroneous,” the observed 0.15 ev could be 
the true electron affinity of O». 
Strong theoretical reasons can be given against a 
value as high as 0.9 ev for the electron affinity of O2 and 


1 Burch, Smith, and Branscomb, Phys. Rev. 112, 171 (1958); 
hereafter referred to as BSB. 
2H. O. Pritchard, Chem. Revs. 52, 529 (1953). 


in favor of a value such as 0.15 ev. Further, it seems 
unlikely that the proposed* low-energy *2,~ state of O» 
exists. There seems then to be little doubt that the 
electron affinity of O: is near the value of about 0.15 ev 
obtained by BSB, and by others from swarm experi- 
ments. The justification of these statements follows. 
The ground state of O.-, using MO’s (molecular 
orbitals) should be of the structure ---o,?x,‘7,', *IIy. 
The ‘2,~ state suggested by BSB would be formed* 
from a normal (2s?2', *P) oxygen atom and a (real or 
virtual) excited state of the O~ ion (the lowest-energy 
possibility would be 2s*2p‘3s, 4P). The lowest-energy 
4y;~ state obtainable from these would be of the 
structure «+ -o,?m,{2,’o,* with o,* a Rydberg MO of O, 
of the type o,3s. But it seems rather unlikely that a 
bound a,* (or, still less, any other) Rydberg MO exists 


3 Proposed by Bates and Massey (see H. S. W. Massey, Negative 
Ions (Cambridge University Press, Cambridge, 1950), second 
edition, and further discussed and utilized by Y. Inoue, Japan. 
J. Geophys. (1), 4, 21 (1957). 
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for Oz”, for essentially the same reasons that a bound 
3s AO (atomic orbital) probably does not exist in O-. 
Namely, Rydberg MO’s or AO’s, even in neutral mole- 
cules or atoms where the field of a +1 core charge is 
available to hold them, are very much larger than the 
valence-shell MO’s or AO’s. When, in a negative ion, 
the field of the core is reduced to that of a neutral 
system, the Rydberg orbital “blows up.” In exceptional 
cases, a Rydberg orbital in a negative ion may be 
sufficiently penetrating to save it, and probably o,* in 
O.~ is somewhat more favorable in this respect than 3s 
in O-, but it seems rather unlikely that penetration is 
sufficient to stabilize either the excited O~ ion or the 
'Y,~ state of O.- in question. 

Other excited states of Oo, including - - -o,?z,,'z,', 
"Il, ogmu'm,', *Z,*, in which only mutually interpene- 
trating valence-shell MO’s are present, are free from 
these objections, but should be too high in energy to 
fulfill BSB’s requirements, and, also, are not meta- 
stable. Further, the o,°1,47,’0., ‘2, state contemplated 
by Inoue as a precursor to the *2,~ state is unlikely to 
be as low in energy as Massey and Inoue supposed. 
(Of the states mentioned, the 7IT,, should auto-ionize 
and the *2,*+ should have only a small energy of dis- 
sociation into O0+O0-; the 42,~ is most probably a re- 
pulsive state with reference to O+O7-, if one may judge 
by the related o,?1,41,0,, *II, state of Ov.‘) 

The ground state of Oz is *2,~ of the MO configuration 
o,°m,m,", and has a dissociation energy D of 5.115 ev.° 
The same MO configuration gives rise to two low 
excited states, a 'A, 0.975 ev up, and a 'S,* 1.625 ev up. 
Now D for O2~, with only 1} bonds, is surely less than D 
of Os, with 2 bonds, as is clear from a consideration of 
the general principles of the quantum theory of chemical 
binding and related empirical evidence. On this basis, 
it can be shown that an QO, electron affinity as high as 
0.9 ev is extremely improbable. 

However, in order to arrive at a well-founded estimate 
of the dissociation energy of O.~ into O(s*p', *P.2) plus 
O~(s*p*, *P;) from the data on Os, it is necessary first 
to refer both dissociation energies to bivalent (not *P) 
oxygen atoms. Further, the comparison must be made 
not with the *2,~ state of Ov, which has extra stability 
because of its open-shell triplet character, but with the 
!A, state, which is the true double-bonded state of Ox. 
This state, according to valence-bond theory, involves 
one o electron-pair bond, say o-o, and one w+ or r 
bond, say mt-rt or mw -m-. Because the bonded 
electrons may be either both x*, or both w-, a 'A state 
results. For the 'A, state, D is 4.14 ev (5.115—0.975) 
for dissociation into two O atoms each in its s*p*, *P» 
ground state. But the appropriate bivalent valence 
state s* po pr®, V2 of each atom is 0.67 ev above the 


4 P. G. Wilkinson and R. S. Mulliken, Astrophys. J. 125, 594 
(1957). 
5 P. Brix and G. Herzberg, Can. J. Phys. 32, 110 (1954). 
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*P». in energy,® so that the dissociation energy from the 
double-bonded !A, state into two bivalent atoms is 
4.14+ (20.67) = 5.48 ev. 

The energy of formation of O,~ in its ground state, 
with one o-o bond and one-half + bond, from an 
S* po pr’, V2 atom and an s* po prt, V; OT ion, should 
be distinctly less than 5.48 ev, perhaps { of this, or 
4.11 ev, since the number of bonds is now 1} instead 
of 2; or probably a little larger than 4.11 ev since the 
a-o bond probably contributes more than its share to 
the binding, especially at long range. The corresponding 
figures for the formation of O.- from a ground-state 
atom (°P:) and ion (?P;) are 0.68 ev less (0.67 ev for 
V2—*P» of O, plus 0.01 ev for Vi—*P; of O-), namely 
4.80 ev and 3.43 ev, with the expected value definitely 
less than the former and very likely somewhat larger 
than the latter. 

Now if the electron affinity of O. were 0.9 ev, the 
energy of O.- would lie 5.115+0.9=6.015 ev below 
that of O?P2)+O(?P2)+e; and since O~ (*P;) lies 1.465 
ev below O(®P2)+e,’ the energy of formation of O, 
from O(®P2)+O-(?P;) would be 4.55 ev. On the other 
hand, if the electron affinity of O» is 0.15 ev, the energy 
of formation of O2~ is (5.115+0.15— 1.465), or 3.80 ev. 
On making a comparison with the results of the previous 
paragraphs it is seen that the second alternative is 
entirely reasonable, but the first is much less so. 

Hence on these grounds, unless the thermochemical 
evidence in favor of 0.9 ev as the electron affinity of O» 
is extremely strong, the value 0.15 ev is much the more 
probably correct. This conclusion is re-enforced by the 
fact that the value 0.9 ev requires rather improbable 
assumptions as to the existence and behavior of a 
metastable Rydberg-type ‘2,~ state of O2-. An exami- 
nation of Pritchard’s survey’? of the thermochemical 
evidence discloses that the deduction from it of the O» 
electron affinity is open to enough doubt and uncer- 
tainty so that the result obtained thereby can reason- 
ably be assigned a much lower weight than the result 
from a straightforward interpretation of the other 
evidence.*® 
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Radiative Capture of Protons by Be’? 


W. E. Meyeruor,* Department of Physics, Stanford University, Stanford, California, 
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Carnegie Institute of Washington, California Institute of Technology, Pasadena, California, 


AND 


C. M. Hupson,§ Office of the Chief of Ordnance, Department of the Army, Washington, D. C. 
(Received April 13, 1959) 


The gamma rays from the capture in Be® of protons of energy between 0.27 and 1.2 Mev have been 
studied using large scintillation crystals. Excitation functions of the gamma rays leading to the 0-, 0.72-, 
1.74-, 2.15-, 3.58-, and 5.16-Mev states of B' were computed from the measured gamma-ray spectra. In 
addition to the resonances previously known to exist at 0.33-, 0.99-, and 1.086-Mev proton energy [corre- 
sponding to (1~) 6.88-, (2~) 7.48-, and (0*) 7.56-Mev states in B'], evidence was found only for the p-wave 
resonance near 1 Mev [(2*) 7.5-Mev state in B'] postulated by Mozer and by Dearnaly and for the influence 
of higher lying states. This work leaves unexplained the large isotopic-spin impurity of the 6.88-Mev level. 
Appreciable nonresonant capture was found for the transitions to the 0-, 0.72-, 3.58-, and 5.16-Mev states, 
which is probably not s-wave for the latter two transitions. Accurate energy measurements and coincidence 
work showed that the 5.16-Mev level of B" is populated in preference to the 5.11-Mev level, contradicting 
earlier work of Clegg. Also, experimental evidence has been found which appears to be in contradiction to 
the 0* spin assignment for the 7.56-Mev level of B' and raises doubts about the 2* spin assignment of the 


5.16-Mev level. 


I. INTRODUCTION 


N a recent paper! certain speculations were made 

about the levels of B” which could be the isotopic- 
spin analogs of the levels in Be" located at? 5.96, 6.18, 
and 6.26 Mev. Evidence was presented! which indicated 
that the spins of the 5.96- and 6.26-Mev levels of Be'® 
were 1~ and 2-, respectively. On the other hand in B” 
a spin 1~ level was known? to exist at 6.88 Mev and 
presumably spin 2~ levels were known? to lie at 7.48 
and 7.78 Mev, which could be the analog levels of the 
aforementioned Be" levels. 

The high isotopic-spin impurity® of the 1~ 6.88-Mev 
level of B® makes it appear likely'* that another 1 
level should lie close to it. The present work was 
motivated by an attempt to search for such a level 
using the Be*(p,y)B” reaction. During the course of 
our experiments we were informed of the work of Edge 
and Gemmell‘ on the same reaction, motivated in a 
similar fashion. In our work protons of energy between 
0.27 and 1.20 Mev were used (corresponding to an 
excitation energy of B'’ between 6.83 and 8.67 Mev); 


} Assisted in part by a grant of the Alfred P. Sloan Foundation, 
Inc., to Stanford University and by the joint program of the Office 
of Naval Research and the U. S. Atomic Energy Commission at 
the California Institute of Technology and at Stanford University. 
Experimental work performed at the Kellogg Radiation Labora 
tory, California Institute of Technology. 

* Alfred P. Sloan Foundation Fellow, 1957-1958. Senior 
Research Fellow at the California Institute of Technology, 
1957-1958. 

t Present address: The Clarendon Laboratory, Oxford, England. 

§ Research Associate at Stanford University, Summer 1958. 

1W. E. Meyerhof and L. F. Chase, Jr., Phys. Rev. 111, 1348 
(1958). 

2 F, Ajzenberg and T. Lauritsen, Nuclear Phys. 11, 1 (1959). 

3D. H. Wilkinson and A. B. Clegg, Phil. Mag. 1, 291 (1956); 
A. B. Clegg, Phil. Mag. 1, 1116 (1956). 

4R. D. Edge and D. S. Gemmell, Proc. Phys. Soc. (London) 
71, 925 (1958). 


in the work of Edge and Gemmell protons of energy 
between 0.22 and 0.44 Mev were used. 

We can mention already here that our work has not 
indicated any second 17 level in B" in the energy region 
which was surveyed. Furthermore, our work may have 
left more questions unanswered than were in our mind 
previously, with respect to the 3-kev wide 7.56-Mev 
state of B'", whose gamma decay we also investigated. 
Nevertheless, since a Van de Graaff machine is not 
available to us at this time we believe that it is of general 
interest to publish our results now, in order to stimulate 


further work on the excited states of B™”. 


II. EXPERIMENTAL METHODS 
All the gamma-ray spectra were measured with a 
Nal(T]) crystal, 4 in. in height and 4 in. in diameter, 


and displayed on a RIDL 100-channel pulse-height 
analyzer. The gamma rays were collimated by a 1}-in. 











PULSE ENERGY (MEV) 


Fic. 1. Typical pulse-height distributions from the 4-in.X4-in. 
Nal(Tl) crystal used with a 14-in. diam lead collimator, 4 in. 
long. The energies of the single gamma rays are given in Mev. (2.31 
should read 2.38.) 
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Fic. 2. Gamma-ray spectrum of Be®+p at 0.33 Mev. Low- and 
high-gain curves are shown. The arrows mark the energies at 
which capture gamma rays to excited states of B' are expected. 
On the lower curve energies of expected secondary gamma rays 
are also marked. Typical statistical errors are indicated. 


diameter hole in a 4-in. thick lead shield and entered 
the crystal along the cylinder axis. For general orien- 
tation we give in Fig. 1 four pulse-height spectra 
measured in the above geometry for single gamma rays 
of 2.38-, 4.43-, 6.14-, and 8.06-Mev energy, produced 
in the reactions C’(p,y) (£E,=0.47 Mev); N'(p,ey) 
(E,=0.90 Mev), F(pry) (E,=0.62 Mev), and 
C8(p,y) (E,=0.55 Mev), respectively. 

Several Be targets were made which had thicknesses 
of less than 20 kev at proton bombardment energy. 
The targets were evaporated on carefully cleaned 
copper disks, which were mounted 1} in. in front of the 
gamma-ray collimating channel. After some trials, the 
targets could be made essentially free of fluorine 
contamination. 

For coincidence work, the collimator was removed 
and two 4-in.X4-in. NaI(Tl) crystals were used at a 
distance of approximately 2 in. from the target. A 
conventional coincidence circuit was used to gate the 
100-channel analyzer. 

The single gamma-ray spectra were measured at 90° 
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Fic. 3. Gamma-ray spectrum of Be*+) at 0.65 Mev. For 
significance of markings, see caption to Fig. 2. 
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with respect to the proton beam, except at 0.65-Mev 
proton energy where a 0° spectrum was also measured. 
Spectra were usually measured with two different 
amplifier gains, to cover the entire gamma-ray spectrum 
from 0.5 to 8 Mev. The gamma-ray spectra were 
analyzed (after subtraction of room background) in 
the conventional manner of subtracting successive 
single gamma-ray spectra starting with the highest- 
energy gamma rays. It can be seen in the typical 
spectra shown below that, except for a region between 
23- and 3}-Mev pulse energy, the analysis of the 
gamma-ray data is quite unambiguous. The photopeak 
areas with appropriate corrections for detection effi- 
ciency and absorption (including differential penetra- 
tion of the edges of the lead collimator) were used in 
order to obtain the gamma-ray intensities. At each 
proton energy the gamma rays were fitted into the 
known levels* of B'° and a check was made to see that 
the high- and low-energy gamma-ray intensities 
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Fic. 4. Gamma-ray spectrum of Be®+p at 0.99 Mev. For 
significance of markings, see caption to Fig. 2. 


balanced. This balance was usually exact to within 
20%, except for the alpha-particle unstable level at 
5.16 Mev. 
III. RESULTS 
(a) Single Gamma-Ray Spectra 

Figures 2 to 4 show three typical single gamma-ray 
spectra (at 0.33-, 0.65-, and 0.99-Mev proton energy, 
respectively), out of the spectra taken at twenty 
different proton bombardment energies between 0.27 
and 1.20 Mev. (The spectra at 0.99 Mev were taken 
with a freshly mounted crystal, for which the pulse- 
height spectra in Fig. 1 are not strictly applicable.) It 
can be seen that at the lower bombardment energies 
well-defined peaks due to the high- and low-energy 
gamma rays appear. At the higher bombardment 
energies the strong gamma ray to the ground state of 
B" made the analysis of other higher energy gamma 
rays difficult (see also reference 5) so that the analysis 
had to rely mainly on the lower energy gamma rays. 
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Fic. 5. Excitation curve of gamma ray to ground state (J™=3", 
T=0) of B" in Be’+ at 90° to proton beam. Measurements at 
0° are from reference 4 (E. and G.) and one point from the present 
work (M.T. and H.). The calculated Breit-Wigner resonance 
curve for the 0.99-Mev resonance is indicated. After subtraction 
of this curve from the experimental values, the points marked by 
triangles are obtained. An s-wave penetrability curve is indicated. 
See text for discussion. 


The analysis of the single gamma-ray spectra enabled 
us to show that proton-capture gamma rays exist to 
the 0-, 0.72-, 1.74-, 2.15-, 3.58-, and 5.16-Mev levels 
of B"™. The excitation curves for these gamma rays are 
shown in Figs. 5 to 10. Figure 11 shows the excitation 
curves of some of the secondary gamma rays. The 
differential cross section of the ground-state gamma ray 
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Fic. 6. Excitation curve of gamma ray to 0.72-Mev state 
(J*=1*, T=0) of B® in Be®+>/ at 90° to proton beam. Measure- 
ments at 0° are from reference 4 (E. and G.). Upper limits are 
indicated by arrows. The calculated Breit-Wigner resonance 
curve for the 0.33-Mev resonance is indicated, as well as s- and 
p-wave penetrability curves. 
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Fic. 7. Excitation curve of gamma ray to 1.74-Mev state 
(J"=0*, T=1) of B"” in Be®+ 4 at 90° to proton beam. Measure- 
ments at 0° are from reference 4 (E. and G.). The calculated 
Breit-Wigner resonance curves for the 0.33- and 0.98-Mev 
resonance are indicated. Parameters for the latter resonance were 
taken from Mozer, reference 9. See also reference 10. 


was normalized to 400 ub/4a sterad at 998 kev®® 
ignoring the small angular anisotropy’?; this was 
sufficient to normalize all the other differential cross 
sections. The errors indicated for the differential cross 
sections include errors in the gamma-ray efficiency 
calibration as well as consistency errors in the balance 
of high- and low-energy gamma-ray intensities. At 
certain proton energies only upper limits for the gamma- 
ray intensities could be set, particularly for the capture 
gamma ray’ to the 3.58-Mev state of B”. 
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Fic. 8. Excitation curve of gamma ray to 2.15-Mev state 
(J™=1*, T=0) of B” in Be®+p at 90° to proton beam. Measure 
ments at 0° are from reference 4 (E. and G.). The calculated 
Breit-Wigner resonance curves for the 0.33- and 0.99-Mev 
resonance are indicated. 


5 W. F. Hornyak and T. Coor, Phys. Rev. 92, 678 (1953). 

6 N. Jarmie and J. D. Seagrave, Los Alamos Scientific Labora 
tory Report LA-2014, 1957 (unpublished). 

7G. R. Bishop and J. C. Bizot, J. phys. radium 18, 434 (1957). 
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Fic. 9. Excitation curve of gamma ray to 3.58-Mev state 
J*=2*, T=0) of B® in Be*+p at 90° proton beam. The 0 
measurement at 0.65 Mev is from the present work; the upper 
limit indicated is to be taken with respect to the 90° point espe 
cially marked. The calculated Breit-Wigner resonance curve for 
the 0.33-Mev resonance is indicated, as well as a p-wave penetra 
bility curve 


At the lower proton energies the results of Edge and 
Gemmell‘ are shown, normalized to our values of the 
intensity of the capture gamma ray to the 1.74-Mev 
state of B"™ (since this is the most intense gamma ray 
at the lower proton energies). It should be noted, 
though, that the work of Edge and Gemmell was done 
at 0° to the proton beam, ours at 90°. Only at 0.65-Mev 
proton energy was a 0° spectrum taken by us and the 
corresponding results are indicated on Figs. 5, 9, and 10. 

As will be seen below, it was of particular interest to 
show that according to our results the capture gamma 
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Fic. 10. Excitation curves of gamma ray to 5.16-Mev (J*=27?) 
state of B in Be®+-p at 90° to proton beam. The 0° measurement 
is from the present work; the error indicated is to be taken with 
respect to the 90° point especially marked. s- and p-wave penetra 
bility curves are indicated. Possible resonance effects at 0.33 and 
0.99 Mev are apparent. 
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rays to the 5.1-Mev states of B™ indeed go at least 
predominantly to the 5.16-Mev state, rather than to 
the 5.11-Mev state, as reported by Clegg.’ Figure 12 
plots the gamma-ray energy measured by us versus the 
proton energy and indicates the expected relationship 
for a transition to the 5.11-Mev state and to the 5.16- 
Mev state. It appears from the figure that the gamma 
radiation goes predominantly to the 5.16-Mev state, 
a conclusion which is supported by the coincidence work 
described below. 
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Fic. 11. Excitation curves of secondary gamma rays in Be®+ p 
at 90° to proton beam. The calculated Breit-Wigner resonance 
curves for the 0.33- and 0.99-Mev resonances are indicated, as 
well as s- and p-wave penetrability curves. 


As part of our studies, although not directly related 
to their original motivation, we investigated the gamma 
decay of the 3-kev wide resonance at 1.086-Mev proton 
energy.’ A 7-kev thick target was used, but only one 
run was made. Figure 13 shows the gamma-ray spec- 
trum at 1.086 Mev, as well as an average of spectra 
taken at 1.066 and 1.100 Mev, which should indicate 
the “background” under the resonant spectrum. 

The qualitative analysis of the higher energy gamma 
rays is somewhat uncertain, but it appears from Fig. 





RADIATIVE 


13 that a “resonant” gamma ray of 5.82-Mev energy 
may be present in the spectrum. Comparison with the 
gamma-ray spectrum taken with the same crystal at 
the 0.99-Mev resonance (Fig. 4) shows that the peak 
at 5.82 Mev is not due to the pair peak of the 6.84-Mev 
gamma ray. The latter “peak” is indicated by the 
dotted line in Fig. 13. 

A particularly careful energy determination was made 
for the 2.4-Mev gamma ray shown in Fig. 13. The 
2.62-Mev gamma ray of Th C was run simultaneously 
with the Be®(p,y) spectrum at 1.086-Mev proton energy 
Figure 14 shows the composite spectrum as well as the 
spectrum with the Th C gamma ray subtracted out. It 
can be seen that the energy of the gamma ray 
question is more nearly equal to 2.40 Mev, as would be 


TO 5,159-MEV STATE 


Fic. 12. Energy of capture gamma ray to 5.11- or 5.16-Mev 
states of B! versus proton energy in Be®(p,y) reaction. The two 
curves indicate the energy relationship expected if capture occurs 
to the 5.105- or 5.159-Mev states, respectively. The error to be 
attached to the gamma-ray energy determinations is approxi 
mately equal to half the vertical distance between the two lines. 
It is apparent from these curves that the 5.16-Mev state is at least 
predominantly populated, which is in agreement with the gamma 
gamma coincidence work described in the text. 


expected if it is a capture gamma ray to the 5.16-Mev 
state of B™, than 2.45 Mev, as would be expected for a 
transition to the 5.11-Mev state. Figure 13 shows that 
the off-resonant part of the gamma-ray spectrum plays 
no role in this analysis. 


(b) Gamma-Gamma Coincidences 


It was desirable to show more definitely than indi- 
cated by Fig. 12 that the capture gamma ray, believed 
by Clegg* to go to the 5.11-Mev state of B", goes pre- 
dominantly to the 5.16-Mev state. This was done by 
searching for gamma rays which would be in coin- 
cidence with the capture radiation in question. Since 
the 5.11-Mev state has a large alpha-particle width® no 
gamma rays are expected coincident with a gamma 
Phys. Rev. 108, 


8L. N Meyer- Schiitzmeister and S. S. Hanna, 


1505 (1957). 
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Fic. 13. Gamma-ray spectrum of Be®+/ at 1.086 Mev. A 7-kev 
thick target was used to study this (3 kev wide) resonance. The 
off-resonant curves are averages of spectra taken at 1.066 and 
1.100 Mev and should indicate the counts not to be attributed to 
the 1.086-Mev resonance. Typical statistical errors are indicated ; 
those for the top curve are no larger than the size of the symbols. 
Arrows indicate energies at which capture gamma rays to excited 
states of B'° and secondary gamma rays are expected. A transition 
to the 1.74-Mev state of B" appears to be indicated. See text for 
discussion. 


transition to this state. On the other hand, in the case 
of the 5.16-Mev state the alpha-particle width is com- 
parable with the gamma width,' so that gamma rays 
are expected to “e in coincidence with a gamma tran- 
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Fic. 14. Energy determination of the capture gamma ray to the 
5.11- or 5.16-Mev states of B' at 1.086-Mev proton energy in 
Be®(p,y) reaction. A 2.62-Mev gamma ray (ThC) was run to 
gether with the reaction and the resultant points are shown by the 
top curve. The 2.62-Mev gamma ray (triangles) was subsequently 
run separately for the same length of time. After subtraction of 
this gamma-ray distribution as well as of the distribution of 
Compton electrons from higher energy gamma rays (see Fig. 13), 
the curve marked by squares was obtained. It is apparent that the 
photopeak corresponds more nearly to 2.40 Mev, expected for a 
capture transition to the 5.16-Mev state, then to 2.45 Mev, ex 
pected for a transition to the 5.11-Mev state. The asymmetry of 
the photopeak on the low-energy side can be ascribed to the pres 

ence of a 2.15-Mev gamma ray. 
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Fic. 15. Gamma-gamma coincidence spectra in Be®(p,y) re- 
actions at 0.41-Mev proton energy. The energies at which photo- 
peaks are expected, if the capture gamma ray of 1.79 Mev leads 
to the 5.16-Mev state of B", are marked with arrows. The shape 
expected for a 5.2-Mev gamma ray is indicated in dashed lines. 
See text for discussion 


sition to this state. The coincident gamma rays would 
have energies (in Mev) and intensities as follows*: 
5.16 (7%), 4.44 (29%), 3.01 (64%); furthermore, 
secondary gamma rays of 2.15-, 1.43-, 1.02-, 0.72-, and 
().41-Mev energy are expected.?* 

Two 4-in. longX4-in. diam Nal(TI) crystals were 
used for the coincidence work. The crystals were placed 
about 2 in. from the target, at 90° to the proton beam, 
and at 180° with respect to each other. At a given 
proton bombardment energy, a coincident gamma-ray 
spectrum was first measured with the discriminating 
channel set on the photopeak of the capture gamma ray 
of interest and then with the discriminating channel 
just above the photopeak. In this way we hoped to find 
out which part of the coincident gamma-ray spectrum 
was caused by the capture gamma ray and which part 
was caused by Compton electrons from higher energy 
gamma rays. In practice it turned out that due to the 
complexity of the entire gamma-ray decay scheme (and 
the proximity of the crystals to the target, which caused 
some solid-angle addition) even the small displacement 
of the discriminating channel away from the photopeak 
in question produced gamma-ray coincidences different 
from those associated with the actual Compton “‘back- 
ground” under the photopeak. 

Gamma-gamma coincidences were first studied at a 
proton energy of 0.41 Mev. At this proton energy the 
capture gamma ray to the 5.16-Mev state of B" has an 
energy of 1.79 Mev. Hence, the discriminating detector 
was first set to cover an energy range (a) from 1.70 to 
1.90 Mev and then (b) from 2.00 and 2.20 Mev. The 
same total beam charge was collected in each case. In 
Fig. 15 curves (a) and (6) show the respective coincident 
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gamma-ray spectra, with only the chance coincidence 
background subtracted. The energies at which photo- 
peaks should occur, if the 5.16-Mev level of B" is fed 
by the capture gamma ray, are marked with arrows. 
The intense 5.2-Mev gamma ray in curve (a) appeared 
because the discriminating channel accepted the solid- 
angle-added pulses of 1.02- and 0.72-Mev energy which 
were produced by the gamma rays leaving the 1.74-Mev 
level of B". (Figure 7 shows that the 1.74-Mev level of 
B” is strongly populated by direct capture gamma rays 
at this proton energy.) In curve (6) the discriminating 
channel was too far above 1.74 Mev for this effect to 
occur. Despite this spurious effect, it appears from Fig. 
15 that coincident gamma rays of 3.0-, 2.1-, and 1.4-Mev 
energy occur stronger in curve (a) than (0). (A small 
part of this effect for the latter two gamma rays is 
caused by the variation of the intensity of the Compton 
background as the discriminator is shifted.) The reason 
for the appearance of other gamma rays above and 
below 3.0 Mev in curve (0) is probably due to transitions 
feeding and leaving the 2.15- and 3.58-Mev levels of 
'. 

Gamma-gamma coincidence spectra were also meas- 
ured at a proton energy of 0.65 Mev. In this case the 
transition to the 5.16-Mev level of B' has an energy of 
2.00 Mev. Curves (a) and (0) in Fig. 16 show the spectra 
with the discriminating channel covering the energy 
interval from 1.92 to 2.12 Mev and from 2.28 to 2.48 
Mev, respectively. Here again spurious effects occur, 
because the discriminating detector accepted to varying 
degrees transitions from the 2.15- and 3.58-Mev states 
of B®. Nevertheless, there is an indication that coin- 
cident gamma rays of 3.0-, 2.1-, and 1.4-Mev energy 
occur more strongly in curve (a) than (0). 

An attempt was made to make a quantitative 
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Fic. 16. Gamma-gamma coincidence spectra in Be®(p,y) re- 
action at 0.65-Mev proton energy. The energies at which photo- 
peaks are expected, if the capture gamma ray of 2.00 Mev leads 
to the 5.16-Mev state of B", are marked with arrows. See text for 
discussion. 
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analysis of Figs. 15 and 16, but it was found that the 
occurrence of the previously mentioned spurious effects 
made the analysis of no real value. All that can be said 
is that the 3.0-Mev coincident gamma ray has an 
intensity such that some finite fraction (within a factor 
of five of 1/10) of the 5.16-Mev level decays by gamma 
transition. The remaining decay of the 5.16 Mev occurs 
by alpha-particle emission.''* This result is consistent 
with previous estimates,' as well as with our findings 
in the singles gamma-ray spectra, which indicated the 
presence of 3.0-Mev gamma rays (from the 5.16-Mev 
state). The latter gamma rays had also been found by 
Bishop and Bizot’ in coincidence with 0.72-Mev gamma 
rays at a proton energy of about 0.6 Mev (thick target). 


IV. INTERPRETATION OF RESULTS 
(a) 0.33- and 0.99-Mev Resonances 


In the proton energy range used in this experiment, 
the following resonances are known! to occur (all 
widths given in c.m. system): 0.33 Mev, '=130 kev, 
l,=40 kev, J™*=1-; 0.98 Mev, '~80 kev, I',~70 kev, 
J*=2+ (postulated by Mozer’; see also Dearnaly”) ; 
0.99 Mev, '=79 kev, ',=50 kev, J™*=27; 1.086 Mev, 
r=",=2.7 kev, J™=0+t; 133 Mev, '~200 kev, 
l’,~ 130 kev, J*=2-. The 1.086-Mev resonance will be 
treated in Sec. (b) and no further reference will be made 
to it here. 

In Figs. 5 to 11 we have indicated in dotted lines the 
shapes for the 0.33- and 0.99-Mev resonances calculated 
from the single-level Breit-Wigner formula using the 
above level parameters and others listed in reference 1, 
taking into account the variation of partial level widths 
with proton energy. It appears that in certain cases a 
nonresonant background is present ; this process will be 
discussed in Sec. (c). For purpose of definitiveness, we 
have assumed that this background follows the shape 
k P,, where k is the proton (c.m.) propagation constant 
and P, is the barrier penetration factor for angular 
momentum /. (The same radius parameter as in refer- 
ence 1 was used.) In Table I we have collected the 
results for our resonant gamma-ray yields and com- 
pared these with the results of others**®7" (a com- 
parison with reference 4 is made directly on Figs. 5 to 


®F. S. Mozer, Phys. Rev. 104, 1386 (1956). 

10 G. Dearnaly, Phil. Mag. 1, 821 (1956). Mozer (reference 9) 
introduced a resonance at 0.98 Mev (J™=2+t, ['~80 kev, 
[',/[!'~0.9, formed by channel spin 1) to explain the shape of 
the 1.086-Mev resonance observed in Be*(p,p) as well as the 
angular distributions in the neighborhood of 1 Mev. At the same 
time the anomalous correlation of the internal conversion pairs 
from Be®(p,y) at 1 Mev [S. Devons and G. Goldring, Proc. Phys. 
Soc. (London) A67, 413 (1954) ] was explained, while the near 
isotropy of the gamma radiation was retained by the channel spin 
restriction. On the other hand, Dearnaly made an independent 
investigation and analysis of Be’(p,p) and postulated a p-wave 
resonance near 1.1 Mev (I'~200 kev, I',/I small) to explain the 
general form of the scattering curve above 1 Mev. We have 
assumed that the two p-wave resonances are the same, the detailed 
differences arising from the difficulty of analyzing proton scat 
tering with a complicated set of resonances. 

1 R, R, Carlson and E, B. Nelson, Phys. Rev. 98, 1310 (1955). 
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8). With the help of Figs. 5 to 11 and Table I we shall 
now discuss the individual excitation curves for the 


transitions to the B™ states. 


Transition to the Ground State (J*= 3+, T 
See Fig. 5 


The above parameters!” for the 0.99-Mev (J*=27) 
resonance account very well for the cross section in the 
neighborhood of the resonance. Neglecting interference, 
we have subtracted the calculated curve from the 
experimental points and obtained the points shown as 
triangles. The latter points fit quite well on a Breit- 
Wigner curve calculated using the parameters of the 
1.33-Mev resonance. However, this resonance has the 
same spin and parity” as the 0.99-Mev resonance and 
so must interfere, being destructive on one side of the 
resonance and constructive on the other. Introducing 
such interference terms destroys any resemblance 
between the calculated and experimental excitation 
function. 

As no other broad resonance is definitely known in 
the energy region of interest (see, though, discussions 
in references 1 and 9 about possible s- and p-wave 
resonances between 0.35 and 0.98 Mev), we assign the 
excess yield at low energies to an s-wave nonresonant 
process, as discussed in Sec. (c). There remains then 
only the point at 1.2 Mev, which is several times too 
high to be explained by this nonresonant process. An 
explanation of this effect must await further studies of 
the proton capture in Be’ above 1 Mev. 

The small angular anisotropies observed at about 
0.4 Mev,’ 0.99 Mev,? as well as the data indicated in 
Fig. 5, are consistent with the above picture if small 
interference terms arising from d-wave protons are 
considered. The complete absence of the 0.33-Mev 
(J*=1-) resonance is clearly due to the natural weak- 
ness of the M2 radiation. 

Mozer® suggested that about 7 ev of the ground-state 
gamma-ray width at 0.99 Mev should be ascribed to 
the (2+) 0.98-Mev resonance. This would reduce the 
|M |? value for the 0.99-Mev resonance in Table I by 
about 30%. 


Transition to the 0.72-Mev State (J*= 1+, T=0) 
See Fig. 6 


This gamma ray is resonant at 0.33 Mev contrary® 


to the isotopic spin selection rule for £1 transitions." 
In addition, there is some nonresonant yield, which 
follows roughly an s- or p-wave penetrability curve, 
but our results are not precise enough to distinguish 
between these. The apparent absence of a resonance 
effect at 0.99 Mev is still consistent with the | M/* 
value for an F1 transition"™; indeed the 0.33- and 0.99- 


21. A. Radicati, Phys. Rev. 87, 521 (1952). 

18]. H. Wilkinson, Phil. Mag. 1, 127 (1956); Proceedings of the 
Rohovoth Conference on Nuclear Structure, edited by H. J. Lipkin 
(North-Holland Publishing Company, Amsterdam, 1958), p. 175. 
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TABLE I. Resonant gamma-ray yields in Be*(p,y) reaction at E,=0.33 and 0.99 Mev (£,=proton energy). 





E,p =0.33 Mev (17) 
B" state (Mev) (da /dQ) (90°)* Relative total yields» 
d 


to which y ray goes (ub/4x sterad) |M\2« 





0 (3+) <0.7 2.3 <8(M2) 
0.72 (1+) 6.442 6 0.740.2 0.6X 10-*(E1) 
1.74 (0+) 1544 158 1.70.5 2.5X10*(E1) 
215 (1+) 4,541.5 6.7 0.50.2 0.9X 10-2(E1) 
3.58! (2*) ~1 ~0.1 ~0.5X 107? (F1) 
5.16 (2-2) <2.9i 3. <0.32 <3(M1?) 


Secondary 
y-ray (Mev) 


Ey =0.99 Mev (27)* 
B" state (Mev) (da/dQ) (90°)* 
to which y ray goes (ub/4x sterad) Relative resonant yield (90°)! 


400» 23h 11X10 (£1)™ 
<10 : <0.6 <0.4X 107 (£1)™ 
19+14 < 0.7+0.5" 40+30 (E£2)" 
22+13 ‘ 1.340.8 ~2X107 (F£1)™ 
<7 <0.4 <1X107 (E1)™ 
< 133 <0.8 <3 (M1?)™ 


Secondary 
y-ray (Mev) 
5.5+0.6 
49+5 
1342 
~6 


* Differential cross section at 90° to proton beam from present work, normalized to 400 wb/4- sterad, i.e., ' =23 ev (see reference 5), for the ground- 
state gamma ray at Ep =0.99 Mev (see reference 6). 

b These yields include the nonresonant as well as the resonant contributions. For a comparison of our results with those of reference 4, see Figs. 5 to 8. 

© See reference 7. 

4 See reference 11. 

© See reference 3. 

f Calculated from present work assuming the partial and total level widths given in reference 1. 

« Ratio of gamma-ray width to Weisskopf estimate. See reference 13 for definitions. The assumed multipolarity of the gamma ray is given in parentheses. 

» Normalized to this value. 

i The intensity of the capture transition to the 4.77-Mev state of B" is less than or equal to that to the 3.58-Mev state. 

i The major part of this transition appears to go to the 5.16-Mev state; a small transition probability to the 5.11-Mev state is not excluded by our results. 

k The existence of an additional 2* state near Ep =0.98 Mev is postulated in reference 9 and appears to be indicated by the transition to the 1.74-Mev 
state. See text. 

! See reference 5. We assumed that the relative errors in intensity are one-half of the absolute errors given for the yields in this reference. 

™ This value of |M |? does not take into account possible transitions from the 2* state at 7.5 Mev. 

»T, and |M|?* calculated for a transition from the 2* state, assuming the widths for this state given in reference 9, but neglecting a possible angular 
anisotropy (which would not affect the value within the stated error). 


Mev resonances may have similar |_M|,;° values for we have indicated on Fig. 7 a Breit-Wigner curve using 
this transition as well as for the others listed in Table I. Mozer’s parameters, and have also used these parame- 
ters for calculating the gamma-ray width given in 

Transition to the 1.74-Mev State (J*=0*, T= 1)— Table I. Doubling the width of the resonance (and 

See Fig. 7 moving it to a slightly higher energy to be consistent 
with the experimental points) would double the gamma- 
ray width, assuming I,/T to be fixed. 

The principal difficulty with this interpretation is the 
somewhat large | M| g2” value which is calculated on the 
basis of the above assumptions. From the recent com- 
pilation of Wilkinson™ it appears, though, that E2 
transitions in light nuclei may have |M!? values 
appreciably larger than unity. 

We note that the 1.0-Mev resonance is also reflected 


Up to a bombarding energy of about 0.8 Mev, the 
cross section follows the Breit-Wigner shape using the 
parameters of the 0.33-Mev resonance. Above 0.8 Mev 
there is clear evidence for another resonance. This 
cannot be the 0.99-Mev, J*=2-, resonance (or for that 
matter, the 1.33-Mev, J*=2-, resonance) since ',~0.7 
ev, which is about 1000 times too large for M2 radiation. 
We propose to identify this resonance with the p-wave 
resonance postulated by Mozer® near 0.98 Mev (I'=~80 
kev) and by Dearnaly” near 1.1 Mev (['~200 kev). in the excitation curves of the 0.72- and 1.02-Mev 
The accuracy of our points is not sufficient to distinguish gamma rays (Fig. 11), which result mainly from the 
between these energy values. For sake of definiteness decay of the 1.74-Mev state. Since there is some direct 
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TABLE IT. Resonant gamma-ray yields in Be*(p,y) reaction at E,= 1.086 Mev. 


I'w(M1)4 
(ev) 








Y (90°)® yb 
(relative) (y7/10*%p) (ev) 
<0.2 

6.0° 
(0.2+0.1)! 
(0.2+0.1)! 

<0.2 
1.3+0.1 


B"° state (Mev) 
to which y ray goes 


(3*) 
(1*) 
(O*) 
(i) 
(2*) 
Jl (27?) 
Secondary 
y-ray (Mev) 
0.41 
0.72 
1.02 





co 


ness 


neue bd 


0.98+0.2 


— 
yw ewrmrne 


= 
= 


< 0.08 (0.04-+0.02) £ 
< 0.08 (0.04-+0.02) £ 
<0.04 

0.23-+0.02" 


< 0.05 


CS =m Ww 


0.15+0.05 


mon 


< 0.008 
1.08-+0.2 

<0.04 

~0.05 


1.5+0.4 
0.07+0.02 


1.43 
2.15 
3.01 


0.03+0.01 
<0.07 
~0.03 


* Relative differential cross section at 90° with respect to proton beam from present work. 

» Absolute total yield from reference 5, calculated from yield at 90°, assuming isotropic cross section. 

¢ Calculated assuming spin 0 for this resonance. For spin 1 the widths would be } of the values given. 

4 M1 widths calculated from Weisskopf estimate. See reference 13 for definitions. For B'° the estimates for 1 widths are 25 times the M1 widths 


¢ Normalized to this value. 


f The values without parentheses are calculated from the capture gamma-ray intensities, the values in parentheses from the intensity balance of secondary 


gamma rays. 


® The intensity of the capture transition to the 4.77-Mev state is less than or equal to that to the 3.58-Mev state. 
b A smali transition probability to the 5.11-Mev state is not excluded by our results. 


feeding of the 0.72-Mev state, as well as some feeding 
of the 1.74-Mev state from the 2.15-Mev state,? the 
individual curves in Fig. 11 do not agree exactly with 
Fig. 7. 

It may be of interest to note that according to 
Mozer® the (2+) 0.98-Mev resonance is formed by 
channel spin 1, so that interference with 2~ resonances, 
formed by s waves, cannot occur. The high yield at 1.2 
Mev (also indicated by Fig. 11, 1.02-Mev gamma ray) 
would again require the influence of higher lying 
resonances other than the (27) 1.33-Mev resonance. 


Transition to the 2.15-Mev State (J*= 
See Fig. 8 


This excitation curve is reflected in the excitation 
curve of the 1.43-Mev gamma ray (Fig. 11), since the 
3.58-Mev state, which can also give a 1.43-Mev gamma 
ray,” is only weakly populated. It appears that the 
resonances at 0.33 and 0.99 Mev explain the entire 
curve adequately, although a small contribution from 
the 1.0-Mev p-wave resonance cannot be excluded. 
The | M| x;° values for both resonances are normal and 
of similar magnitude. 

The discrepancy with the curve of Edge and Gem- 
mell* might well be blamed on a difference in assumed 
gamma-ray detection efficiency and not on an angular 
anisotropy. 


Transition to the 3.58-Mev State (J*=2+, T=0)- 
See Fig. 9 

A possible resonance at 0.33 Mev is indicated. The 
large angular anisotropy at 0.65 Mev suggests appre- 
ciable non-s-wave effects which are probably non- 
resonant. The apparent absence of a resonance at 0.99 
Mev is still consistent with the |A/! ¢:? value at 0.33 
Mev. 


We find the intensity of this capture transition 
somewhat smaller than Bishop and Bizot,’ but it should 
be noted that the latter results were obtained from 
coincidence work in which—just as here—no correction 
for possible anisotropies was made. Also, a thick target 
was used. 

It may be of interest to note that we have found no 
consistent evidence for capture transitions to the 4.77- 
Mev state. All we can say is that such capture tran- 
sitions are not more intense than those to the 3.58-Mev 
state. 


Transition to the 5.16-Mev State (J*=2+?, T=1?)- 
See Fig. 10 


We have noted previously in connection with Fig. 12 
and the gamma-gamma coincidence work that the 
larger part of the radiation to the 5.1-Mev states 
appears to go to the 5.16-Mev state. It is clear from 
Fig. 10 that the known resonances play little part in 
the excitation curve for this capture gamma ray—at 
least at 90° with respect to the proton beam. The 
0.33-Mev resonance may make a small contribution 
and the possibility of an interference effect with one 
of the resonances near 1.0 Mev exists, but the errors 
are too large for any real confidence about these 
matters. Perhaps the most important point is the large 
anisotropy at 0.65 Mev, which must be explained by 
whatever nonresonant process is used to describe the 
excitation curve [see Sec. (c) ]. 

It should also be noted that our work obviates the 
difficulty of the | Mj as;? value at 0.33 Mev, previously 
believed*® to be anomalously large. 


(b) 1.086-Mev Resonance 


As mentioned earlier, we investigated the decay of 
the 1.086-Mev resonance, believed’ to be 0*. Table II 
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presents our results and compares them with those of 
Hornyak and Coor.' A major point of disagreement 
with the latter work is the estimate of the intensity of 
the 1.02-Mev gamma ray, which, in our case, suggests 
that a transition occurs between the 7.56-Mev state 
of B® (1.086-Mev resonance) and the 1.74-Mev state, 
known’ to have a spin 0+ (T=1). Indication for the 
same transition was pointed out in connection with 
Fig. 13 (note that the “off-resonant background” does 
not influence the shape of the spectrum in the critical 
region around 5.8 Mev). 

Further indication of inconsistency in connection 
with this resonance is given by the low yield given in 
reference 5 for the 0.41-Mev secondary gamma ray, 
which should have an intensity comparable to the 
1.43-Mev gamma ray (see reference 2), even allowing 
for the maximum possible feeding of the 3.58-Mev 
level, given in Table IT. (Only strong angular anisotropy 
effects could account for this discrepancy, which would 
not allow a 0* spin assignment for the 7.56-Mev state.) 

A third indication of inconsistency with a 0+ spin 
assignment for this resonance comes from the strength 
of the transition to the 5.16-Mev state (see Table II). 
The radiation width is far too large for E2 radiation 
(| M|?~10*) and large even for M1 radiation, although 
it should be noted that a possible angular anisotropy of 
this gamma radiation has not been taken into account. 
(The previously determined? small upper limit for the 
anisotropy refers mainly to the capture gamma ray to 
the 0.72-Mev state.) It is clear, though, that AJ=+1 
for this transition and hence the J=0 assignment to 
the 7.56-Mev level or the J=2 assignment for the 
5.16 Mev (or both) must be in error. 

Without doing further work on this resonance it is 
not possible to give an explanation of the experimental 
facts which is consistent with reasonable decay char- 
acteristics and the isotopic spin selection rules."?* For 
example, one could assume J*=0+, T=1 for the 7.56- 
Mev level and J*=1*, T=0 for the 5.16-Mev level. 
This would be consistent with the elastic proton scat- 
tering, the 6.84-Mev gamma-ray width of and isotropy 
from the 7.56-Mev level, as well as the absence of 
deuteron and alpha decay,’ but leave unexplained the 
small alpha width of the 5.16-Mev level.’ On the other 
hand one could assume T=1 (and hence! J*™= 2+) for 
the 5.16-Mev level to explain the small alpha width 
and assign J™*=1+, T=0 to the 7.56-Mev level. This 
could possibly be consistent with the elastic proton 
scattering,'® but in turn does not explain the small 
alpha and deuteron widths of the 7.56-Mev level. 
J*=2-, T=0 and J*=1+, T=1 assignments for the 
5.16- and 7.56-Mev levels, respectively (with an 
isotopic-spin purity of better than 1:10* for the latter 
level) could give a consistent account'® of the experi- 


‘4G. Morpurgo, Phys. Rev. 110, 721 (1958). 

'8 FS. Mozer (private communication). 

‘6 The apparent angular isotropy? of the radiation to and from 
the 0,72-Mev state could be explained by appropriate E2/M1 
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mental facts, except for leaving unexplained the small 
alpha width of the 5.16-Mev state. 


(c) Nonresonant Capture 


The excitation functions for capture radiation to the 
states at 0, 0.72, 3.58, and 5.16 Mev (Figs. 5, 6, 9, and 
10) show characteristics that may perhaps be better 
described in terms of a nonresonant process rather than 
by introducing remote broad resonances. It should be 
borne in mind, though, that in the Be*(p,d), as well as 
the Be*(p,a), reaction’’ there appear interference effects 
characteristic of levels of opposite parity between the 
0.33- and 0.99-Mev resonances, which have not as yet 
been explained in detail. Furthermore the peak of the 
“‘1-Mev resonance” in these reactions is at 0.93 Mev,!® 
which may also be due to interference effects between 
several levels. 

The nonresonant process we have in mind is the 
direct capture process’ which has been observed most 
clearly in O'*(p,y). This reaction has been interpreted 
in detail” as a direct electric dipole transition from the 
initial state of an incident proton wave to the final 
state of a bound orbit. No compound nucleus is formed 
and in fact the nuclear region itself plays very little 
part in the reaction. The consequences of this simple 
model are as follows: 

(1) The cross section for energies below the Coulomb 
barrier is roughly proportional to the penetrability, 
although not to an accuracy that would allow a dis- 
tinction between s-wave and p-wave capture without 
detailed calculation. 

(2) Multipoles other than £1 can be neglected since 
the £1 strength is not inhibited by isotopic spin or 
other considerations and the parity can always be 
arranged by selecting the appropriate partial wave of 
the incident proton. 

(3) The angular distribution is always isotropic for 
s-wave proton capture. For incident p-waves radiating 
to an s-wave orbit the angular distribution is sin’@.’9 If 
the final state is to be described as a d-wave orbit, the 
anisotropy would be ~30% which would hardly be 
distinguished from isotropy in our measurements. 

(4) The most favored final states for direct radiative 
capture are those with large proton reduced widths and 
small binding energies. 

The low-lying even-parity states of B™” can be ex- 


mixture of the capture radiation (amplitude ratio ~—}), or by 
the preference for channel spin 2 in the proton capture. The 
Weisskopf estimate for the expected £2 transition width to the 
ground state is only 0.06 ev. Alpha-particle and deuteron emission 
from this state would be suppressed by the isotopic spin selection 
rule. Note that 7=1 is likely for this state in any case in view of 
Morpurgo’s selection rule (reference 14) [D. H. Wilkinson 
(private communication) ]; E. K. Warburton, Phys. Rev. 113, 
595 (1959). 

17 Neuendorffer, Inglis, and Hanna, Phys. Rev. 82, 75 (1951). 

'8 Weber, Davis, and Marion, Phys. Rev. 104, 1307 (1956). 

‘8 Warren, Laurie, James, and Erdman, Can. J. Phys. 32, 563 
(1954). N. W. Tanner, Phys. Rev. 114, 1060 (1959). 

* R. F. Christy and I. M. Duck (to be published). 
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pressed for our purpose as Be® plus a p-state proton. 
Similarly the odd-parity states would be Be® plus an 
s-State or d-state proton (probably a mixture). Hence 
we expect direct capture to the even states to result 
from s-wave incident protons, and direct capture to the 
odd states from p-wave incident protons, i.e., the parity 
of the £1 operator cancels the parity of the Be® target 
nucleus. 

The nonresonant ground-state transition is in fact 
almost isotropic (Fig. 5) in accord with this model and 
the even parity of the ground state. On the other hand 
the transitions to the 3.58- and 5.16-Mev states are 
considerably anisotropic (at least at one proton energy 
—see Figs. 9 and 10) implying odd parity for these 
states contrary to other evidence.’ Possibly the ani- 
sotropy to the 3.58-Mev state should not be taken too 
seriously as the errors are very large. For the 5.16-Mev 
state do/dQ(90°) :da/dQ(0°) ~5.|| This is very difficult 
to reconcile with any angular distribution less violent 
than sin’6, especially when correction is made for 
counter solid angle. In particular the unresolved con- 
tribution of a transition to the 5.11-Mev, J*=2-(?),} 
state, which might be inferred from Fig. 12, could 
hardly be large enough to account for the strong 
asymmetry. 

If the 5.16-Mev state does have odd parity, then it 
seems the only reasonable* assignment is /*=2-, T=0. 
From Sec. (b) it follows that the 1.086-Mev resonance 
must have J*=1+, T=1. As stated there, the great 
difficulty remaining is to explain the small alpha width 
of the 5.16-Mev state. It is noted that these assignments 
do not lead us into any very serious violation of either 
the £1 or M1 isotopic spin selection rules.':*!® Also, 
the failure® of the 5.16-Mev state to radiate to the 
1.74-Mev state is explained. It is clear, though, that 
more measurements, particularly of gamma-ray angular 
distributions, are needed to verify these speculations. 


V. CONCLUSIONS 


Our original hope in this experiment, i.e., to find 
evidence for another 1~ level which could explain the 


|| Note added in proof.—Recent measurements of the angular 
anisotropy of the gamma-rays leading to the 5.1-Mev states in 
B” with respect to the proton beam (at 0.65 Mev) indicate a value 
considerably less than found here, which would invalidate the 
argument for the negative parity of the 5.16-Mev state (N. W. 
Tanner and S. S. Hanna, private communication). 
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high isotopic-spin impurity’ of the (1~) 6.89-Mev state, 
was not fulfilled. In particular, the 7.01-Mev anomaly” 
suggested in reference 1 as a possible candidate for this 
level did not appear in the (,y) excitation functions, 
presumably because its proton width is very small. On 
the other hand evidence was found, which points to the 
existence of a 7.5-Mev state, formed by p waves, as 
postulated by Mozer® and Dearnaly.” 

Our work has indicated some evidence which is 
inconsistent with the previous spin-parity assignments 
for the 5.16- and 7.56-Mev states, although we believe 
that further work is needed to clarify the exact state of 
affairs. Tentatively we assign J*=2-, T=0 to the 
5-16-Mev level, leaving its small alpha width unex- 
plained. The evidence previously adduced! for assigning 
a negative parity to 5.11-Mev state is not necessarily 
invalidated by these assignments. Kurath’s work”! 
then demands that J*=2+, T=1 for the 4.77-Mev 
state. 

Finally, large nonresonant contributions to the 
capture process in the Be*(p,y) reaction have been 
found for transitions to the higher excited states, in 
addition to the ground state.‘ The mechanism of the 
nonresonant capture is believed by us to be direct 
radiative capture” and has led us tentatively to 
assign odd parity to the 5.16-Mev state of B™. 
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Rehovoth Conference on Nuclear Structure, edited by H. J. Lipkin 
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It is of interest to note that according to the latter reference, the 
4.77-Mev state has the decay characteristics computed for the 
T=1 state, but not the 5.16-Mev state. 
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Absolute cross sections are reported for a number of nuclides produced by the interaction with yttrium of 
protons of 60, 100, 150, 180, and 240 Mev. At low energies the yields can be accounted for by direct inter 
action or knock-on processes. At higher energies the knock-on cascade model together with evaporation 


appears to explain the observed yields. 


INTRODUCTION 


N an earlier paper! the yields were reported of a 

number of products from the spallation of yttrium 
with 240-Mev protons. This paper reports the excitation 
functions between 60 and 240 Mev of 23 of the product 
nuclides from yttrium. Data of this type are of interest 
in trying to understand the mechanisms of nuclear 
reactions’ at medium and high energies and indicate the 
differences from the low-energy compound nucleus 
mechanism. Similar studies have been carried out on 
vanadium,’ cobalt,‘ and cesium’ in this same energy 
region. 

The results of the interaction of yttrium with 240- 
Mev protons are in agreement with the currently held 
idea that the mechanism of such nuclear reactions 
involves a knock-on cascade process as a primary step, 
subsequently followed by evaporation of a number of 
nucleons to remove the termal excitation. Such a 
mechanism would result in a distribution of product 
nuclides ranging many mass numbers from the target. 
The experimental distribution of cross sections of 
products has the characteristic of being quite flat for 
some 7 to 10 mass numbers from the target nucleus and 
then dropping off quite rapidly with decreasing mass 
number. Such a yield spectrum is an indication of the 
broad distribution of excitation energies available in 
these reactions. 


EXPERIMENTAL 


Spectroscopically pure yttrium oxide* was bombarded 
in the internal proton beam of the Rochester 130-inch 
synchrocyclotron at radii corresponding to energies of 
60, 100, 150, 180, and 240 Mev. The oxide powder, 


* The investigation was supported by the U. S. Atomic Energy 
Commission. This report is based on a thesis submitted by Albert 
4. Caretto, Jr. in partial fulfillment of the requirements for the 
degree of Doctor of Philosophy at the University of Rochester, 
1953. 

t Present address: Lawrence Radiation Laboratory, Livermore, 
California. 

1A. A. Caretto, Jr., and E. O. Wiig, Phys. Rev. 103, 236 (1956). 

2 See, Experimental Nuclear Physics, edited by E. Segré (John 
Wiley & Sons, Inc., New York, 1953), Vol. II, p. 141. 

*C. G. Heininger, Jr., and E. O. Wiig, Phys. Rev. 101, 1074 
(1956). 

4G. D. Wagner and E. O. Wiig, Phys. Rev. 96, 1100 (1954). 

®R. N. Fink and E. O. Wiig, Phys. Rev. 96, 185 (1954). 

6 The yttrium oxide, supplied through the courtesy of Ames 
Laboratory, Iowa State College, Ames, Iowa, was >99.9% pure. 


20-100 mg in weight, was contained in a 5-mil aluminum 
foil envelope 3 mmX3 mm square in cross section and 
1 cm long, this latter dimension vertical and perpen- 
dicular to the beam. All targets could be considered 
thin since the expected energy loss was about 3 Mev at 
240 Mev. The chemical separations and methods of 
identification of nuclides have already been described.' 

Cross sections of the various nuclides were deter- 
mined by comparison with the production of Na™ by 
the reaction Al?’(p,3pn)Na™, the cross section for which 
has been determined at a number of energies.’"* 

Pairs of 1-mil aluminum monitor foils were placed 
before and after the yttrium target envelope. In the 
determination of Na*™, only the inner two foils were 
used in order to compensate for Na*™ recoils. In one 
series of experiments, performed at 60, 175, and 240 
Mev, uniform mixtures of aluminum oxide and yttrium 
oxide were bombarded and the Na*™ produced from 
aluminum was chemically separated. These experi- 
ments were performed in order to determine whether 
account need be taken of the radial attenuation of the 
proton beam through the leading edge of the aluminum 
envelope. No difference was observed in the results 
obtained from the two types of targets. All other 
experimental details were the same as given earlier.' 

It should be noted that the energy resolution of the 
Rochester synchrocyclotron decreases with decreasing 
energy. Thus, at 60 Mev the energy spread of protons 
actually reaching the target could be as large as about 
20% of the nominal energy. This introduces a fairly 
large error in the various cross sections, decreasing in 
magnitude, however, as the energy is increased until at 
240 Mev the energy spread is less than 2%. Thus, 
although the individual cross sections of the various 
nuclides produced at the lowest energy are all plotted at 
60 Mev, these values actually represent an integral 
cross section over an energy band several Mev wide. 
These effects were estimated in the assignment of errors. 


RESULTS AND DISCUSSION 
The experimental cross sections for 23 nuclides 
produced by bombardment of yttrium with 240-, 180-, 
150-, 100-, and 60-Mev protons are listed in Table I. 


7L. Marquez and I. Perlman, Phys. Rev. 81, 953 (1951); 


L. Marquez, Phys. Rev. 86, 405 (1952). 
’N. M. Hintz and N. F. Ramsey, Phys. Rev. 88, 19 (1952). 
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TABLE I. Cross sections for the formation of nuclides from the bombardment of yttrium with protons of various energies. 


Cross sections in millibarns 


180 Mev 


9.3+0.9 
38.0+4.0 


Nuclide 


Zr? 
Zr*8 
Zr? 
Zr*6 


240 Mev 
6.1+0.7 
25.6+2.0 
9.2+1.0 see 
0.8+0.2 2.0+0.5 
120+20 
3545 
38+5 
17.544 
1.4+0.5 


93.0+15 
23.044 
28.245 
15.8+3 
0.08+0.04 


ys 
ys 
ysimt 86 
ys 
ys 


6.0+0.5 
18.5+3.0 
11.0+3.0 


5.0+0.5 
27.544 
9.345 


Sr87m 
Sr 
Sr® 


1.7+0.5 
68.0+12 
40.047 


Rb** 
Rb* 
Rb® 


4.341 
71.4412 
37.2415 

2.7+0.7 2.1+0.7 
4.34+1.0 
4.441.0 
3.8+1.0 


Br® 
Br” 
Br76 
Br’ 


Se73m 
Se” 


3.5+1.0 
0.96+0.3 0.39+0.1 
0.70+0.2 
1.4+0.3 


0.77+0.3 
2.3+0.5 


As™ 


As” 


Total observed 379+74 428+70 


cross section 


These values are the averages of two to three runs 
except at 240 Mev where the values are the averages of 
three to six experiments. The precision estimate is the 
average deviation in each case. 

The excitation functions for the various nuclides 
investigated can be roughly divided into three classes. 
Those nuclides within about four mass units and two 
units of Z of the target are characterized by a rather 
rapid decrease in cross section between 60 and about 
100 or 120 Mev and then a gradual levelling off or slight 
decrease in cross section between 100 and 240 Mev. 
These are shown in Figs. 1 and 2. The second class of 
excitation functions, for nuclides more than about four 
mass units from the target, is characterized by a rapid 
increase in cross section followed apparently by a 
levelling off as the energy is increased. Such yields are 
shown in Figs. 3 and 4. The third class of excitation 
functions is represented by Y* and possibly Y* and is 
intermediate between the first two These 
excitation functions show a rapid increase, a maximum, 


classes. 


and then a decrease as the energy is increased. 

Also listed in Table I is the sum of the experimentally 
observed cross sections at each energy. At 60 Mev this 
is a maximum, about 980+129 mb. For a nuclear 
radius parameter ro between 1.2 and 1.4 10-" cm, the 
geometric cross section for yttrium has values between 
900 and 1200 mb. It can thus be concluded that at 
60 Mev the observed cross sections account for roughly 


100 Mev 


150 Mev 60 Mev 


44+4 
140+20 


9.1+0.9 
41.0+5.0 
15+3.0 
2.0+0.5 


19.3+2.0 
71.0+8.0 
44+5.0 tee 
2.9+0.5 72+20 
420+50 
82+15 
90+ 10 
4.0+1.0 


150+20 
4147 
97+10 
3045 


94+12 

49+7 

3045 
0.77+0.1 


54.0+8.0 
3.5+0.8 


18.4+3.0 
8.9+1.0 
2.0+0.5 


11.0+2.0 
7.0+1.0 


0.2+0.02 
9.4+1.0 
7.0+1.0 


0.41+0.1 
27.0+5.0 
25.0+4.0 


3.9+0.2 


0.92+0.1 

0.66+0.07 
2.9+0.4 

0.3340.03 


0.50+0.08 0.14+0.05 


0.001 +-0.0003 
0.0007 +0.0002 


0.25+0.07 
0.027 +0.007 


0.027+0.01 
0.009+0.0003 


0.31+0.1 
0.22+0.05 


316+46 502+64 980+ 129 


100% of the interactions, within experimental error. As 
pointed out in the earlier paper,! the total cross section, 
including interpolated values for stable nuclides, for 
240-Mev protons on yttrium is 773+177 mb, corre- 


sponding to approximately 25% nuclear transparency. 
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Fic. 1. Cross sections of zirconium isotopes produced from 
yttrium by protons of various energies: A, Zr®; B, Zr**; C, Zr*’; 
D, Zr®. 
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Fic. 2. 
protons of various energies: A, Y**; B, Y*7; 
Curves B, C, D, ordinates at left; curve A, 


Cross sections of nuclides produced from yttrium by 
Cc. y Sim+ 66. D, Sr8im, 
ordinates at right. 


The Monte Carlo calculations of Metropolis ef al.,° for 
ro=1.3X10-" cm show transparencies of 21 and 15% 
for Cu™ and Ru™, respectively, at 235 Mev. 

The large cross sections observed at 60 and 100 Mev, 
as shown in Figs. 1 and 2 for nuclides which are close to 
the target and which are made in high cross section at 
low energies, may be accounted for in large part by 
direct interaction or knock-on of the incident particle. 
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Fic. 3. Cross sections of nuclides produced from yttrium by 
protons of various energies: A, Rb**; B, Rb*; C, Sr; D, Y®°. 


® Metropolis, Bivins, Storm, Miller, Friedlander, and Turkevich, 
Phys. Rev. 110, 185 (1958). 
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Compound nucleus formation may contribute appre- 
ciably to the cross sections at 60 Mev. The Monte 
Carlo calculations® of Metropolis ef al. show that for 
Ru and 82-Mev protons, 20% of the incident 
protons undergo compound nucleus formation. Even 
at quite low energies, for 13.2-Mev" or 13.5-Mev” 
neutrons on various elements where the major contribu- 
tion to the (n,p) reaction is made by decay of the 
compound nucleus, considerable direct interaction 
occurs. Cohen™ has also observed direct-interaction 
effects for 23-Mev protons on a number of target 
elements. Similarly, Elton and Gomes" suggest that in 
the inelastic scattering of 31-Mev protons only minor 
roles are played by compound nucleus formation and 
knock-on events throughout the nuclear volume whereas 
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Fic. 4. Cross sections of two isobaric pairs of nuclides produced 
from yttrium by protons of various energies: A, Rb®; B, Sr®; 
’", As”; D, Se”. Curves A, B, ordinates at left; curves C, D, 
ordinates at right. 


the main effect is due to scattering by almost free 
nucleons in the extreme rim of the outer nucleus. 

As may be seen from Table I, for proton energies of 
60-240 Mev the cross sections for Y** production are 
approximately two to three times as large as those for 
Zr, Y88 may be produced in the following ways: 
a (p,p’n) cascade leaving a nucleus _ insufficiently 
excited to evaporate a nucleon, a (,p’) cascade 
followed by evaporation of a neutron, and a (p,m) 
cascade followed by evaporation of a proton. The pickup 
process may also contribute to Y** production, par- 


© A. Turkevich (private communication). 

1! Brown, Morrison, Muirhead, and Morton, Phil. Mag. 2, 785 
(1957). 

2 P, V. March and W. T. Morton, Phil. Mag. 3, 143 (1958). 

18 B. L. Cohen, Phys. Rev. 105, 1549 (1957). 

4 L. R. B. Elton and L. C. Gomes, Phys. Rev. 105, 1027 (1957). 
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ticularly at the lower energies. Zr®* may result from 
only two processes: a (p,m) cascade yielding a nucleus 
with insufficient energy to evaporate a nucleon, and 
a (p,m) cascade followed by evaporation of a neutron. 

The Monte Carlo calculations’: already referred to 
show that for protons of energy 83, 159, and 234 Mev 
on Ru’ the number of (p,p’n) cascades increases 
slightly with energy while the number of (p,p’) cascades 
leaving a nucleus with sufficient energy to evaporate 
one neutron decreases slightly, their sums remaining 
almost constant. While the data for the (p,mm) cascade 
were not available, the number of such cases would 
seem to decrease slightly as the (p,p’) cascades increase 
slightly, since these are the only cascade processes 
leading to mass A —1 and the Monte Carlo calculations? 
show that the sum of these two processes for protons on 
Ru is essentially constant over the energy range 
150-325 Mev. The (p,7) cascade may be followed by 
evaporation of one neutron to yield Zr** or by evapora- 
tion of one proton to yield Y**. The ratio of these two 
processes would not be expected to change appreciably 
with bombarding energy since the probability of 
deposition of sufficient energy to evaporate only one 
neutron or one proton would change only slowly in the 
energy range investigated. Thus, the constancy of the 
ratio of the yields of Y** to Zr** is not surprising, since 
the various processes contributing to the net yields of 
these two nuclides do not change appreciably relative to 
one another in our energy range. 

The rather rapid increase with energy of the cross 
sections of nuclides several mass numbers from the 
target can be explained by the fact that as the incident 
energy increases, the probability of leaving behind more 
excitation energy increases, thus making possible the 
production of nuclides far from the target. The excita- 
tion functions of Sr, Rb*®, and Rb™ are shown in Fig. 3 
and indicate increases in cross sections by a factor of 
10 between 60 and 240 Mev. 

This same general trend is observed for the isobaric 
pair Sr*-Rb*®, as shown in Fig. 4. Between 100 and 
240 Mev the yield of Rb® remains 3.5 to 4 times as large 
as that of Sr. The constancy of this isobaric yield 
ratio seems to suggest that the same mechanism is 
operative at all energies. That the yield of Rb™ is larger 
than that of Sr may be due in part to emission of 
alpha particles during either the nucleonic cascade or 
the evaporation step, as observed, for example, by 
Hodgson'® for 50- to 125-Mev protons on silver and 
bromine. If the excited nucleus were an yttrium nuclide, 
then Rb® could be made by loss of neutrons and an 
alpha particle. However, if the reaction path involved 
an excited strontium nuclide, the last evaporation step 
would involve a neutron or proton from an excited Sr 
to produce either Sr or Rb™. Since the last neutron 


15 P, E, Hodgson, Phil. Mag. 45, 190 (1954), 
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of Sr* is more tightly bound than the last proton, 
production of Rb® would be favored. Again, Rb® might 
be expected to be favored since the higher level density 
of the odd-odd nucleus'® may enhance the reaction path 
toward that nucleus. From the data it is difficult to 
decide unambiguously which reaction path is pre- 
dominantly involved. 

Also shown in Fig. 4 are the excitation functions of 
the isobaric pair As”-Se”. Measurable cross sections for 
these nuclides were observed even at 100 Mev, far 
below the threshold for production of these nuclides by 
emission of individual protons and neutrons. This 
suggests that the production mechanism in this case 
must involve the emission of alpha particles or other 
fragments larger than protons and neutrons. As was 
shown by Hodgson" in a study of stars produced in 
photographic emulsions by protons between 50- and 
125-Mev energy, there is no appreciable variation in the 
ratio of the number of alpha particles to all other 
particles as the energy is increased. The excitation 
curves for these isobars show a change in the ratio of 
As” to Se” from about 13 to about 3 in going from 100 
to 240 Mev. This would seem to indicate that at the 
higher energies other reaction paths, not involving 
alphas or other large fragments, become operative. 

Excitation functions of several other nuclides far 
from the target are not shown but the trend in their 
cross sections with change in proton energy may be 
seen in Table I. Some of these show increases in cross 
section by factors as large as 1000 with increasing 
energy. Again the threshold for production of these 
nuclides by emission of single nucleons is larger than the 
lowest energy at which they were observed and indicates 
reaction paths involving deuterons, alpha particles, or 
other fragments. The significant cross section for Br® at 
60 Mev, and the more gentle increase in its excitation 
function, suggest that the reaction path may involve the 
loss of two alpha particles and a proton and a neutron. 
As the bombarding energy increases, these excitation 
functions increase rapidly due to the increase in the 
number of reaction paths available for their production. 
This results from the larger excitation energies deposited 
in the nucleus. 

The maximum in the excitation function of Y*, 
occurring at about 100 Mev (Fig. 3), represents an 
interesting case of competition between available reac- 
tion paths. At low energies the cross section of Y** is low 
due to the low probability of the specific reaction path 
(p,p4n) necessary for its production. As the incident 
energy increases, this reaction path becomes more 
favorable and reaches a maximum some 20-30 Mev 
above threshold. The decrease above 100 Mev is then 
due to the rapid increase in the number of competing 


r, $80, 939 (1950); FE. Belmont and 


54 (1954); Miller, Friedlander, and 
97 (1955). 
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reactions leading to other products. Spallation products 
might be expected in general to show similar excitation 
functions, though the maximum can be obscured where 
there are available several reaction paths leading to the 
same product. 
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Number of Prompt Neutrons Emitted per Thorium-232 Fission 


A. B. Smitu, R. G. Noses, anp S. A. Cox 
Argonne National Laboratory, Lemont, Illinois 
(Received April 9, 1959) 


The number of prompt neutrons emitted per Th®® fission [v7,2%2] is compared to the number emitted 
per U®* fission [vy2]. At a bombarding neutron energy of 1.4 Mev the ratio yrn2*/vy2% =0.98+0.08. 


INTRODUCTION 


HE number of prompt neutrons emitted per Th®” 
fission has been measured at 14.2 Mev! (y7y22 
=4.64+0.2) and at an effective neutron energy of 
3.5 Mev? (vpy222= 2.35+0.07). These two measurements 
lead to a value of dv/dE considerably larger than that 
found for any other fission process.* Furthermore they 
suggest that vr,2*?< vy at neutron energies near the 
fission threshold. These conclusions are not encouraging 
to fast thorium reactor concepts. 
In order to extend the existing measurements and to 
obtain information at neutron energies of interest in 
reactor design, this experiment was undertaken. 


EXPERIMENTAL METHOD 


Th and U*8 samples were contained within a large 
fission chamber. Neutrons which originated in fission 
events within the chamber were detected by an adjacent 
Hornyak‘ button. Throughout the experiment it was 
assumed that the detection efficiency of the button was 
identical for both Th*” and U*® fission neutrons. This 
assumption is valid if the fission neutron spectra of 
Th and U8 are similar as is suggested by present 
knowledge of fission spectra.*~* The fission chamber and 
Hornyak button were irradiated with (1.4+0.08)-Mev 
neutrons. These neutrons were obtained from the 
Li’(p,n) reaction utilizing a Van de Graaff accelerator. 

* This work supported by U. S. Atomic Energy Commission. 

1 P, Billaud et al., Proceedings of the Second United Nations 
International Conference on the Peaceful Uses of Atomic Energy, 
Geneva, September, 1958 (United Nations, Geneva, 1958), p. 1186. 

2B. D. Kuzminov ef al., Atomnaya Energ. 4, 187 (1958) 
[ translation: Soviet J. Atomic Energy 4, 250 (1958) }. 

3R. B. Leachman, Proceedings of the Second United Nations 
International Conference on the Peaceful Uses of Atomic Energy, 
Geneva, September, 1958 (United Nations, Geneva, 1958), p. 2467. 

4*W. F. Hornyak, Rev. Sci. Instr. 23, 264 (1952). 

5 James Terrell (to be published). 

6 A. B. Smith ef al. (to be published). 

7 .. Cranberg et al., Phys. Rev. 103, 662 (1956). 

* A. B. Smith e¢ al., Phys. Rev. 108, 411 (1957). 


Electronic circuitry simultaneously recorded the 
following quantities: 


the total number of events in the neutron 
detector coincident with thorium fissions (V rp‘), 
the total number of neutron events coincident 
with uranium fissions (Vy‘), 

the contribution of chance coincident events to 
the above two quantities (Vin, Vu), and 

the number of fissions occurring in the uranium 
and in the thorium (Np/,Nv/) 


The ratio vrp2:/yy2* is related to the above experi- 
mental quantities through 


e322. y T h T f 
yern?)  (Non'—Norn®")/N on! 


(Ny'—Nu*)/Nv! 


Vu 8) 





Vy23*- 
U" = 2.49 + 0.116 E, 7 


THIS WORK 





8 
NEUTRON ENERGY IN Mev 


Fic. 1. The value of v1,28? obtained from this experiment is 
compared with the results of other workers, Measured values of 
vy? are also shown. 
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A small correction was made for the effect of the U*® 
content of the uranium sample. 


RESULTS 


Six determinations of the ratio vry2s2/vy2ss were made. 
These were averaged using the method of least squares 
to obtain the most probable value vrn22:/vy2*=0.98 
+0.08 (£,=1.4 Mev). A “best value” of vy2 at 
E,= 1.4 Mev was obtained by least-squares fitting the 
linear expression vy:*=a+bE, to the existing experi- 
mental values of vy2*. This linear fit to the experimental 
data is shown in Fig. 1. Using the ‘“‘best value”’ of 
vy2= 2,63, this experiment yielded y7pp22=2.58+0.20 
where the error pertains only to uncertainties in this 
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measurement and does not reflect inaccuracies in the 
requisite value of vy2™. 

The result of this experiment is compared in the 
figure with the measurements at 3.5 and 14.2 Mev. 
It is evident that either vrp2: is not linearly dependent 
on incident neutron energy, or at least one of the 
experimental measurements is in error. It is perhaps 
interesting to point out that this experiment and the 
work at 14.2 Mev were carried out using essentially 
monoenergetic neutron sources. The results of both of 
these experiments indicate that The 
measurement of v7),2*: at an “effective” neutron energy 
of 3.5 Mev utilized a continuous spectrum from a fast 
reactor. 
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Mirror Nuclei Radii Utilizing Self-Energy Term and Nonuniform Charge Distributions 


R. D. CHERRY 


Department of Physics, University of Cape Town, Rondebosch, South Africa 


(Received December 17, 1957; revised manuscript received May 21, 1959) 


The nature of the self-energy term in the mirror nucleus energy-difference formula is investigated. Two 
approaches are used. In the first this self-energy term is assumed to be a constant equal to the Coulomb 
self-energy of a single proton, and in the second a more refined quantum mechanical approach based on the 
Swamy and Green Coulomb exchange energy calculations is used. Both approaches yield ro values which 
possess the correct general trend with increasing A, but which disagree with theoretical values for very 
low A. The effect of nonuniform charge distributions on the values of nuclear radii obtained from mirror 
nuclei is investigated, and expressions for the Coulomb energy for various charge distributions are given. 
A direct comparison between the mirror nucleus radii and those obtained from electron scattering is made 
in the few cases where this is possible. Finally, the possible validity of a suggested value of 0.58 Mev for the 


Coulomb self-energy of the proton is discussed briefly. 


HE use of the Coulomb energy differences between 
mirror nuclei for determining nuclear radii is well 
known. The method requires the assumption of charge 
symmetry, and in addition the adoption of some par- 
ticular model of nucleon or charge distribution. Earlier 
workers assumed a uniform distribution of charge; 
later work assumed a uniform distribution of nucleons, 
but introduced the ‘“‘exchange energy” term. Still more 
recently, calculations have been based on the assump- 
tion of more realistic nuclear models which reproduce 
shell features. The situation has been reviewed by 
Kofoed-Hansen,' where a complete list of references is 
given. 

The present investigation originated as an attempt to 
provide a direct comparison between the mirror nuclei 
method and another method of nuclear radius determi- 
nation, v7z., that of electron scattering. This method 
has been surveyed by Hofstadter,** and further articles 
of interest appear in Part 1 of Reviews of Modern Physics 


1Q. Kofoed-Hansen, Revs. Modern Phys. 30, 449 (1958). 

2 R. Hofstadter, Revs. Modern Phys. 28, 214 (1956). 

3R. Hofstadter, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Palo Alto, 1957), Vol. 7, 


for April, 1958. The quantity which the electron scat- 
tering workers measure is the effective nuclear charge 
distribution. If, then, one calculates the classical Cou- 
lomb energy W'c(A,Z) from the usual expression 


W c(A,Z) ton? f | f x°p(x)dx |rp(r)dr, (1) 


one might expect that the relation 

Ec(Z+1, Z)=Wc(A, Z+1)-—We(A,Z) (2) 
would hold. Ec is the mirror nuclei energy difference 
[ Kofoed-Hansen, Eq. (5), gives exact definitions of Ec ], 
and p(r) is the effective (non-normalized) nuclear charge 
distribution. Spherical symmetry is assumed. Since we 
are dealing with an effective charge distribution, and not 
with individual proton wave functions, the “exchange 
energy” term would not appear to be necessary. Closer 
examination, however, shows that (2) is incorrect, since 
Ec(Z+1, Z) represents not the total Coulomb energy 
difference, but merely that part of the Coulomb energy 
which contributes to the binding energy. We therefore 
require an extra term to take care of the difference 
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TABLE I. Values of ro in units of 107 cm as calculated from 
Eq. (3) for various values of Sp. Data for E, are obtained from 
Kofoed-Hansen.* Column 7 gives theoretical values of Sood and 
Green.> 


Ee(Z +1, 2) 
in Mev S,=0 


Theo- 
retical 


Sp from 


Sp =1.29 Sp =0.58 
4 Eq. (8) 


Mev Mev 


NS 


33 
74 
70 
69 
62 
61 
43 
35 


0.764 +0.001 
0.835 +0.050 
0.80 +0.05 

1.646 +0.002 
2.032 +0.006 
1.965 +0.006 
2.68 +0.06 
2.761 +0.003 
3.006 +0.005 
2.940 +0.005 
3.639 +0.008 
3.539 +0.006 
3.550 +0.006 
3.72 +0.10 
4.027 +0.008 
4.266 +0.006 
4.214 +0.006 
4.841 +0.010 
5.062 4-0.008 
5.006 +0.008 
5.584 +0.010 
5.749 +0.010 
6.220 +0.060 
6.360 +0.030 
6.30 +0.03 
6.760 +0.040 
6.920 +0.110 
6.86 +0.11 

7.294 0.030 
6.740 +0.050 
78 +1.0 

8.1 $0.3 

9.2 +0.3 


0.88 


Nh 


SOnINOOUASeWRHN— 


Shahn taba. t. 8.88 . HG Eh at a a 


Se ee pet fete fh teh teh sh sh teh es fe fe es ee ed ee oe te bet ND 
q eR : Ee age H 


es 


* See references 1 and 12 
> See reference 8. 


between the self-energies of the protons in the two 
mirror nuclei. If we assume that protons retain their 
individual identities when inside a nucleus, this term is 
simply equal to the Coulomb self-energy S, of a single 
proton, and we get 

Ec(Z+1, Z)=Wc(A, Z+1)—We(A,Z)—-S). (3) 


Equation (3) is of course equivalent to Eq. (4) of 
Kofoed-Hansen. Equation (2), which was used for so 


many years, is in fact incorrect even on a classical basis. 


THE VALUE OF THE SELF-ENERGY TERM 


The question now arises as to what value is to be used 
for S,. If the proton and the neutron are assumed to be 
identical particles, differing only in the protonic charge, 
then it would appear that 


S,=n—p mass difference= 1.29 Mev. (4) 


This value of S, does, however, lead to unsatisfactory 
results, as can be seen by reference to column five of 
Table I. Here values of ro for various A have been 
calculated from Eqs. (1), (3), and (4), assuming a 
uniform distribution of charge p(r). It is seen that the ro 
obtained are too low (a mean of 1.15X10-" cm results 
if the 4 =3 value is excluded). Electron scattering data 
and mirror nuclei calculations on a shell-model basis 
both give values of ro which decrease down to an 
approximate level of ro>= 1.24 10~" cm as A — 30 and 
beyond. The values in column five are not only too 
low; they also fail to show the expected decrease of 70 
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as A increases. A few years ago this might have been 
regarded as desirable, but in the light of current ideas 
it is almost certainly incorrect. 

We have therefore to turn to some other method of 
determining S,, and we make use of the interesting 
argument of Peaslee* that the well-known ‘exchange 
energy” term is in fact to be interpreted as the self- 
energy of the protons. Peaslee’s own determination of 
the value of the exchange term is, unfortunately, no 
longer of any use, since he determined the coefficients 
empirically with a view to obtaining a constant 1. 
(It is interesting to note that Peaslee obtained an 
S,=1.11 Mev by this method. This value is not too 
far from the n—p mass difference of 1.29 Mev.) We 
shall accordingly fall back on the statistical evaluation 
of the exchange-energy term used by Cooper and 
Henley.’ This gives a value of —0.46Z'e?/r,A! for the 
“exchange energy,”’ which in turn implies a self-energy 
contribution to the energy difference E, of approxi- 
mately 

—0.613Z'e?/rA'. (5) 


This value is not a constant, which would appear to be 
in contradiction with our intention of using it for S, 
in (3). However, as Scott® has emphasized, the statis- 
tical evaluation is only valid for large A. In this case, 
A=2Z, and the contribution to E. becomes equal to 
—0.583 Mev if we put ro=1.2X10-" cm. This method 
thus gives $,=0.58 Mev for large A.’ Since we assume 
that S, is a constant, we shall assume that this value 
holds for all A, and Eq. (3) becomes 


Ec(Z+1, Z)=W (A, Z+1) 
—Wc(A,Z)—0.58 Mev. (6) 


In column six of Table I values of ro based on Eq. (6) 
are shown. A uniform charge distribution is again 
assumed, and it can be seen that the general features are 
consistent with the idea that ro decreases to an approxi- 
mate level of ~1.2610-" cm as A increases. (Second- 
ary features such as the lower ro for A=4n+3 and the 
increases in ro after closed shells, are also evident, but 
we shall not discuss these here.) This provides rough 
agreement with both individual-particle model calcu- 
lations’ and electron scattering data.? In column seven 
we list the theoretical ro values of Sood and Green® for 
comparison, and it can be seen that the agreement is 
generally fairly satisfactory. Equation (6), and the S, 
value of 0.58 Mev, can therefore be regarded as reason- 
able representations of the true situation. For low A, 
however (notably A=7, 11, and 15), discrepancies in 


'D. C. Peaslee, Phys. Rev. 95, 717 (1954). 

5 L. N. Cooper and E. M. Henley, Phys. Rev. 92, 801 (1953). 

6J. M. C. Scott, Progress in Nuclear Physics (Butterworths 
Springer, London, 1956), Vol. 5. 

‘It should be emphasized that this value of S, is only approxi 
mate, because (a) expression (5) is merely the first term in a 
Taylor expansion and (b) the value ro= 1.2 10~" cm is arbitrarily 
chosen as being a suitable value for large A. 

® P, C. Sood and A. S. Green, Nuclear Phys. 4, 274 (1957). 
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the ro values are apparent, and in an attempt to 
eliminate these we shall consider one further method of 


estimating S,. 

The assumption that S, is the (constant) Coulomb 
self-energy of a single proton, rather than the difference 
between the Coulomb self-energies of the protons in the 
(Z+1) nucleus and those in the Z nucleus, may be the 
cause of the trouble. This can be eliminated by utilizing 
a quantum mechanical calculation of S,. We again 
follow Peaslee in assuming that the “exchange energy” 
term is just the Coulomb self-energy of the protons, 
and we make use of the recent calculations of Swamy 
and Green! of this term. On the basis of the individual- 
particle model they obtained an expression 3c(Z!/r9A 4) 
for this term, where c is a parameter which tends to 
0.7636 as Z becomes large (see the Cooper-Henley 
evaluation). This in turn implies a self-energy contribu- 
tion to the energy difference of approximately 


—$ceZ)/rA}, 
Using this value for S,, we get 
Ec(Z+1, Z)=We(A, Z+1)—W ce (A,Z) 
ai $ce?Z) roA 4 (8) 
In column eight of the table values of ro are given 
based on Eq. (8), a uniform charge distribution, and 


the use of the approximate expression for the parameter 
c given by Swamy and Green, v72., 


c=0.7636—e—° 382, (9) 


W ¢=— 
140 


We also!! find 


a?= (c?+ 32?) (3c?+-2")/5(c?+2?). (11) 


A reasonable value of z (the skin-thickness parameter) 
was assumed (z=1.010~" cm was used), and calcu- 
lations were made on the basis of Eq. (6) and the experi- 
mental values of £.(Z+1,Z). Data for £.(Z+1, Z) 
have been taken from Kofoed-Hansen,! and (for the 
even-A “isotopic spin” mirrors) from Kofoed-Hansen.'” 
The results are disappointing, inasmuch as they give 
values of 7» very little different from those given by 
the uniform model (column six, Table I). The differ- 
ences are mostly 0.01 10~" cm, and occasionally 0.02 
X10- cm. In view of the inadequacies of the present 
calculation these differences can hardly be regarded as 
9N. V. V. Swamy and A. S. Green, Phys. Rev. 112, 1719 (1958). 
Tn spite of its different appearance, Eq. (10) agrees with the 
expression for B, given by W. D. Gunter and R. A. Hubbs, Phys. 


Rev. 113, 252 (1959). 
1 q is the usual root mean square radius, defined by 


4r (” 
" Peeepiaied 4 . 
a a fl r'p(r)dr. 
120. Kofoed-Hansen, Nuclear Phys. 2, 441 (1956). 
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Comparison with column seven values shows that again 
we have fairly good agreement for the higher A. Again, 
however, we get disagreement in the region A < 20. 
This time our values of ro tend to be higher than those 
of Sood and Green, whereas the values from Eq. (6) 
tended to be lower. If anything, the simpler Eq. (6) 
gives a better fit than the quantum mechanically more 


refined Eq. (8). 
NONUNIFORM CHARGE DISTRIBUTIONS 


Direct comparison of both the theoretical and mirror 
ro values with the electron scattering radii is obviously 
desirable. Sood and Green show that their theoretical 
values are in rough agreement with the electron scatter- 
ing data, and the same can therefore be said for our 
values from Eqs. (6) and (8). These are, however, 
based on a uniform charge distribution, which electron 
scattering tells us is unrealistic, and if direct comparison 
with electron scattering data is desired the shape of the 
charge distribution must be taken into account. Even 
when this has been done, other minor discrepancies will 
remain (e.g., the quadrupole and pairing effects; see 
Kofoed-Hansen!), and exact agreement with electron 
scattering values cannot be expected without a more 
refined theoretical treatment. 

The first charge distribution used was the trapezoidal 
distribution, which might be expected to be valid for 
nuclei with A~40 and higher. Hofstadter,’ Eq. (56), 
gives the required expression for p(r). Use of Eq. (1) 
then gives us” 


(10) 


8c?2?(c?+-27)? 


significant, and it has not been thought worthwhile to 
quote the results. Use of z=0.5 and 1.5X10~-" cm does 
not alter the situation appreciably. 

The other charge distributions which have been used 
are the ‘modified exponential” and the “hollow expo- 
nential” types. Hofstadter? (Table I, models VI and 
XII) gives p(r)/Ze for both of these. From Eq. (1) we 
then get 
(12) 


W.(A,Z)=K (Z'e?/a), 


where A=0.512 for the hollow exponential model and 
A =0.522 for the modified exponential model. We choose 
these distributions because they have been used with 
some success!*:4 on the electron scattering data for Li, 
Li’, and Be’, and these are the only nuclei thus far 
studied by electron scattering where we have a direct 
check with mirror-nucleus data. Generalization from 
nuclei such as He‘, C!2, Mg’, Si?8, S?2, and Ca” (for 
which electron scattering data are available) would be 
highly dangerous. They are all 47 nuclei, whereas the 

8G. R. Burleson and R. Hofstadter (private communication). 


4U. Meyer-Berkhout (private communication, provisional 
data). 
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TABLE II. Values of ro in units of 10~ cm for Li’, Li’, and Be® 
obtained from mirror nucleus and electron scattering data. In the 
calculations based on Eq. (8) the values of the parameter c were 
taken from Table I in Swamy and Green* for Li’ and Be®, and 
from relation (11) in Swamy and Green for Li®. The electron 
scattering data for Li’ appears to be very uncertain. 


Ele 
Mirror data ssunieaioes 
Modified Hollow Modified Hollow 


exponential exponential exponen expo- 
Nucleus Eq. (8) Eq. (6) Eq. (8) Eq. (6) tial nential 


Theo 
retical 
values® 


No fit 1.99 1.97 


Li* 3.06 1.94 2.99 1.90 
Li 1.83(?) ? 


1.97 1.60 1.92 1.56 


ad 1.78 1.61 1.74 1.57 No fit 1.74 


* See reference 9. 
> See references 8, 12, and 15 


mirror data covers only 4n+1, 4n+2, and 4n+3 data, 
and discrepancies on the basis of this classification 
alone are to be expected. In Table II we give values of ro 
for Li®, Li’ and Be’ as calculated from Eqs. (6) and (8). 
The data of Kofoed-Hansen have again been used for 
Ec(Z+1, Z). Values from electron scattering and from 
various theoretical calculations*:!*:'® are given for com- 
parison. Apart from the 7 for Be’ obtained from Eq. (8) 
and the ro for Li® obtained from Eq. (6), the agreement 
is not good, and the treatment we have given is quite 
clearly not refined enough to be of any assistance in 
deciding (a) between different charge distributions 
allowed by the electron scattering workers and (b) be- 
tween the relative merits of Eqs. (6) and (8). The ro 
values from the theoretical models appear to be low; 
this one would expect, since they have not allowed for 
the type of charge distribution which is valid at this 
low A. 
CONCLUSIONS 

The situation can be summarized as follows: (a) Equa- 
tion (2) obviously requires modification by means of a 
self-energy correction term. (b) Equations (6) and (8) 
provide correction terms, both of which yield values 


‘6B. C. Carlson and I. Talmi, Phys. Rev. 96, 436 (1954). 
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of ro with a satisfactory general trend (tending down 
to ro~1.26 as A — 40). (c) Both (6) and (8) do, how- 
ever, appear to be unsatisfactory for very low A 
(<15 or 20), and it is impossible at this stage to say 
which gives the better fit. 

If the value of 0.58 Mev for the Coulomb self-energy 
of a single proton is approximately correct [as is implied 
by Eq. (6) ], then this result will be of great significance. 
The fact that Eq. (6) yields approximately the desired 
trend in ro [whereas Eq. (4) does not] suggests that 
0.58 Mev is at any rate a better approximation to the 
proton’s Coulomb self-energy than the n-p mass differ- 
ence of 1.29 Mev. The crux of the matter seems to lie 
in the question as to whether or not one would expect 
the S, term to be a constant. If so, Eq. (6) will be valid, 
and the value of 0.58 Mev, although approximate, 
should be reasonably close to the true proton Coulomb 
self-energy. If not, Eq. (8) should be roughly correct, 
and it does possess the merit of a quantum mechanical 
foundation. These aspects of the problem are currently 
being investigated. 

Elucidation of the exact form of the self-energy 
correction term is obviously highly desirable, and to 
this end further electron scattering data would be 
most useful—for example, a knowledge of the charge 
distributions and radii of nuclei such as B!!, F, Na®, 
Al??, Si, P*!, Cl, and K*® would be particularly 
valuable for comparison with mirror data. 
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The absolute fission yields of approximately twenty-five nuclides from the helium-ion-induced fission of 
U*5 were determined with an accuracy of +5-15% for several energies ranging from 20 to 40 Mev. Such 
features of fission as the symmetric-asymmetric modes of fission, the relation of total fission cross section to 
compound nucleus theory, fine structure in fission product distribution, valley to peak ratios, and neutron 
emission are discussed as well as some of the experimental detail involved. 


INTRODUCTION 


ADIOCHEMICAL studies have played an im- 
portant role in the detailed characterization of the 
phenomenon of fission. Much of the early work was 
concerned with low-energy fission (i.e., thermal neutron 
fission) and although a considerable amount of work is 
still being done in this area, efforts have recently been 
directed toward a study of fission induced by higher- 
energy particles. 

Among the first studies made with high-energy par- 
ticles are those of Goeckermann and Perlman! using 
190-Mev deuterons to induce fission in Bi** and by 
Batzel, Seaborg, and Miller?* who used 340-Mev pro- 
tons, 190-Mev deuterons, and 190- and 380-Mev helium 
ions to induce fission in copper and other medium- 
weight elements. Later, bombardments were made 
using ions of intermediate energy (<50 Mev). Newton! 
studied the fission of thorium with helium ions and 
Tewes and James®® produced fission in the same ele- 
ment using protons. A review of the early work done at 
high energies has been given by Spence and Ford.’ 
Seaborg and co-workers have obtained some preliminary 
information on fission in a series of investigations 
primarily aimed at a study of spallation-fission com- 
petition.*-!! These include data on the fission of U**, 
Us. U8 Np’, and Pu, 

Other studies at intermediate!” and high energies'*~'® 

* This research was supported by the U. S. Atomic Energy 
Commission; from the Ph.D. thesis of R. Gunnink, June 1959. 

+ Procter and Gamble Fellow, 1957-58. 
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have been made and recently work involving fission 
induced by 20- to 200-Mev protons and deuterons!® and 
5- to 14-Mev neutrons!’:!* has appeared. 

The work of Seaborg and co-workers showed one un- 
expected feature: the onset of symmetric fission at 
excitation energies for some nuclides as low as 30-40 
Mev. The previous data would not have indicated this 
trend for these nuclides. Unfortunately, most of the 
fission yield work at higher energies was not done with 
sufficient accuracy to delineate any but the gross 
features of the fission yield curve. This has been partly 
due to insufficient decay scheme information on some 
fission product nuclides and also because only the gross 
effects of fission were being studied. However, with 
improved decay data and more advanced instrumenta- 
tion and chemical methods, it should be possible to 
examine more of the details of fission, to resolve the 
question as to the onset of symmetric fission, and to 
determine nuclear radii from the resulting total fission 
and previously available spallation cross sections. 

In the first of a series of investigations in this labora- 
tory, attention was focused on the fission cross sections 
of U*** induced by 20- to 40-Mev helium ions. To obtain 
the desired accuracy more rigorous and precise experi- 
mental procedures were developed. 


EXPERIMENTAL PROCEDURE 
A. Target Preparation 


The uranium targets were prepared by the electro- 
deposition method described by Hufford and Scott. 
The plating solution consisted of 100 microliters of 
0.2M enriched (93.41%) uranium-235 nitrate solution, 
2 ml of 0.4M (NH4)2C204, and 0.5 ml of H.O. The solu- 
tion was adjusted to a pH of 5 with NH,OH, and then 
heated to about 70-80°C. Plating was started initially 
at a low current density and was then rapidly increased 
to about 200-250 ma/cm*. From 3-5 minutes were 


16 Stevenson, Hicks, Nervik, and Nathaway, Phys. Rev. 111, 
886 (1958). 

17 Sugihara, Drevinsky, Troianello, and Alexander, Phys. Rev 
108, 1264 (1958). 

18 J. G. Cuninghame, J. Inorg. and Nuclear Chem. 5, 1 (1957). 

19). L. Hufford and B. F. Scott, The Transuranium Elements: 
Research Papers (McGraw-Hill Book Company, Inc., New York, 
1951), National Nuclear Energy Series, Plutonium Project Record, 
Vol. 14B, Div. TV, p. 1149. 
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required to deposit ~300 mg/cm? of uranium onto an 
aluminum disk in a circular area of ~1.4 cm’. 

The uranium targets so prepared were assayed by 
alpha counting in a 27 windowless proportional counter. 
The observed disintegration rate was converted to 
mg/cm? using the appropriate specific activity (the U* 
analysis was made by mass spectrometry), and by 
-using the self-absorption and backscattering correc- 
‘tions determined by others.”:*! Each target was also 
“sectored” by systematically counting the target when 
covered in various positions with a plate containing a 
small hole. Targets whose nonuniformity was greater 
than +2% were discarded. 

The target area was determined by taking an average 
of several measurements of the diameter of the area 
plated. The value thus obtained is believed to have an 


5 


accuracy of about 1 to 2%. 


B. Target Assembly and Bombardments 


Bombardments were made with the Argonne National 
Laboratory Cyclotron. The range of the helium ion 
beam was 189 mg/cm? of aluminum. Absorbers made 
from 2-S aluminum were used to degrade the beam to 
the desired energy. Range-energy relationships for 
protons have recently been determined for several 
materials.** Since these relationships were experimen- 
tally determined, it is believed that they are more 
reliable than the older range-energy curves obtained by 
theoretical considerations by Aron, Hoffman, and 
Williams.* The discrepancy is quite large, resulting in 
a difference of nearly 1 Mev for 40-Mev helium ions. 
Small corrections due to the thermal expansion of 
aluminum when heated by the beam were also made 
resulting in a 1% lower absorber surface density. 

Since a high neutron flux is created by (a,xn) reac- 
tions on the aluminum degrading foils and environment, 
the neutron-induced “background” fission yield was 
determined by placing a target behind thick absorbers 
in the target assembly where E< 15 Mev. The neutron- 
induced cross section was found to be comparable to 
the true helium-ion-induced cross section at a beam 
energy of ~ 20 Mev under the experimental conditions 
used, and was subtracted from all runs where it was 
significant. 


C. Chemistry Separation Procedures 


A known amount (5-10 mg) of carrier elements in 
various but common oxidation states corresponding to 
each radioisotope to be used to determine the isobaric 
fission mass yield was combined to form a solution in 
which the irradiated target was dissolved. The chemical 


*” Cunningham, Ghiorso, and Jaffey, see reference 19, p. 1198. 

1A. H. Jaffey, The Actinide Elements (McGraw-Hill Book 
Company, Inc., New York, 1954), National Nuclear Energy 
Series, Plutonium Project Record, Vol. 14A, Div. TV, p. 596. 

2 Bichsel, Mozley, and Aron, Phys. Rev. 105, 1788 (1957) 

*% Aron, Hoffman, and Williams, Atomic Energy Commission 
Report AECU-663, May, 1951 (unpublished). 
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scheme devised for the separation and purification of 
all of the radioelements is given in the Appendix. 


D. Counting Procedures 

From the previous literature it was apparent that 
probably one of the largest errors in the determination 
of fission cross sections is introduced by inaccurate 
counting. To reduce this source of error, counting 
corrections were experimentally determined for a large 
number of the fission product nuclides for counting in a 
2r window proportional flow counter. For these nu- 
clides, the self-absorption and self-scattering factors, 
the geometry factors, and the backscattering coefficients 
have been determined by previously standardizing the 
isotope involved by 4xr*4-*? and by 44 B—~y**.”* coinci- 
dence counting methods. These counting corrections are 
the subject of another communication.” It is believed 
that a major portion of the errors introduced by using 
semi-empirical factors in converting the observed count- 
ing rate to the absolute disintegration rate have been 
eliminated and the remaining errors involved in the 
procedure should not in general be greater than 3-5%. 

A 5-in. well-type NalI(Tl) crystal has also been 
calibrated*! for photopeak counting efficiency and was 
used for the yield determinations of Ru’, Ru!®, [*!, 
['3, Ce, and Ce! since it was found considerably 
easier to count these isotopes by this means. For these 
isotopes, the errors so involved are somewhat less than 
for proportional beta counting. 


E. Treatment of the Counting Data 

Several key isotopes in the fission yield curve are 
complicated by their decay schemes and isotopic mix- 
tures. One of the most complicated resolutions involves 
the isotopes Sr**, Sr#!, Sr®?, Y%!, and Y*. In this par- 
ticular case, the mass yields for masses 89 and 91 are 
obtained quite accurately but that of mass 92 cannot be 
determined as accurately because of resolution diffi- 
culties. 

The I'*! determination is complicated by the fact 
that one does not know in what ratio its Te! and Te"! 
parents are populated in primary fission events. The 
following procedure was used to estimate how these 
states are populated: 

(1) The shell model of the nucleus regarding spin 
states was assumed* to apply. (See Fig. 1.) 

*B. D. Pate and L. Yaffe, Can. J. Chem. 33, 15, 610, 929, 1656 
(1955). 

26H. H. Seliger and L. Cavallo, J. Research Natl. Bur. Stand- 
ards 47, 41 (1951). 

26H. H. Seliger and W. B. Mann, J. 
Standards 50, 197 (1953). 

27H. H. Seliger and A. Schwebel, Nucleonics 12, 54 (1954). 

28R, Gunnink, L. J. Colby, Jr., and J. W. Cobble, Anal. Chem. 
31, 796 (1959). 

29P. J. Campion, J. Appl. Radiation and Isotopes 4, 232 
(1959). 

3% R. Gunnink and J. W. Cobble (to be published). 

a1. J. Colby, Jr., and J. W. Cobble, Anal. Chem. 31, 798 
(1959). 

FE, Feenberg, Shell Theory of the Nucleus (Princeton Uni- 
versity Press, Princeton, New Jersey, 1955), p. 23. 
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Fic. 1. Level diagram for Te!!”. 


(2) From energy considerations, it was further as- 
sumed that the spin states bracketed in Fig. 1 will be 
the states populated. 

(3) Nuclei in the 9/2 and 13/2 configurations were 
assumed to decay to the /y1/2 state; those in the 3, 3, 
and $ state decay to the d3/2 level; and those in the 3 
level were assumed to decay with equal probability to 
both levels. 

(4) The assumption that every substate would be 
populated with equal likelihood was also made, from 
which one can deduce that the percentage population 
for the Ayy2 and d3/2 states of Te would be 63.5% and 
36.5%, respectively. 


(5) Sb! was found by others*® to decay to the 
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Fic. 2. Fission mass yield curve for 39.9-Mev helium ions. 
A Reflection points; ” average number of emitted neutrons. 


33, Glendenin (private communication). 
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Fic. 3. Fission mass yield curve for 33.8-Mev helium ions 
4 Reflection points; » average number of emitted neutrons 


ground state of Te! 95% of the time. By using this 
procedure and the primary yield distribution curve the 
yield of mass 131 was determined. 

Because, in fission, 25-min Se®™ is the parent of 
2.3-hr Br® only about 45% of the time,** the onset of 
the Br® decay is effectively retarded and must be 
considered in the calculation of the isobaric yield of 
mass 83. 

Two “milking” procedures were performed ; Zn7*-Ga” 
and Pd!!?-Ag!!?, 
separated from the parent isotopes and counted. The 
appropriate corrections were then made_ involving 
counting efficiencies, chemical yields, and time of initial 
and final separations. The method used to determine 
the independent yield corrections will be discussed in a 
later section. 


In these cases Ga?? and Ag!!? were 
Bb 


EXPERIMENTAL RESULTS 


Several duplicate bombardments were made at each 
energy, partially because of occasional losses of certain 
isotopes in the chemistry separation and partially to 
insure the accuracy of the data. When several duplicate 
isotopic yields were obtained, the ‘‘best value,” which 
in most cases was the average value, was used as the 
uncorrected cross section for that isobaric yield. After 
the independent yields are added to that of the ob- 
served yield, the corrected isobaric cross section is 

uy. M. 
(1958). 


Alexander and C. D. Coryell, Phys. Rev. 108, 1274 
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lasix I. Fission cross sections (mb) for helium-ion-induced reactions of U*, Each left-hand column lists the observed yield for each 
isotope. Each right-hand column lists the corrected cross section for the mass chain. 


Energy (Mev) 39.9 33.8 28.2 


Isotope . " a 


Zn” (0.43) A: (0.085) 

Br® 7.6 ; 5.3 

Sr 20.6 +0.1(2) ; 17.6 +1.4(3) 
Sr? 29.9 +1.1(3) ; 24.7 +0.3(3) 
Sr? 28.0 +1.5(2) : 26.9 +0.8(2) 
y* (50) (50) 27.6 

Zr” 48.0 +2.60(4 39.0 +0.8(4) 
Zr”? 49.0 +1.2(4) 51.5 +2.3(4) 


Ru! 48.5 +0.6(2) 
Ru! 39.8 +1.8(2) 
Ru 42.6 +2.2(2) 


Pd? 40.8 +2.3(4) 3. 28.8 +2.2(3) 30. 4 +2.6 
Cd" 41.0 +0.6(3) 7.6 +1.6(2) | 
Cdn 5.0 +0.15(2 

p31 33.0 +1.6(2) 5 5.6 +1.4(2) 39.7 7 +0.4(2) 


[18 23.9 +1.6(2) . 3.7 +0.7(2 4A +0.7(2) 
Ba! 31.2 : 8.! 

Ba!” 22.0 +0.2(3) : 20.5/+0.7 (3) 3.5 +0.5(3) 
Ce! 32.0 +0.9(3 33.- 0 +1.0(2) 5 +0.7(3) 
Cel 27.0 +0.8(3 30.. OO +1.3(4) 5.5 +0.5(3) 
Pri 23. : ‘ 

Nai 15.8 +0.6(3) k 3.4 +0.8(3) 8.2 +0.5(3) 
Sm! 5.2 +0.14(3 +0.06(3) a .7 +0.4(3) 


Eu 2.1 +0.15(2) 6: .54+0.14(2) 23 0.74 0.86 
Eu? 1.66+0.06(2) a .16+0.12(2 0.39 0.52 
Gd!59 1.05+0.00(2 : 68+0.03 (2) 0.29 0.36 


Tb 0.50 3 0.09 0.11 
La'#¢ 8.1 +0.7(2 5.7 +0.1(3 2.2 +0.15(2) 


Energy (Mev) 25.95 23.1! 20.58 Neutron 
Isotope r r corr® Tneut 


Br® 0.66 
Sr >: ; 2.12+0.03 (2 0.38+0.02 (2) .28 (0.16) 
Sr?! 8 4 3.09+0.08 (3 2.9: 0.57+0.09(2) oT (0.20) 
Sr” 1m 3.09+0.20(2) 3. 0.47 

Zr®*® 5.0 +0.15(4 4. 0.56 ef (0.27) 


Zr” 5.3 Ie 4 5.0 +0.19(4 0.8340.03 (2) 5 0.28 
Ry 3.15 

Ru 3 4 (0.104) (0.055) 
Ru’ 

Pdi 

Cd's 


Cdilsm coe 

[131 .. 2.56 0.47 

[333 Six ia ) 5.07 0.72 

Bal 

Ba!” ‘ : 3.4 4.4 0.57+0.10 


Cel 4.0 4.0 0.64 
Ce 3.0 +0.4(3 3.04 0.61 
Nd? 1.60+0.04(3) 1.56 0.30 
Sm!58 0.44+0.02 (3) 0.45 0.05 
Eu? 0.038 0.045 0.0165 


® Measured cross section for isotopes 
Cross section corrected for mass ¢ hain. 
Numbers in parentheses indicate the number of bombardments used to determine the value. 
1 Primary yield measurement. 
« Includes the subtraction of neutron induced background fission. 
! The values at energies slightly different from this were normalized to 23.1 Mev (see text) 
« Normalizations were made similar to (f) 


obtained. These cross sections as well as the uncor- customary fission yield distribution curves are obtained 
rected values are tabulated in Table I. When these as shown in Figs. 2 to 8. 
corrected yields are plotted versus mass number, the At very low energies of this study (<25 Mev), where 
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Fic. 4. Fission mass yield curve for 28.7-Mev helium ions. 
A Reflection points; average number of emitted neutrons. 


the total cross section and many fission cross sections 
are changing very rapidly with energy, it became 
impossible to reproduce exactly the energy of duplicate 
bombardments. Consequently, a relative method of 
comparing the results had to be devised. This was done 
by determining the variation of the cross section of a 
few of the isotopes with energy and normalizing all 
other values to a particular energy by use of this curve. 
Such a curve for oz; in the region of 23 Mev is shown 
in Fig. 9. This is admittedly not a rigorous method but 
in view of the small energy range over which this 
method is used, it is believed to be quite reliable. 

At ~20 Mev, it becomes very difficult to construct 
an accurate and detailed fission yield curve with the 
data collected because of low counting rates, rapid 
variation of cross sections with energy, and because of 
the high neutron-induced “‘background”’ fission. How- 
ever, when the ratio of oz,"/ototal IS examined as a 
function of the excitation energy (E,) of the compound 
nucleus, a smooth curve results (Fig. 10). Since the 
ozr? Values at the lowest energies are believed to be 
quite reliable, the fofal cross section at 20 Mev can be 
estimated using this curve to a probable accuracy of 
+10-20%. This method of calculating the total cross 
section at the lowest energies is probably as accurate 
as the mapping of the individual cross sections. 

Spallation data were not collected in the present 
study. However, the percentage of spallation contribu- 
tion to compound nucleus decay is small except at the 
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Fic. 5. Fission mass yield curve for 25.9-Mev helium ions. 
A Reflection points; » average number of emitted neutrons. 


lower energies. Spallation yields for U™* have been 
determined by Vandenbosch e/ a/.!° and must be added 
to the total fission cross sections in order to obtain the 
cross section for compound nucleus formation (see 
Table II). 
DISCUSSION 
A. The Independent Yield Problem 


It is beyond the scope of this communication to dis- 
cuss the problem of independent yields in any detail. 
Most of the related work has been done at low 
energies.**—*’ The distribution found at these energies 


TABLE IT. Total cross sections for U2, 


Energy (Mev) as (mb) spall! (mb) Ctotal (mb) 


1400 
1050 


39.9 
33.8 


1380 
1030 
28.2 580 600 
25.9 310 328 
34 87 94 
20.5 10 11 


3° Glendenin, Coryell, and Edwards, Radio-Chemical Studies: 
The Fission Products (McGraw-Hill Book Company, Inc., New 
York, 1951), National Nuclear Energy Series, Plutonium Project 
Record, Vol. 9, Div. IV, p. 489. 

36 A. C. Pappas, Proceedings of the International Conference on 
the Peaceful Uses of Atomic Energy, Geneva, 1955 (United Nations, 
New York, 1956), Vol. 7, p. 19. Also Technical Report No. 63, 
Laboratory of Nuclear Science, Massachusetts Institute of Tech 
nology (unpublished). 

37 Many other individual references could be cited but the 
above two references contain the theoretical ground work for one 
of the theories regarding the primary yield problem 





NNINK 











1 i ‘. 4 
120 140 160 
Number 


Li i A 





iL 
100 
Mass 


Fic. 6. Fission mass yield curve for 23.1-Mev helium ions. 
A Reflection points; v average number of emitted neutrons. 


was essentially a Gaussian one. The most probable 
charge (Z,) of the distribution corresponding to a 
given isobar was found not to be in the same 2/p ratio 
as the compound nucleus but instead related to the n/p 
ratio of the most stable elements near which the fission 
fragment was formed. 

On the other hand, Goeckermann and Perlman! per- 
formed experiments at 190 Mev which seemed to indi- 
cate that the product fission fragments have the same 
n/p ratios as the parent. More recently, results have 
been obtained by Alexander and Coryell®* with 13.6- 
Mev deuterons on uranium and thorium and by 
Gibson! with intermediate-energy deuterons and alphas 
on Pu, Np*’, and U**. These two studies are in 
apparent disagreement with each other, the former 
data being best explained by the changed charge 
distribution of Glendenin*® as modified by Pappas,** 
and the latter by the unchanged charge disttibution. 

The distribution curve of Gibson is also somewhat 
broader than that of Glendenin. However, it was found 
that by making a compromise between the two curves 
the independent yield correction was, for all nuclides 
considered, independent (within +5%%) of the type of 
distribution curve used. The critical part of the estima- 
tion of independent yield is in the choice of the proper 
method of determining the most probable charge (Z,) 
and in the determination of the number of neutrons 
emitted during the entire fission process. 


By, M. Alexander and C. D. Coryell, Phys. Rev. 108, 1274 
(1958). 
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The unchanged charge distribution theory was used 
to calculate Z, in the present study, primarily because 
the experimental yields of I'*, Ba, and Ba’ would be 
much too low if the equal-chain-length postulate 
were used. 

One serious handicap in obtaining a general picture 
of the primary yield problem is that many of the 
primary yields which have been measured are located 
near closed neutron and proton shells. As has already 
been noticed at low energies,® the La primary yield 
in this study was also found to be considerably lower 
(~30%) than expected from the distribution curves. 
This presumably is due to the emission of an additional 
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iG. 7. Fission mass yield curve for 20.5-Mev helium ions. The 
valley shape has been estimated; for the depth see Figs. 9 and 10. 
A Reflection points; ? average number of emitted neutrons. 


neutron from La forming La with a closed neutron 
shell. Ba and Ce'! yields also frequently appear to 
be somewhat low and can probably be explained on the 
same basis. On the other hand, isotopes on the other 
side of the closed neutron shell (e.g., the iodine isotopes) 
have relatively larger neutron binding energies causing 
on the average fewer neutrons to be emitted. There is 
evidence for this in the fact that the I'* yield frequently 
appears somewhat high when the standard yield cor- 
rection curve is applied. 

Alternatively, the higher calculated yield of I'%, 
especially at lower-energy bombardments, may be due 
to an admixture of low- and high-energy fission because 


*W. E. Grumitt and G. M. Milton, J. Inorg. 
Chem. 5, 93 (1957) 
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of fission-spallation competition” and consequently the 
independent yield correction should be based on a 
most probable Z, curve determined by a proper weight- 
ing of the two postulates (i.e., the changed charge 
distribution postulate for low-energy fission and the 
unchanged charge distribution postulate for high-energy 
fission). 


B. Errors and Reproducibility 


There are numerous sources of error involved in these 
determinations. A partial list of possible sources would 
include such items as counting efficiency, chemical 
constitution, and reproducibility of the sample, isotopic 
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Fic. 8. Composite fission mass yield curves for the 
various helium ion energies. 


purity of radioisotopes counted, accuracy of resolving 
complex decay data, independent yield corrections, 
standardization of carrier solutions, the use of correct 
decay schemes and half-lives, uniformity and absolute 
assay of the target plate, and accurate monitoring of 
the beam current. 

After all the cross sections have been determined at 
a given energy and represented as a mass-yield curve, 
the total cross section obtained is believed to be accurate 
to within +10%. The accuracy at 20.5 Mev will be 
somewhat less than this because of low yields and 
neutron-induced fission background problems. 


A. W. Fairhall, Phys. Rev. 102, 1335 (1956). 
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Fic, 9. Variation of the cross section of Zr®? with energy in the 
region of 23-Mev bombarding energies. 


C. Neutron Emission 


Neutron emission can be inferred by symmetry con- 
siderations of the fission yield curve. As has already 
been mentioned, the average number of neutrons 
emitted from a fragment appears not to be constant but 
somewhat dependent on neutron shell closures, more 
neutrons being emitted from a fragment just beyond a 
neutron shell closure than from one just before a shell 
closure. The accuracy of the data does not warrant 
stating how great this variation is, but it is conceivable 
that the variation is as large as 0.5 to 1 neutron. 

At the highest energy bombardment about 5.5+1.0 
neutrons were emitted, while only about 4.0+0.5 
neutrons were emitted at the 23-Mev bombardment 
which seems to be slightly lower than previously re- 
ported." 


D. Fine Structure 


[In addition to the variation in the number of neutrons 
emitted from a fragment, another feature which has 
shown up quite consistently is the low Ru! yield at 
the higher energies. This might suggest “triple humped” 
fission as observed by Fairhall and Jensen*! and possibly 
by Turkevich and Niday.* The observed phenomenon 
may be due to experimental error and is a point that 
will be investigated in further detail. 


Fic, 10. The variation of o7;%/otwia With bombarding energy. 


! A.W. Fairhall and R. C. Jensen, Phys. Rev. 109, 942 (1958). 
2 A. Turkevich and J. B. Niday, Phys. Rev. $4, 52 (1951). 
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Fic. 11. The relationship of the valley to peak ratio to the 
excitation energy of the compound nucleus. 


E. Valley to Peak Ratio 


It has been shown in some models of fission that the 
valley to peak ratio should be related to the excitation 
energy of the compound nucleus. Good agreement is 
obtained when the v/p versus 1/(E.—5)! function sug- 
gested by Fowler, Jones, and Phaeler* is used as is 
shown in Fig. 11. Several attempts have been made to 
correlate all known valley to peak ratios!!:!7* but will 
not be given here largely because so much of the re- 
ported data are not of sufficient accuracy to warrant it. 
Further, it is likely that the treatment is oversimplified.” 
Studies are presently underway in our laboratory to 
take into consideration other parameters such as the 
bombarding particle, the Z*/A of the compound nucleus 
and its quadrupole moment, and degree of de-excitation 
of the compound nucleus caused by particle emission 
prior to fission. 


F. Radius Calculations 


When the fission and spallation contributions to 
compound nucleus cross section are added, the total 
cross section appears as is shown in Fig. 12. Blatt and 
Weisskopf* and Shapiro“ have calculated theoretical 
values for compound nucleus interaction assuming that 
the nucleus has a well-defined spherical surface of 
radius R. The curves produced from these tabulated 
values are also shown in Fig. 12 for the radius param- 
eters (ro) of 1.3X10~ cm and 1.5X10~" cm, where 7 
is related to the radius by 


R=nA}. 


The agreement with theory is dependent on the range- 
energy curve used in determining the bombardment 


43 Jones, Fowler, and Phaeler, Phys. Rev. 87, 174 (1952). 

44 Fowler, Jones, and Phaeler, Phys. Rev. 88, 71 (1952). 

45 Jones, Trimmick, Phaeler, and Handley, Phys. Rev. 99, 
184 (1955). 

‘6 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, Inc., New York, 1952). 

‘7M. M. Shapiro, Phys. Rev. 90, 171 (1953). 
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energy and the initial cyclotron beam energy. The 
difference in energy is nearly 1 Mev for 40-Mev helium 
ions depending on whether the theoretical range-energy 
curves of Aron, Hoffman, and Williams” or the data of 
Bichsel, Mozley, and Aron” are used. Since the range- 
energy relationships for protons were experimentally 
determined by the latter, from which helium-ion ranges 
can be inferred, it is believed that these new ranges are 
an improvement over the older theoretical ones. A con- 
siderable improvement in fit is also noted in the data 
presented here as is shown in Fig. 12. 

The new range-energy relationships make suspect the 
bombarding energies of much of the previous work, 
especially for results obtained for bombarding energies 
below the nuclear potential barrier where cross sections 
are very sensitive to energy. No attempt has been made 
as yet to recalculate previous data but it can be stated 
that the new range curves would decrease the energy 
values obtained when the Aron, Hoffman, and Williams 
curves are used. 

SUMMARY 

1. The fission yield of U*** induced by 20- to 40-Mev 
helium ions is asymmetric with the symmetric mode 
increasing rapidly throughout the range. There is some 
indication that there may be some “peaking” at mass 
115 corresponding to symmetric fission but there is no 
evidence of the onset of predominantly symmetric 
fission below 40 Mev. 

2. The experimental cross section data obtained in 
this study correspond to compound nucleus theory 
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Fic. 12. Total cross sections for compound nucleus formation 
versus bombarding energy and a comparison with compound 
nucleus theory. 
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using a radius parameter of r>=1.5X10-" cm when 
recent experimentally obtained range-energy curves”? 
are used for the basis of determining the bombardment 
energies. 

3. As previously observed, the valley to peak ratio 
can be related to the excitation energy of the compound 
nucleus. 

4. A smaller number of neutrons emitted per fission 
is found than previously reported. 
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APPENDIX 


The chemistry scheme was devised so that nearly all 
of the radioelements needed for the mass-yield curve 
could be isolated successively from one target solution. 
Publications, compilations, and works by Meinke,*® 
Duval, Howell and Furman,” and many others proved 
to be helpful in providing chemistry procedures and 
precipitates suitable for this study. 

A flow diagram of the general chemistry separation 
scheme is shown in Fig. 13. The following is a summary 
of the chemical separation method and isotope identifi- 
cation for each element investigated. 


Zinc-Gallium 


KSCN-HgCl, reagent®® was used to precipitate 
ZnHg(SCN), from solution. The precipitate was dis- 


‘a torget & catcher foils 
Soin. 2)HCI ot, 





OH CI 
2Xation Column 
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Fic. 13. General chemistry separation scheme. 
48W. W. Meinke, Atomic Energy Commission Report AECD- 
2738, 1949 (unpublished). 

°C, L. Duval, Inorganic Thermogravimetric Analysis (Elsevier 
Publishing Company, New York, 1953). 

50 Scoll’s Standard Methods of Chemical Analysis, edited by 
N. Howell and N. H. Furman (D. Van Nostrand Company, Inc., 
New York, 1939), fifth edition. 
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solved in conc. HNO;- NH,Cl and Ga(III) carrier were 
added to the solution and NH,OH added to precipitate 
the Ga(OH);. The time of this separation was noted 
so that the amount of Ga”? grown in at the time of the 
final separation could be determined. The Zn was next 
precipitated with (NH,4)2HPO,, dissolved in dilute HC] 
and precipitated again as ZnHg(SCN),. It was then 
dried and weighed to determine the chemical yield of Zn. 
The precipitate was dissolved in HNO;. NH,Cl and 
5 mg of Ga(III) carrier was added and the solution 
was allowed to stand until the Ga” activity had grown 
in. Ga(OH); was then precipitated, dissolved in 6N 
HCl, extracted in ether, and extracted back into H.O. 
Ga(OH); was again precipitated, mounted, dried at 
> 410°C,” weighed, and counted for Ga” activity. 


Bromine 


Small portions of chlorine water were used to oxidize 
the bromide in solution to free bromine, which was 
then extracted with CCl; (CCl, frequently contains 
impurities with unsaturated linkages. Passing Cly. gas 
into the CCl, followed by NaOH washings to remove 
excess Cl, saturates these impurities so that they do 
not react with the Bro.) The Bre was extracted back 
into water containing HSO;-. The solution was then 
scavenged for iodine. H,SO, followed by the dropwise 
addition of 0.1!M@ KMn0O, was used to oxidize the Br- 
which was then extracted first into CCl, and then back 
into water containing HSO;-. After the solution was 
boiled to remove excess HSO;-, AgNO; was added to 
precipitate AgBr which was then mounted, dried at 
110°C, weighed, and counted for Br® activity. Special 
consideration was made in the final calculations for 
delay in the onset of the Br® activity because of the 
Se*™ (25-min) state preceding it in the decay chain.™ 


Strontium 


Strontium and barium were precipitated as the 
carbonates and dissolved in HCI. The barium separation 
and scavenging was made by the standard chromate 
precipitation method** after which the strontium was 
precipitated from a neutral solution as the oxalate. The 
precipitate was washed, mounted, dried at 200°C, 
weighed as SrC20,, and counted for Sr*, Sr®!, Sr®, 
Y"!, and Y® activities, the latter two growing in after 
the strontium rare earth separation was made. 


Zirconium 


Phenylarsonic acid was used to precipitate Zr(IV) 
from solution. This precipitate was converted to 
Zr(OH), by the addition of conc. NaOH. The pre- 
cipitate was then dissolved in 6M HCl and Zr(IV) 
finally precipitated as the mandelate.* The precipi- 
tate was washed, dried at 110°C, weighed as Zr- 
(CsH;CHOHCO:,),,49 and counted for Zr’-Nb*” and 
for Zr®-Nb® activities. 


51C, A. Kumins, Anal. Chem. 19, 376 (1947). 
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Ruthenium* 


Metallic Ru°® was precipitated from the solution 
during the dissolution of the target. Care was taken 
that Ru(III) carrier was present during the entire 
dissolution and additional amounts of aluminum added 
to reduce the Ru(III) left in solution after the dissolu- 
tion of the target was complete. The metallic ruthenium 
was dissolved in a basic KCIO solution and transferred 
to a ruthenium distillation flask. The addition of 
NaBiO; and a H;PO,-HCIO, mixture produced RuO, 
which was distllled from the solution by gentle heating 
and was collected in 6N NaOH. RuO.,-xH.O formed 
when 95% EtOH was added and the solution heated 
to ~85°C. The precipitate was immediately dissolved 
in HCl and the ruthenium was reduced to the metal 
with aluminum. The metallic ruthenium was dried in 
a small test tube, weighed, and counted in a calibrated 
Nal(Tl) well-type scintillation counter for Ru’ and 
105 


Ru activities. 


Palladium 


Palladium was reduced in the solution in the same 
way as was ruthenium. Pd? is oxidized by 30% H2Ox, 
separating it from the metallic ruthenium. Pd(II) was 
then precipitated using dimethylglyoxime (DMG) which 
was again dissolved in conc. HNO. The solution was 
scavenged for silver, and the P€ADMG again precipi- 
tated, in which form it was dried and weighed for yield 
determination. The precipitate was then dissolved, Ag 
carrier added, and the solution allowed to stand until 
Ag''? activity had grown into secular equilibrium. 

AgI was then precipitated from the solution, mounted, 
dried at 110°C, weighed, and counted for the Ag'!” 


activity. Calculations necessitate an accurate knowledge 
of the time of the final Pd-Ag separation. 


Cadmium 


Cd(OH)2 was precipitated from a strongly basic 
solution along with Sr, Ba, Y, and the rare earths. 
The precipitates were treated with HCI and after the 
separation of the rare earths (and Y), H»S was passed 
into the solution precipitating CdS. The precipitate was 
dissolved in HC] and the resultant solution scavenged 
with antimony by precipitating it as the sulfide from a 
2M HCI solution. CdS was reprecipitated at pH=5, 
dissolved in conc. HCl, placed on a column bed con- 
taining Dowex 1-X® anion resin, and eluted with 0.75M 


AND J. W. 


COBBLE 


H.SO,. CdS was precipitated from the fractions col- 
lected and redissolved in conc. HCl. The H:S was 
removed by boiling and Cd was finally precipitated as 
Cd(NHy,) PO,- H2O. It was then dried at 110°C, weighed, 
and counted for Cd!!® and Cd! activities. 


Iodine 


NaNOy was added to the solution oxidizing the iodide 
to free iodine which was first extracted into CCl, and 
then back into water contains HSO;-. The cycle was 
again repeated, the solution boiled to remove excess 
HSO;-, and AgNO; added to precipitate AgI. The 
precipitate was placed in a small test tube, dried at 
110°C, weighed, and counted in the calibrated NaI (TI) 
crystal scintillation counter. Activities due to I’ and 
I'5! (and their daughters) were followed, from which 
cross section calculations were made. 


Barium 


Barium follows strontium in the chemical procedure 
and was separated from it with K2CrO,y. The BaCrO, 
was dissolved in conc. HC] to which an equal volume of 
Et.O was added. The mixture was cooled in an ice-brine 
bath and HCl gas passed through the solution, pre- 
cipitating BaCl,-2H,O. The precipitate was dissolved 
in water and BaCrQO, reprecipitated. This was then 
washed, mounted, dried at 110°C, weighed, and counted 
for Ba! and Ba! -La'™ activities. 


Rare Earths and Yttrium 


These elements were separated from the solution as 
the hydroxides, dissolved in HCl, and then precipitated 
as the fluorides with HF. These precipitates were dis- 
solved in a HNO;-H;BO; mixture from which the 
hydroxides were again precipitated. Upon dissolution 
in dilute HCl, the rare earths and yttrium were placed 
on a cation exchange column and eluted with a varying 
pH lactic acid eluent.” The addition of (NH4)2C20, to 
the fractions collected precipitated the elements as the 
oxalates which were dried under a vacuum and then 
mounted, weighed, and counted. The following were the 
isotopes counted: Y%, La™ (for independent yield 
measurements), Ce! and Ce! in the scintillation 
counter, Pr'“, Pr'45, Nd"47, Sm! Eu'5§ Eu's?, Gd15, 
and Tb™'. 


® W. FE. Nervik, J. Phys. Chem. 59, 690 (1955). 
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Theoretical Studies of the Alpha Decay of U**’} 


° R. R. CuHasMAn* AND J. O. RASMUSSEN 
E. O. Lawrence Radiation Laboratory and Department of Chemistry, University of California, Berkeley, California 
(Received April 9, 1959) 


The alpha decay of a deformed odd-mass nucleus, U**, is treated by the use of numerical integration on 
an IBM-650 computer. The results of this treatment are compared with the theory of Bohr, Froman, and 


Mottelson. 


Approximate analytic methods are developed for predicting the intensities of the higher members of 


the ground rotational band. 


A comparison is made between the numerical integration and the experiments of Roberts, Dabbs, and 
Parker, in which they examine the angular distribution of alpha particles from aligned U** nuclei. 

The results of the numerical integration of U?* are presented in matrices analogous to those of Fréman, 
and numerical values of the functions are given for selected values of r. 


I. INTRODUCTION 


HE theory of Bohr, Fréman, and Mottelson 
(B.F.M.) makes definite predictions concerning 
the amplitudes of alpha partial waves at the nuclear 
surface, in the case of deformed nuclei.’ It was decided 
to test the validity of their prediction in the case of the 
alpha decay of U** by carrying out extensive numerical 
integrations of the alpha wave equation including the 
nuclear quadrupole interaction. The relative intensities 
of the alpha particles to the low-lying states of Th?’ 
have been measured’; there is a good deal of confidence 
in the spin assignments of these levels, and there are 
estimates of the nuclear quadrupole moment.*:* We use 
the estimates for the quadrupole moment of U**, as 
there are none available for Th’. We expect the 
quadrupole moment of Th’ to be roughly the same as 
that of U***, This information is summarized in Fig. 1. 
The study of U** is of interest for reasons other than 
the comparison with B.F.M. At the time the problem 
was undertaken, alpha intensities had been reported 
for higher members of the ground rotational band,° 
intensities which differed considerably from B.F.M. 
predictions. Since that time, however, the gamma rays 
following the alpha decay have been examined, and 
the large intensity of high-energy gamma rays indicates 
that the higher levels populated by the alpha decay are 
not all members of the ground rotational band.® 
Roberts, Dabbs, and Parker’ have aligned U** nuclei 
at low temperatures in single crystals of Rb(UOQz) (NOs); 
and examined the anisotropy of emitted alpha particles. 
t These studies were made under the auspices of the U. S. 
Atomic Energy Commission. 
* Present address: Division of Chemistry, Argonne National 
Laboratory, Lemont, Illinois. 
1 Bohr, Fréman, and Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 29, No. 10 (1955). 
27. Perlman and J. O. Rasmussen, in Handbuch der Physik, 
edited by S. Fliigge (Springer-Verlag, Berlin, 1957), Vol. 42. 
3 John O. Newton, Nuclear Phys. 5, 218 (1958). 
4 Dorian, Hutchinson, and Wong, Phys. Rev. 105, 1307 (1957). 
5 Goldin, Novikova, and Tretyakov, Phys. Rev. 103, 1004 
(1956). 
6 C, Ruiz and F. Asaro (private communication). 
7 Roberts, Dabbs, and Parker, Oak Ridge National Laboratory 
Report ORNL-2204, 1956 (unpublished), p. 60. 


They interpret their results as indicating that the /=2 
wave is out of phase with the /=0 alpha partial wave 
in the alpha group to ground.” Their experiment also 
puts limits on the amount of the /=2 wave which 
populates the ground state of Th?”’. 

We might hope that either the intensity limits of 
Roberts, Dabbs, and Parker or the boundary conditions 
at the nuclear surface of B.F.M. will eliminate one of 
the phase choices for the /=2 partial wave relative to 
the /=0. 

We _ have developed approximate 
methods to predict intensities of the alpha decay 
populating the 11/2 and 13/2 members of the Th®® 
ground-state rotational band. 


also analytic 


II. FORMULATION OF THE ALPHA-DECAY PROBLEM 


The problem of alpha decay in the region of uranium 
is complicated, as contrasted to the region of lead, by 
the existence of large quadrupole moments which 
interact with the escaping alpha particle. Favored alpha 
decay, i.e., decay between parent and daughter states 
having the same nucleonic wave functions and hence 
the same K (K is the projection of the nuclear spin on 
the nuclear symmetry axis), has been treated in this 
region of large quadrupole moments by several authors, 


u?33 (16 x10y) 
a a ay ae 


< of f 


Fic. 1. Alpha decay 
of U™, 
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9/2+— 0.099 


7/2+ 0.043 


§/2+ ——ze=£ 0 
229 
Th 


’® Nolte added in proof.—More recent work on aligned Np*? 
lends support to the interpretation of /=0 and /=2 being in phase. 
See Hanauer, Dabbs, Roberts, and Parker, Abstracts of ORNL 
Physics Division Annual Information Meeting, June, 1959. 
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both by numerical integrations*“” and by analytic 
approximations" for the case of even-even nuclei. The 
quantum mechanical treatment of an odd-even nucleus 
is quite similar to that of the even-even nucleus.’ We 
start from Schrédinger’s equation 


Hy= Ey. (1) 


Here we have H=7+V+Anuc, where T is the kinetic 
energy of the system, V its potential energy, and Hnuc 
the Hamiltonian for the internal energy of the recoil 
nucleus. We expand the. potential V in spherical 
coordinates. Making the usual multipole expansion, 
we obtain 

2 ep 


Z 
V=2e>> > - ~Px(cosy), (2) 


p=1 \=0 yt 


where r gives the position of the alpha particle; r, gives 
the position of the pth proton in the daughter nucleus, 
and y is the angle between r and r, in the system of the 
recoil nucleus. In our treatment of the problem, we 
include the central and quadrupole terms of the 
potential. We next construct a solution of Schrédinger’s 
equation of the form 


v= > 


UIy'T’ 


rUviy (nr) Yury 77™ (0,¢,%,), (3) 


as the first step in the solution. Here 


Vert? ™ (0,¢,X:) = CUT mm’ M—m'| IM) Vm (0,¢) 


m 


Xbry7.7/-"—"'(X,)]; (4) 


l' is the angular momentum of the alpha particle, and 
m' is the component of its angular momentum on a 
space-fixed axis; J,’ and J are the final and initial 
nuclear angular momenta, and M—m’ and M are 
projections of J,’ and J on the space-fixed axis; and 7” 
represents all other quantum numbers specifying the 
nuclear state. Here @1;’,7’"—™'(X;) describes the in- 
trinsic state of the daughter nucleus and the bracketed 
symbol is a Clebsch-Gordan coefficient. The orthogo- 
nality condition on the Y7,1,’,77-” function is 


Virrr?™Vu,7l™ sind dé dy dX;=bworslybrr. (5 
J J a J* J \ 


We next substitute y into Schrédinger’s equation, 
multiply by Yu,rz;,7/-“*, and then integrate over all 
variables but r. We do this for each value of /, I; of 
interest in the daughter nucleus and we are left with a 


8 J. O. Rasmussen and B. Segall, Phys. Rev. 103, 1298 (1956). 

9 J. O. Rasmussen and E. R. Hansen, Phys. Rev. 109, 1656 
(1958). 

10 E, M. Pennington and M. A. Preston, Can. J. Phys. 36, 944 
(1958). 

11 Per O. Fréman, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Skrifter 1, No. 3 (1957). 

2A detailed derivation may be found in reference 2, Eqs. 
(29.4)-(29.8). 
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set of coupled ordinary differential equations of the 
form > 


—h? PUuy h? 7 
PEND +[-— +1) + E1r—E [Vy 
2M_ dr? 2Mr? 


+2ZeU u;/r+ ¥ Uv'iy’ 


it fad 


| Qe? 
x (Yur —P»(cosy) Ver!) =0. (6) 
| 


All terms but the last summation describe the inter- 
action of two charged particles. The last term gives a 
mixing of states, due to the perturbation induced by 
the nuclear quadrupole moment. 


Ill. A TEST OF THE B.F.M. HYPOTHESES 


The hypotheses of B.F.M. may be stated as follows: 
Any alpha partial wave has a projection of its angular 
momentum on the nuclear-symmetry axis which is 
equal to Ky+X; at the nuclear surface. Ky and K;, are 
the projections of the spins of the final and initial 
nuclear states on the nuclear-symmetry axis. For 
(K;+XK,)>/ there is but one permissible value of m, 
which is zero in the case of favored alpha decay. 
Looking at the B.F.M. hypothesis in an |J,/) repre- 
sentation, one sees that a given / wave will be appor- 
tioned among the states that it populates in proportion 
to the Clebsch-Gordan coefficient (7,/KO|/;K) at the 
nuclear sur face. This hypothesis will be referred to as 
B.F.M.-1. Furthermore, B.F.M. makes the approxi- 
mation that the relative intensities of alpha decay to 
the various levels from population by a given / wave 
will be given by the square of the Clebsch-Gordan 
coefficient (/,/KO|I;K) times the barrier penetration 
factor for the particular alpha energy. This approxi- 
mation, which we shall refer to as B.F.M.-2, would be 
exact only in the limit of infinite moment of inertia. 
In the case of favored alpha decay of even-even nuclei, 
a given alpha partial wave populates just one level of 
the daughter nucleus and so affords us no test of the 
B.F.M. hypotheses. 

In the numerical work to be described, B.F.M.-1 
and B.F.M.-2 are tested separately for the first time. 
In the case of odd-even nuclei, we may utilize B.F.M.-1 
to set boundary conditions at the nuclear surface for 
solutions of the alpha wave equations and then compare 
the alpha intensities from numerical integration with 
the experimentally observed intensities. This gives us 
a test of B.F.M.-1, though our calculations did not 
include /=4 contributions. In the region of U** the 
1=4 contribution should not be very significant. 


IV. NUMERICAL INTEGRATION AND 
BOUNDARY CONDITIONS 


To return to the specific problem of U**, the equa- 
tions describing the alpha particles as they leave the 
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nucleus are 


duo 48.78 
+ 0.929 oe Iu 


dr? r 
1 
— —[101u;—117u.+69.3u; ]=0, 
r® 


au, 48.78 6 
“40.20 = fu 


dr° r sa 
1 
— —[101%)+38.71u;—76.0u2— 26.41; ]=0, 
r? 


du 
+ 0.921- 


dr? 


48.78 6 
ae Ju 


r 


1 
— —[1179— 76.0; — 2.5812—76.3u; ]=0 
r 


d°u3 48.78 
+ [o.910- 


dr? r 


1 
— —[69.31)— 26.41; — 76.4u2—18.1%3]=0, (7d) 
Pe 


where r is in units of 10~ cm; m/r is the radial function 
of the /=0 wave populating the 5/2 state of Th”’, and 
u;/r, U2/r, and u;/r are the radial functions of the /=2 
wave populating the 5/2, 7/2, and 9/2 levels of Th, 
respectively. This set of equations includes only the 
1=0 and /=2 alpha partial waves. In this treatment 
we use a value of 13.2 barns for Qo, and the alpha- 
decay energies are 4.900, 4.857, and 4.801 Mev. 

We note that as r approaches ~, the coupling term, 
which has a 1/r* dependence, becomes negligible. When 
we can ignore this term, the equations are decoupled, 
and their solutions are given by linear combinations of 
regular (F;) and irregular (G,) Coulomb functions. 
Because the alpha particles are outgoing waves, the 
solution must be of the form Ce?’ and not have any 
component of the form e~**’, where 


x’=p—n In2e—3lr+o. (8) 


The notation is that of the general usage in Coulomb 
functions.“ We note that as r approaches ~, F; ap- 
proaches sinx’, and G, approaches cosx’. Therefore, at 
large distances, our solutions must be of the form 
(A+iB)(G.+iF,), where A and B are real constants. 
Pennington and Preston show in detail how the solu- 
tions approach this asymptotic form.’° 

The determination of the radial wave functions was 
accomplished by numerical integration on an IBM-650 
computer in the region where the coupling could not 
be neglected. As we have four second-order differential 


8 Carl Fréberg, Revs. Modern Phys. 27, 399 (1955). 
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equations, there are eight boundary conditions which 
must be applied. We begin by looking at the imaginary 
part of the solution. 

The procedure adopted was to give one of the u’s an 
amplitude of one at a sphere of radius 9.0X10-" cm 
(the nuclear surface) and the other three were given 
amplitudes of zero. The nonzero function was started 
off as a regular Coulomb function, and the other three 
were kept at zero by conditions used on the derivatives. 
Carrying out the numerical integration for this set of 
boundary conditions, we obtain one set of solutions. 
When u;=1 at the nuclear surface, at infinity we have 
uj=Aj,;F;+B,,G;. The coefficients A;; and B,; are 
obtained by fitting the numerical values from the 
computer program to linear combinations of Coulomb 
functions at large distances, in this case 8.5X10-" cm. 
By separately setting each of the four u,’s equal to one, 
we obtain four independent solutions of the differential 
equations. The imaginary part of the solution of the 
physical problem will be some linear combination of 
these four solutions, i.e., our solutions of physical 
interest have the form 


3 
9 (ui) =D a;(A jsF +B;G), (9) 


7=0 


where a; is some real number. We make use of the 
experimental intensities of alpha particles populating 
the various levels by noting that the intensity is 


3 2 3 2 
= (San) +( Less). 


The experimental intensities give us three boundary 
conditions, a trivial condition of over-all normalization 
and two relative intensities. For the final boundary 
condition, we make use of B.F.M.-1 to obtain the ratio 
of amplitudes of the /=2 wave at the nuclear surface 
populating the 5/2 and 7/2 states of Th®* for the real 
part of the solution. Finally, as a test of B.F.M.-1, 
we may examine the relative amplitudes at the nuclear 
surface of the real part of the /=2 wave populating the 
5/2 and 9/2 levels of Th”. If the B.F.M.-1 hypothesis 
is valid, all five conditions will be satisfied. We have 


(10) 


calculated the real part of the wave function by using 

our knowledge of the asymptotic form of real and 

imaginary components of the wave function to obtain 
3 


R(u;) => a;j(A j:Gi— BF ;) 


j=0 


(11) 


at r=8.5X10-" cm. We integrate inward numerically. 
A ;; and B;; will be the same constants as were obtained 
from the imaginary part of the solutions, and the set of 
four a; values that comes closest to satisfying the three 
intensity conditions and the two constraints put on 
the real part of the solution by B.F.M.-1 is used. 
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TABLE I. Relative D-wave amplitudes at r=9.0X 10™" cm. 


}=2 l=2 
out of phase 


B.F.M.-1 
Ty prediction in phase 


~0.86 —0.86 —0.88 
i 1 1 
0.59 —0).55 —0.51 


V. RESULTS OF NUMERICAL INTEGRATION 


We found a set of a; values which approximately 
satisfies the conditions mentioned previously for the 
1=2 wave both in phase and out of phase with the /=0 
wave at the nuclear surface. The conditions were not 
satisfied exactly in either case but were satisfied 
approximately in both cases. The results for the ampli- 
tudes of the real parts of the wave functions on a 
sphere in the nuclear surface region are given in Table I. 

Another way of stating B.F.M.-1 is as follows: In 
an |/m,) representation only the component having 
m,=( will be present in favored alpha decay. We 
transformed the wave functions to an |/m,) represen- 
tation and found the m,=0 component of the /=2 wave 
to be some two orders of magnitude larger than the 
other m,; components. The deviations from perfect 
agreement with B.F.M.-1 may be attributed to slight 
inaccuracies in the reported alpha intensities and 
incorrect choice of quadrupole moment in this calcu- 
lation, or, finally, to the neglect of alpha particles with 
angular momenta greater than /=2. Our calculations 
support the validity of B.F.M.-1. 

From our wave functions we may calculate the phase 
shifting of the alpha partial waves caused by the 
nuclear quadrupole moment. This information will be 
of interest in the case of an odd-even nucleus, because 
it enters into calculations of angular distributions from 
angular correlation experiments and nuclear alignment 
and nuclear polarization experiments. The phase 
shifting of the ith alpha partial wave by the nuclear 
quadrupole moment is given by the relation 


6,=tan ( E a,B,s / Eadn), 
7=0 7=0 


where 6; is given in radians. 

The calculated phase shifts are given in Table IT in 
degrees. These phase shifts may be compared with 
those calculated for even-even alpha emitters in this 
region, ~~—3° for the /=2 wave when it is in phase 
with the /=0 wave. In nuclear-alignment experiments, 
only the difference in phase shift of the |5/2 2) and 
15/20) is of direct interest. The interference term 
contributing to anisotropy has a factor cos(@9—62). The 
Coulomb phase difference between S and D waves here 
is about —7° and, correcting for the quadrupole 
interaction, we have ~—10° for the /=0 partial wave 
in phase with the /=2 wave, and ~—6° for the /=0 
partial wave out of phase with the /=2 wave. 

Next let us examine our numerical integration 
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calculations to test the B.F.M.-2 approximation. From 
B.F.M.-2, one may predict the amount of /=2 wave 
and the amount of /=0 wave populating the 5/2 state 
of Th” independent of nuclear-alignment experiments. 
Using data from neighboring even-even nuclei, B.F.M. 
conclude that 81% of the ground-state intensity is due 
to the /=0 wave, and 19% comes from the /=2 alpha 
wave.’ In the numerical calculation, our modified 
prediction is that only 75% of the ground-state in- 
tensity is due to the /=0 wave, and 25% is due to the 
l=2 wave. This conclusion holds for both choices of 
phase of the /=2 wave, under the constraint that 
B.F.M.-1 and the intensity conditions hold. This 
discrepancy suggested that one might find some other 
approximation that is superior to B.F.M.-2 but simpler 
than numerical integration to predict unseen intensities 
of odd-even nuclei and partial wave amplitudes at the 
nuclear surface for even-even nuclei. 


VI. AN APPROXIMATE TREATMENT OF ALPHA DECAY 


An approximate method that was developed and 
was used to treat U* will be described briefly. 
We see that the solutions of the set of Eqs. (7) would 


TABLE IT. Phase shifts caused by nuclear quadrupole moment. 


1=0 and /=2 
out of phase 


+1.94° 
+0.87° 
—0.179° 
+7.16° 


1=0 and /=2 
in phase 





be regular or irregular Coulomb functions were it not 
for the quadrupole moment, that is, the right-hand side 
of the equations would vanish if Qo were zero. From an 
examination of the series expansion of the WKB 
integrand, we surmise that the radial wave functions 
of the alpha partial waves might be well represented 
by functions of the form 


(at,1¢-+97'B:,1;)Gi,1;(r) 


in the region of the nuclear surface. Here ai,1; and 
81,17 are parameters fixed over all r values, and Gi,z; is 
the irregular Coulomb function. It is clear that 61,1;/r3 
approaches zero as r approaches ~ , so one may identify 
>: ai,17 as the square root of the quotient of the alpha 
partial-wave intensity and its velocity. 


(13) 


VII. APPLICATION OF APPROXIMATE METHOD 
TO U8 


To determine the values of the coefficients ai,z; and 
Bi,17, we apply B.F.M.-1 to obtain two conditions, i.e., 
the partition of the /=2 alpha wave between the 5/2, 
7/2, and 9/2 states at the nuclear surface. We then 
substitute the analytic approximation into the differ- 


44R, R. Chasman and J. O. Rasmussen, Phys. Rev. 112, 512 
(1958). 
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ential equations and demand that the equations be 
satisfied exactly at some arbitrary intermediate distance 
(2.0X10-" cm) to obtain four more conditions. The 
distance at which we demand that the approximate 
solutions satisfy the differential equations is somewhat 
arbitrary; the reasons for choosing 2.0 10-" cm are 
mainly pragmatic—using this value, we found that we 
could get best agreement with results of detailed 
numerical integrations for both Cm*?* and U*, but 
it is to be emphasized that the results are not very 
sensitive to the distance chosen. The over-all normal- 
ization gives us a seventh condition. To obtain the 
final condition we may do one of two things: (a) We 
can use the ratio of the /=2 wave to the /=0 wave at 
the nuclear surface obtained from a neighboring even- 
even nucleus, U2" or U4, or (b) we can use the ratio 
of any two experimental intensities, bearing in mind 
that the observed alpha intensity to any level J is 


TABLE III. Test of B.F.M.-2. 


Boundary conditions at nuclear surfaces 
B.F.M.-1 Numerical integration 


Analytic Analytic 
approx, approx, 


Experimental 
intensity 


100 100 100 100 100 
17.9 17.9 17.9 179 17.9 
19 2.54 2.35 2.2 1.85 


B.F.M.-2 B.F.M,-2 


TABLE IV. Relative intensity predictions. 


Experi 
B.F.M. mental* 


100 100 100 100 100 100 
16 18.3 16.8 15.5 13 16.3 
2.46 3.01 2.70 2.37 1.8 2.3 
11 0.036 0.286 0.180 0.016 0.2 0.06 +0.03 
13 0.007 0.020 0.012 0.0035 <9 02 


® See reference 6. 


equal to >oy\aiz;|*. Using (b) to obtain the final 
condition, we are then able to check the approximation 
with the third experimental intensity and with the 
amount of /=2 wave calculated to populate the 5/2 
state in the numerical integration. We compare the 
intensity predictions of this treatment with the pre- 
dictions of B.F.M. We may compare several things in 
the following manner. We may use B.F.M.-1 as a 
boundary condition at the nuclear surface and then use 
B.F.M.-2 and the analytic method described here to 
calculate intensities at infinity. We may also use the 
results of the numerical integration to provide boundary 
conditions at the nuclear surface. We shall adjust the 
B.F.M. intensity predictions by the use of the relative 
intensities of the 5/2 and 7/2 states. The comparisons 
are found in Table III. The agreement with experiment 
is fairly good for /=2 alpha partial waves, using the 
B.F.M.-2 approximation; however, this method does 
not take into account different phase choices for the 
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TABLE V. Phase shifts calculated from U™ data. 


Relative {/ =0 + + 
phase {/ =2 + 


Phase (t=4 + - 
aft \ 


— 0.04 
~0.11 
—0.20 





A1~0 
Oin2 
Bins 


+0.04 
+0.03 
—0.22 


alpha partial waves. If we consider the relatively weaker 
l=4 wave populating states of spins 11/2 and 13/2, 
the terms in the radial equations due to the non- 
vanishing nuclear quadrupole moment become more 
important in an intensity prediction of alpha decay, 
and the predictions may vary considerably, depending 
on the choice of partial wave .phases. It is for this 
application that we feel that the approximate method 
described here has a considerable advantage over the 
B.F.M.-2 approximation. 

A calculation was made by the use of the analytic 
approximation including the /=4 partial wave in the 
alpha decay of U* to form Th”*. We can then predict 
the alpha intensities populating the 11/2 and 13/2 
states of Th” that are members of the ground-state 
rotational band. If we neglect the /=6 contributions 
and apply the data on relative amplitudes of alpha 
partial waves from the neighboring even-even nuclides, 
we obtain the intensity predictions for four phase 
choices. We compare these with B.F.M.-2 and experi- 
mental observation in Table IV. The experimental 
values given here are from recent work by Ruiz and 
Asaro® and differ slightly from those indicated in Fig. 1. 

Our intensity predictions do not include the effect of 
the phase shifting due to the quadrupole interactions; 
i.e., the wave functions at large distances are of the 
form (Ai,1,+7B1,1;)(Gi,1;+iFi,1;) and the true in- 
tensity is }° [| Azzy|?+|Brz,|?]. In this approxima- 
tion, we have taken the intensity to a given level as 
being >0;|A1,7;|*. To estimate the correction, we may 
calculate phase shifts for a neighboring even-even 
isotope, U4, and using the equation Ji,1¢= | A1u,z;|? 
+ | Bi,z;|?, when J1,7; is the intensity of the /th partial 
wave populating J;, and noting that @,=tan(B,/A)), 
estimate B, from the value of A), which we have 
calculated; 6); is the phase shift and is given for the 
various sets of phases in Table V, for the first and 
fourth sets of phase choices. The second and third sets 
of phase seem to be ruled out by the experimental value 


TABLE VI. Modified intensity predictions. 


\ Relative ( 
\\ phase j Experi- 


Iy - ~ 7M. mental 


5/2. —«:100 104 100 


15.5 16.3 
2.37 8 2.3 
0.017 0.06+0.03 
0.0037 < 0.02 


7/2 16 

9/2 2.46 
11/2 0.037 
13/2 0.007 
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’ matrix from imaginary poe of numerical integration. 








V=0, Is’ =5/2 
1.000 —0. 010i 
0.1541 —0.01957 
—0.173 +0.027i 
0.096 —0.0067i 


1=0, [y= 5/2 
l=2, [y=5/2 
l=2, Iy;=7/2 
l=2, [y=9/2 


of the 11/2 intensity. The phase shifts are calculated 
using a method previously developed." 

Using these data, we modify the predicted intensities 
(see Table VI); only the 11/2 and 13/2 levels are 
changed perceptibly. 

The phase shift corrections here are only approxi- 
mate, since phase shifts for individual U** groups will 
not be identical to those in U4, especially for the 
relatively weak /=4 groups. 


VIII. COMPARISON WITH NUCLEAR-ALIGNMENT 
EXPERIMENT 


Some experimental data are available on the relative 
phases of the /=0 and /=2 alpha partial waves. 
Roberts, Dabbs, and Parker have aligned U** nuclei in 
a single crystal of Rb(UO2.)(NOs3)3 and have obtained 
an angular distribution of alpha particles.’ They have 
interpreted their results as indicating that the /=2 
partial wave populating the ground state of Th is 
out of phase with the /=0 wave. To arrive at this 
conclusion, they make the assumption that the quadru- 
pole coupling constant, 

SOO sn0e (— V (0) 

(27—1)\ 02? ) 
is negative. Here ¢ is the electronic unit of charge, Ospec 
is the spectroscopic value of the nuclear quadrupole 
moment, and (d?V (0)/dz*) is the gradient of the elec- 
tric field evaluated at the surface of U*%. The calcu- 
lations of Eisenstein and Pryce’® are interpreted by 
Roberts ef al.’ as indicating that (d°V (0)/02*) is positive 
in the UO,t* ion. As this conclusion is not entirely 
proved and since it creates difficulties for a compre- 
hensive interpretation of alpha decay of deformed 
nuclei generally, we also consider the possibility of the 
J/=2 wave in phase with the /=0. If we define the 
percent of /=2 admixture in the population of the 5/2 
state as 10062/(1+6?), Roberts ef al. show from the 


(14) 


TABLE VIII. ky ¢°’ 


1.000 +0.013i 
—(0).1948—0.0227 
0.2421+0.022:7 
0.143 —0.048i 


— 
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167. C. Eisenstein and M. H. L. Pryce, Proc. Roy. Soc. 
16 Bleaney, Llewellyn, Price, and Hall, Phil. Mag. 45, 992 (1954). 


Vv =2, Ij’ =5/2 


0.150—0.030i 

0.886 —0.010: 
—0.106+-0.013i 
—0.021+0.00247 


—0.166 —0.016i 
0.9053+-0.012i 
0.128 +0.00527 
0.057 +0.032% 


(London) A229, 20 ( 


V =2, Is’ =9/2 


0.118 —0.030i 
—0.054+0.0049i 
—0.110+0.022i 

0.854+0.0006i 


V =2, Is’ =7/2 


—0.180+0,.0437 

—0.111+0.022i 
0.849 —0.03537 

—0.099 +-0.0076i 





measurements that they have made that 


(- 7956°+-4.1456+0.226 


) =().0625+0.0025°K, (15) 
140.8358? k 


where & is the Boltzmann constant. Using the values 
of 6 which we obtained in the numerical integration of 
U*3, we may then calculate a value for g. If the /=2 
wave is in phase with the /=0 wave, we have 6=0.577; 
if the /=2 wave is out of phase with the /=0 wave, 
we have 6=—0.577. For the /=2 wave in phase, we 
calculate g/k=0.0277°K; for the /=2 wave out of 
phase, we calculate g/k= —0.0418°K. Roberts ef al. 
give a value for |g/k| of 0.0388--0.0086°K from specific 
heat measurements, but the sign is not determined in 
these measurements. Roberts et al. argue that the sign 
of g is negative in a manner analogous to Bleaney et al. 
for Np*7.'6 From paramagnetic-resonance measure- 
ments, Bleaney shows that the magnetic moment of 
Np”? and the quadrupole coupling constant of 
Rb(NpOz)(NO3)3 must have opposite signs. Bleaney 
suggests that the magnetic moment, y, is positive and 
g is negative on theoretical grounds. Our value calcu- 
lated for the /=2 wave out of phase with the /=0 is 
well within the limits of error of their measurement, 
and the value for the /=2 wave in phase with the /=0 
seems to be outside the limits of error. 

We will be able to make a definite phase choice only 
when more experimental data become available. Either 
a high-precision determination of the populations of 
the 11/2 and 13/2 levels of Th”® by alpha decay, or a 
measurement of the sign of (0?V (0)/d2?) will definitely 
determine the relative phases of the /=0 and the /=2 
partial waves. 

IX. RESULTS OF THE NUMERICAL 
INTEGRATION OF U* 

The results of the numerical integrations of U** may 

be expressed in several ways. In analogy with Fréman, 


we give matrices through which one may convert 


matrix from real part of numerical integration. 


l’ =2, Is’ =7/2 


0.1953+0.013i 
0.116 +0.00687 
1.007 —0.027i 
0.093 +0.015i 


Vv =2, Is’ =9/2 


—0.1024—0.00377 
0.059 +0.00587 
0.126 +0.0005z 
0.911 +0.019% 


1955). 
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amplitudes of partial waves at the nuclear surface to 
amplitudes at infinity which are (intensity/velocity)}. 

Let a,’ be a column vector giving the amplitudes of 
partial waves at the nuclear surface, where ¢ denotes 
indices / and I;. We may relate this to a column vector 
b;, which gives the amplitudes of the partial waves at 
infinity, by an equation of the form b= Dov ki, vav. 
We then factor ; » into two matrices, 


kee = Doe [Ge (R)be, oe Tee, (16) 


in the case of the real (irregular) components, and in 
the case of the imaginary parts, 


ki, v= Del Fer '(R)6:, vr lRe, ts (17) 


In both cases the Coulomb functions are evaluated at 
the nuclear radius, in our work chosen to be 9.0 10-" 


TABLE IX. Real part of alpha wave functions for U2 
decay with /=0 and /=2 in phase. 
r(10-%cm) {5/2 0 |5/2 2) |7/2 2) {9/2 2) 


9.0 1.52(17)8 1.26(17)* —1.46(17)® 8.08 (16)* 
9.2 9.89 (16) 8.23 (16) —9.47(16) 5.22(16) 
9.6 4.28 (16) 3.54(16) — 4.07 (16) 2.24(16) 
10.0 1.89(16) 1.55(16) — 1.79(16) 9.81(15) 
10.4 8.55(15) 6.99 (15) —8.02(15) 4.39(15) 
11.0 2.70(15) 2.18(15) —2.51(15) 1.37(15) 
12.0 4.32(14) 3.45 (14) — 3.95 (14) 2.14(14) 
14.0 1.49(13) 1.16(13) — 1.32(13) 7.05(12) 
16.0 7.08(11) 5.39(11) —6.11(11) 3.23(11) 
18.0 4.42(10) 3.30(10) — 3.72(10) 1.94(10) 
20.0 3.48 (9) 2.55(9) — 2.86(9) 1.47 (9) 
25.0 1.40(7) 9.87 (6) 1.09(7) 5.42(6) 
30.0 1.515) 1.03 (5) 1.11(5) 5.35(5) 
35.0 3.74(3) 2.49 (3) — 2.60(3) 1.20(3) 
40.0 1.98 (2) 1.29(2) — 1.29(2) 5.68 (1) 
45.0 2.29(1) 1.45(1) — 1.38(1) 5.61(0) 
50.0 6.51(0) 3.99(0) — 3.54(0) 1.30(0) 
55.0 2.17 (0) 1.38 (0) -1.36(0) 5.39(—1) 
60.0 —2.65(0) —1.51(0) 1.03 (0) —2.25(—1) 
65.0 —8.95(—1) —6.58(—1) 8.61(—1) —4.01(-—1) 
70.0 2.62 (0) 1.61(0) — 1.40(0) 4.39(—1) 
75.0 —2.66(0) — 1.55(0) 1.09(0) —2.16(—1) 
80.0 2.14(0) 1.19(0) -6.18(—1) 2.31(—3) 


® Number in parentheses indicates power of ten by which preceding 
number is to be multiplied. 


cm. The matrices k;,’ are similar to those given by 
Fréman® and by Rasmussen and Hansen" and are a 
convenient way of displaying the detailed effects of the 
quadrupole interaction. The matrices k;,”’ become 
simple unit matrices 6, in the limit of zero nuclear 
quadrupole moment. It should be pointed out that 
these matrices apply to a spherical surface at the 
nucleus whereas Fréman’s matrices are given for a 
spheroidal nuclear surface. 

From the imaginary part of the numerical integration 
we obtain the matrix k, y’ (Table VII). Table VIII 
shows the matrix k;,,.’ obtained from the real part of 
the numerical integration. 
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TABLE X. Real part of alpha functions for U** decay 
with /=0 and /=2 out of phase. 


|5/2 0) |5/2 2) 17/2 2) 


.68(17)® —3.92(17)* 
— 2.58 (17) 
—1.13(17) 
— 5.08 (16) 
—2.32(16) 
—7.45(15) 
— 1.22(15) 
—4.31(13) 
— 2.08 (12) 
—1.31(11) 
— 1.03 (10) 
—4.04(7) 
—4.18(5) 
—9.79(3) 
—4.79(2) 
—4,92(1) 
—1.19(1) 
—4.34(0) 
3.29(0) 
3.25 (0) 
—4,27(0) 
2.62 (0) 
—7.69(—1) 


r (10-3 cm) {9/2 2) 


9.0 5.65(17) 
9.2 3.81 (17) 
9.6 1.75(17) 
10.0 8.16(16) 
10.4 3.87 (16) 
11.0 1.30(16) 
12.0 2.26(15) 
14.0 8.79(13) 
16.0 4.55(12) 
18.0 3.02 (11) 
20.0 2.48(10) 
25.0 1.08 (8) 
30.0 1.22(6) 
35.0 3.13 (4) 
40.0 1.70(3) 
45.0 2.01 (2) 
50.0 5.83 (1) 
55.0 1.70(1) 
60.0 —2.50(1) 1.42(1) 
65.0 —6.96(0) 5.22(0) 
70.0 2.35(1) 1.44(1) 
1 
—1 


—6.76(17)* 7 

—4.45(17) 5.05 (17) 
—1.95(17) 2.22(17) 
— 8.78(16) 
— 4.02 (16) 
— 1.30(16) 
—2.12(15) 
—7.58(13) 
—3.71(12) 
—2.36(11) 
— 1.88(10) 
—7.67(7) 
— 8.33 (5) 
— 2.07 (4) 
— 1.09(3) 
— 1.26(2) 
—3.56(1) 
—1.10(1) 


4.18(12) 
2.64(11) 
2.10(10) 
8.42(7) 
8.97 (5) 
2.17 (4) 
1.11(3) 
1.21 (2) 
3.22(1) 
1.14(1) 
1.01(1) 
7.30(0) 
1.29(1) 
—1.05(1) 
6.45 (0) 


75.0 -2.47(1) .43(1) 
80.0 2.05 (1) .14(1) 


® Number in parentheses indicates power of ten by which preceding 
number is to be multiplied. 


Finally we give in Tables IX and X numerical values 
of the radial wave functions w7,,:, for several values of r. 


X. SUMMARY 


We believe this detailed numerical integration of the 
alpha-decay wave equation for U** shows the essential 
validity of the Bohr-Fréman-Mottelson hypothesis 
(B.F.M.-1) that for favored alpha decay there is zero 
projection of alpha angular momentum on the nuclear- 
symmetry axis while the alpha is near the surface. The 
approximation (B.F.M.-2) that the projection remains 
zero near the classical turning point is shown to be a 
fairly good approximation for the relatively abundant 
1=2 wave but a very poor approximation for the weak 
/=4 wave. The analytical approximation based on 
modified Coulomb functions is shown to give results 
nearer those of the numerical integration than does the 
B.F.M.-2 approximation. The extra phase shifts due to 
the quadrupole interaction were derived, and the shifts 
most significant to the interpretation of nuclear- 
alignment experiments were shown to be negligibly 
small. 
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Yields of the V"(y,a)Sc*’ reaction have been determined by measuring the Sc*’ radioactivity produced in 
metallic vanadium targets irradiated with bremsstrahlung of maximum energy varying from 10.5 to 25 Mev. 
The reaction was not observed below 15.5 Mev because of the severe effect of the Coulomb barrier on the 
outgoing alpha particles. The excitation function derived from these measurements has a maximum value 
of 0.81 mb at 23 Mev, and the integrated cross section to 24.5 Mev is 4.3 Mev-mb. The observed excitation 
function agrees very well with one calculated from a statistical theory for the decay of a compound nucleus. 
This appears to be a general feature of (y,«) reactions in medium-weight nuclei. 


I. INTRODUCTION 


HE amount of data available on photonuclear re- 

actions in which alpha particles are emitted is 
quite limited. This is due to the fact that they are 
generally much less probable than reactions in which 
neutrons or protons are emitted. Although photoalpha 
reactions do not in general contribute much to the total 
photon absorption cross section, information about 
them may be very useful in learning more about the 
detailed features of photonuclear reactions. 

Most of the previous measurements were designed to 
compare the yields of photoalpha reactions in several 
different target species for bremsstrahlung of one maxi- 
mum energy.!~* The reactions were observed by meas- 
uring the radioactivity of an active product or by 
counting the emitted alpha particles with nuclear 
emulsions. These experiments do not yield information 
on the energy dependences of the photoalpha cross 
sections. Excitation functions have been measured for 
only a few cases in medium-weight and heavy ele- 
ments**; they are for the (y,a) reactions in Cu®, Br*, 
Rb’’, Ag, Sb!!, and Tl?> which were all determined 
by measuring the radioactivity of the product atoms. 
In addition to these studies, some information on pho- 
toalpha yields has been obtained as a by-product of 
emulsion studies of photoproton reactions.*:” 

Heinrich et al.? showed in 1956 that the data available 
at that time on (y,a) yields and excitation functions for 
medium-weight and heavy elements agreed fairly well 
with the yields and excitation functions that one would 
expect assuming compound nucleus formation and sub- 
sequent decay following a statistical theory. Direct in- 
* This work was supported by the Office of Naval Research. 

1 Greenberg, Taylor, and Haslam, Phys. Rev. 95, 1540 (1954). 

2 Heinrich, Waffler, and Walter, Helv. Phys. Acta 29, 3 (1956). 
3M. E. Toms and J. McElhinney, Phys. Rev. 111, 561 (1958). 
‘ Haslam, Smith, and Taylor, Phys. Rev. 84, 840 (1951). 
Ne V. Taylor and R. N. H. Haslam, Phys. Rev. 87, 1138 
OR N. H. Haslam and H. M. Skarsgard, Phys. Rev. 81, 479 
on 
| TH de Laboulaye and J. Beydon, Compt. rend. 239, 411 (1954). 
8 Erdos, Scherrer, and Stoll, Helv. Phys. Acta 30, 639 (1957). 
*P. R. Byerly, Jr., and W. E. Stephens, Phys. Rev. 83, 54 
(1951). 
10M. E. Toms and W. E. Stephens, Phys.’ Rev. 95, 1209 (1954). 


teractions were apparently not important in explaining 
the main features of (y,a) reactions. This work is part 
of a general program of investigating the details of 
(y,a) excitation functions to see to what extent the 
apparent lack of direct interactions is a general feature 
of these reactions. The yield of the V"(y,a)Sc* reaction 
has been previously measured by others for 21.5-, 
23-,! and 32-Mev® bremsstrahlung, but there has been 
no previous determination of the excitation function. 


II. EXPERIMENTAL 


Targets of metallic vanadium were irradiated with 
the external bremsstrahlung beam of the University of 
Illinois 22-Mev betatron. Since natural vanadium is 
99.75% V* and only 0.25% V®, vanadium metal is 
essentially a V* target." The (y,2) and (y,p) products 
are both stable, so the only activity produced with 
bremsstrahlung of maximum energy up to 19 Mev is 
that of the (y,@) product, Sc‘. Reactions involving 
emission of two light particles are possible above 19 
Mev, but the resulting products are either stable or 
very long-lived and do not contribute much to the re- 
sulting activity. It is thus not necessary to separate the 
scandium product chemically in order to measure its 
radioactivity if the activity level produced from im- 
purities in the sample can be kept low. 

The experiments can be divided into two groups. 
The first is a determination of the shape of the activa- 
tion curve (relative yield per mole-roentgen as a func- 
tion of betatron energy). The second is an absolute 
measurement of the yield per mole-roentgen for one 
betatron operating energy (21.2 Mev). Ten-gram 
samples of granular vanadium (99.7% pure) were used 
in the relative yield measurements, and one-mil thick 
vanadium foils (99.7% pure) were used for the absolute 
yield determination.” 

The beam was monitored with an aluminum-walled 
air-filled ionization chamber placed behind a two-inch 


11 Unless stated otherwise, all isotopic abundances and decay 
properties are taken from Strominger, Hollander, and Seaborg, 
Revs. Modern Phys. 30, 585 (1958). 

The granular vanadium was purchased from Fairmount 
Chemical Company, Incorporated, of New York and the vanad- 
ium foils from A. D. Mackay, Incorporated, of New York. 
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thick lead converter. The ionization current collected 
in the chamber was measured with a vibrating reed 
electrometer. Penfold'® has shown that the ratio of the 
response of this monitor to the response of a Victoreen 
thimble behind 4 cm of Lucite is constant to better than 
one percent over the betatron energy range used in 
these irradiations. Thus, the vibrating reed electrometer 
readings can be used directly for calculating relative 
yields per mole-roentgen. For the absolute yield meas- 
urements at 21.2 Mev, the response of the monitoring 
system was calibrated in two different ways. In one 
method, the response of the ionization chamber was 
compared to the number of roentgens recorded by a 
Victoreen ‘‘r” thimble located in the center of an 8-cm 
cube of Lucite. In the other method, the response in ergs 
per square centimeter was calculated from the ionization 
current collected in the same ionization chamber without 
the lead converter but with the front aluminum wall ex- 
tended to a thickness of 5 cm. The theoretical work of 
Flowers ef al.'4 on the response of such an ionization 
chamber to bremsstrahlung of various energies was 
used as the basis for these calculations. The dose in 
roentgens behind 4 cm of Lucite was then calculated 
using the data of Johns ef a/.'® on the response of a 
Victoreen thimble in Lucite. The two calibrations 
agreed to ten percent, the second method giving a lower 
dose than the first. 

The energy calibration and the energy control of this 
betatron have recently been discussed by Axel and 
Fox!® and by Schmitt and Duffield.” Their discussions 
apply to the operation of the betatron for this work, 
and these items will not be discussed further. 

The Sc radioactivity was determined by counting 
its prominent 160-kev gamma ray with a scintillation 
spectrometer. A 13-inch diameter by 13-inch long 
NalI(TI activated) crystal was used as the scintillator, 
and a Model 3300 Radiation Instrument Development 
Laboratory 100-channel pulse-height analyzer was used 
as the analyzing and recording device. The scintillation 
probe (containing the crystal, photomultiplier tube, 
and cathode-follower preamplifier) was mounted verti- 
cally so that the foils or 50-ml beakers containing the 
granular samples could be placed directly on the crystal 
housing. The probe unit and samples were shielded 
with two inches of lead. 

The gamma-ray spectrum of a typical sample ob- 
served immediately after the bombardment showed 
peaks at 160 kev and 511 kev. The 511-kev radiation 
was short-lived, and after two or three hours was no 
longer an important feature of the spectrum. Thus, by 


138A. S. Penfold, Ph.D. thesis, University of Illinois, 1955 
(unpublished). 

14 Flowers, Lawson, and Fossey, Proc. Phys. Soc. (London) 
B65, 286 (1952). 

15 Johns, Katz, Douglas, and Haslam, Phys. Rev. 80, 1062 
(1950). 

16 P, Axel and J. D. Fox, Phys. Rev. 102, 400 (1956). 

17R, A. Schmitt and R. B. Duffield, Phys. Rev. 105, 1277 


(1957). 
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waiting for several hours before counting, the 160-kev 
radiation from Sc* could be measured with very little 
interference from other gamma rays. The 511-kev 
radiation arises from positron activity produced by 
(y,z) reactions on impurities in the samples. The in- 
tensity of the 511-kev peak could be accounted for by 
the known impurities. The 160-kev peak decayed with 
a 3.4-day half-life in all cases in which its decay was 
followed. This half-life is consistent with the literature 
values for Sc‘. 

In the absolute yield determination runs, several 
corrections had to be made to the counting data before 
the absolute yield per mole-roentgen could be calcu- 
lated. The number of counts in the photopeak had to 
be corrected for the geometry of the system, the photo- 
peak efficiency of the crystal, absorption in the sample 
and crystal housing, a spread source effect, and the 
abundance of the gamma ray in the decay scheme. The 
geometry was calculated assuming a point source. The 
photopeak efficiency was taken as the product of the 
total point-source efficiency for a 1}- by 1}-in. crystal 
as given by Stanford and Rivers'® and an experimental 
peak to total ratio which Dillman" has measured for 
our system. Absorption in the thin sample foils was 
negligible; the correction for absorption in the crystal 
housing was taken from Dillman’s work.” The fact that 
the sources were circular foils one inch in diameter and 
not point sources made a correction to the assumed 
point-source geometry and efficiency necessary. The 
spread source correction was determined experimentally 
by observing the change in the photopeak counting rate 
as a point source was moved across the face of the 
crystal and then calculating the average change for the 
area covered by the sample, taking into account the 
fact that the activity was not uniformly distributed 
across the foil because the beam intensity was not uni- 
form. The magnitude of the spread source correction 
was five percent. Even though the abundance of the 
160-kev gamma ray has not been directly measured, it 
can be inferred from the work of Graves and Suri.” 
They showed that the 160-kev gamma ray follows a 
beta group which is 60% abundant. They set an upper 
limit on the lifetime for emission of the gamma ray and 
concluded from it that the gamma transition was M1 
in nature. Thus, the conversion coefficient should be 
negligibly small. So, the gamma-ray abundance was 
taken to be that of the beta group leading to it, 60%. 

Some additional experiments were conducted to see 
to what extent Sc” was being produced by (y,p) reac- 
tions on Ti‘® impurities in the target material. This 
could be a serious source of error at the lower energies 
even with just small amounts of titanium present. The 
decay of the 511-kev peak was followed in several 


) 


18 A. L. Stanford, Jr., and W. K. Rivers, Jr., Rev. Sci. Instr. 29, 
406 (1958). 

#L. T. Dillman, Ph.D. thesis, University of Illinois, 1958 
unpublished). 

2 W. E. Graves and S. K. Suri, Phys. Rev. 101, 1368 (1956). 
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Fic. 1. Solid line—yield curve for the V*'(y,a)Sc*’ reaction (use 
scale on left; abscissa is the betatron operating energy). Dashed 
line—cross sections for the V*'(y,a)Sc* reaction (use scale on 
right; abscissa is the gamma-ray energy). 


vanadium samples which had been bombarded with 
bremsstrahlung of different energies to set an upper 
limit on the amount of a 3.1-hour component in the 
annihilation radiation (3.1-hour Ti produced by a 
gamma-neutron reaction on Ti** impurity). Several 
titanium samples were then irradiated at various beta- 
tron energies and a ratio of the amounts of the 3.1-hour 
511-kev radiation and the 3.4-day 160-kev radiation 
was determined in each case. These two sets of data 
were then used to determine the maximum contribution 
from titanium impurities to the 160-kev peak observed 
in the vanadium samples. The maximum contribution 
of titanium impurities was less than one percent for 
energies above 18 Mev and increased below 18 Mev to 
ten percent at the lowest energies at which the 160-kev 
peak was observed. Since these maximum contributions 
were about the same as the counting-data uncertainties 
and since they represented conservative maximum con- 
tributions, no corrections were made. 


III. RESULTS 


The activation curve is shown in Fig. 1 where the 
number of reactions per mole-roentgen is plotted 
against the bremsstrahlung maximum energy. The ap- 
parent threshold is at 15.5 Mev which is well above the 
mass threshold of 10.3 Mev” because of the severe 
effect of the Coulomb barrier on low-energy alpha 
particles. A total of 67 irradiations were made between 
10.5 and 25 Mev to define the shape of the activation 


21C, F Giese and J. L. Benson, Phys. Rev. 110, 712 (1958). 
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curve. The ordinate scale was determined by measuring 
the absolute yield with 21.2-Mev bremsstrahlung. The 
average of four runs was (4.0+0.4) X 10° reactions per 
mole-roentgen, the indicated uncertainty accounting 
only for counting statistics and the uncertainty in the 
total dose. The yield with 21.5-Mev bremsstrahlung is 
4.3 10* reactions per mole-roentgen which agrees well 
with (4.2+1.5)X10* alphas per mole-roentgen re- 
ported by Toms and McElhinney*® from an emulsion 
experiment. The yield at 23 Mev is 7.0X 10° reactions 
per mole-roentgen which is to be compared with the 
value of 9X10* reported by Greenberg et al.' from a 
residual activity measurement. 

The photon difference method” was used to extract 
cross sections from the smoothed activation curve. The 
resulting excitation function is also shown in Fig. 1. 
The cross section reaches a maximum value of 0.81 mb 
at 23 Mev. The integrated cross section to 24.5 Mev is 
4.3+0.4 Mev-mb. Erdos et al.8 have estimated the 
integrated cross section to 32 Mev to be 5.542 Mev-mb 
which is in good agreement with our value. Their esti- 
mate of the integrated cross section was made on the 
basis of the yield obtained with 32-Mev bremsstrahlung. 


IV. DISCUSSION 


A comparison of the observed cross sections with 
those calculated on the basis of compound nucleus 
formation followed by evaporation of alpha particles is 
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Fic. 2. Comparison of observed and theoretical cross sections 
for the V®(y,a)Sct’ reaction. The solid line represents the 
theoretical excitation function, and the points are the experimental 
cross sections derived from the yield curve by the photon differ- 
ence method. 


21. Katzand A. G. W. Cameron, Can. J. Phys. 29, 518 (1951). 
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shown in Fig. 2. The theoretical cross sections were ob- 
tained by calculating the ratio of the (y,a) and (y, total 
neutron) cross sections from a statistical theory for 
compound nucleus decay” and multiplying this ratio 
by the experimental (y, total neutron) cross section 


Ea max 
(25.+1)ma f 
o(y,a) 0 


a(y,n) En max 
25,+1)m, f E 
0 


In the numerator, Sa, ma, and E, are the spin, mass, and 
energy of an alpha particle. The o,(Eq) is the cross sec- 
tion for the inverse process, capture of an alpha particle 
of energy E by the residual nucleus. W 47(Ea max— Ea) is 
the level density of the residual nucleus at an excitation 
energy of (Ea max— Ea). The maximum alpha-particle 
energy is determined by the compound nucleus excita- 
tion energy (assumed to be the same as the energy of 
the incoming gamma ray) and the threshold for the 
(y,a) reaction. The symbols in the denominator where 
neutron emission is considered have analogous mean- 
ings. The values for the capture cross sections were 
taken from the graphs and tables of Blatt and Weiss- 
kopf” for a nuclear radius parameter, ro, of 1.5 10-" 
cm. The level densities used were of the form W(£) 
=C exp[ (aE)! ], where E is the excitation energy of 
the residual nucleus. The formula a= 1.6(A — 40)! was 
used for the parameter a. Using this formula for a, 
Byerly and Stephens® were able to get a reasonable fit 
for the energy distribution of photoneutrons from 
copper. Since we calculated a ratio of cross sections, 
the magnitudes of the C’s used is not important. They 
were set proportional to 2 for V® (an odd-odd nucleus) 
and 1 for Sc*’ (an odd-even nucleus).? The ratio in Eq. (1) 
was evaluated for several different compound-nucleus 
excitation energies. For excitation energies above the 
(y,2n), (y,pn), (y,an), and (y,ap) thresholds, Eq. (1) 
had to be modified somewhat to account for the con- 
tribution of secondary reactions to the total neutron 
cross section and the effect of secondary reactions on 
the (y,a) cross section. In calculating the effects of the 
secondary reactions, it was assumed that a particle 
would be emitted whenever it was energetically possible 
to do so; i.e., any competition from de-excitation by 
gamma-ray emission was neglected. 

It is apparent in Fig. 2 that the calculations based 
on the compound nucleus mechanism agree reasonably 
well with the experimental values over the entire range 
of cross sections measured in this experiment. It should 
be pointed out that it is possible to fit the data reason- 
ably well by using other choices for the level-density 
parameters. For example, doubling a and taking the 


*3J. M. Blatt and V. S. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, Inc., New York, 1952), Chap, VIII. 
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obtained by Goldemberg and Katz.** For photon ener- 
gies below the threshold for the emission of two par- 
ticles, the (y, total neutron) cross section is just the 
(y,m) cross section. The ratio of the (y,a) and (y,n) 
cross sections is given by 


Ea -(Ea)Wa7( Ea max— Ea)dEo 


in c( E,) W s0( Es max E,)dE, 


ratio of C (odd-even) to C (odd-odd) to be 0.85 gives 
a somewhat better fit than that seen in Fig. 2. However, 
any attempt to use these data to make conclusions 
about the level-density parameters is probably not 
warranted as there is some uncertainty in the experi- 
mental (y, total neutron) excitation function. Nathans 
and Halpern®® have also measured the photoneutron 
yield from vanadium and report somewhat lower cross 
sections between 14 and 19 Mev than Goldemberg and 
Katz.*4 Also, there is undoubtedly some direct reaction 
contribution to the observed total neutron emission 
cross section which would have to be considered before 
taking seriously any conclusions about the level-density 
parameters. 

Heinrich ef al.? have made similar calculations to 
compare the (y,@) excitation functions for Cu®, Br*!, 
Rb*’, and Ag’ with those that one would expect from 
the statistical theory. In general, the agreement seems 
to be about as good as in this case. The most significant 
difference between the results of this work and the other 
data is that the reaction in V™ has been observed at 
least two Mev closer to the mass threshold than in the 
other cases. This is due mainly to the lower Coulomb 
barrier in vanadium and the fact that the mass thresh- 
old is higher (closer to the giant resonance region) than 
in the other cases. 

Additional evidence for compound nucleus formation 
in photoalpha reactions has been reported by Toms and 
McElhinney* from an emulsion experiment. They have 
measured the yield and the energy distribution of pho- 
toalpha particles from copper irradiated with 22-Mev 
bremsstrahlung. Both the yield and the energy distri- 
bution can be explained in terms of evaporation from 
a compound nucleus. Toms and McElhinney* also 
measured the yields of alpha particles from targets of 
several medium-weight elements for 21.5-Mev brems- 
strahlung. The yield from vanadium was a factor of 
five or more smaller than the yields from other nearby 
elements (iron, cobalt, nickel, copper, and zinc). This 
yield variation can also be explained in terms of the 
statistical theory. The factor that is most responsible 


*4 J. Goldemberg and L. Katz, Can. J. Phys. 32, 49 (1954). 
25 R, Nathans and J. Halpern, Phys. Rev. 93, 437 (1954), 
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for the lower yield from vanadium is that the reaction — energy, the integral in the numerator of Eq. (1) will be 
threshold is much higher for V™ than for the other cases. evaluated over a smaller energy range (involving lower 
For example, the V®(y,a)Sc threshold is 10.3 Mev” capture cross sections and level densities) for V" than 
while the Cu®(y,a@)Co® threshold is 6.3 Mev.* This for the other cases, accounting for the observed yield 
means that for a given compound-nucleus excitation’ differences. 
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Measurement of Spin Polarization by Nuclear Scattering*t{ 


G. C. Pxartirps anp P. D. Mrtitert 
The Rice Institute, Houston, Texas 
(Received April 13, 1959) 


Accurate measurements of differential cross sections for elastic scattering of protons from He‘ and C®, 
and of He® from Het in the energy range 2-6 Mev have been phase-shift analyzed and the expected spin 
polarization of scattered particles calculated. The results, plotted as contours of equal spin polarization 
versus energy and angle, should be useful in accurate measurements of spin polarization and in addition 
show a number of rather striking complexities due to interference effects. 


INTRODUCTION and the spin polarization effects are calculable.! The 


ECAUSE of the recognized importance of spin- polarization along x, for scattering in the y-z plane, is 


orbit and spin-spin contributions to nuclear forces 2| f.1X/f-| sinfargf.—argf.] 
it is important to develop precise experimental tech- P.(k0)=— sit: = ade 
niques for measuring the spin polarization of particles | fel ® | fil? 

emitted from nuclear reactions. This paper is concerned 
with a systematic study of possible techniques to 


’ 


and the notation is the same as in reference 1. Thus 
measure spin polarization of charged spin-} particles by 
nuclear scattering from spin-zero nuclei. It seems im- 
portant to develop methods for making polarization 
measurements more precise and absolute; and it may 
be hoped that elastic scattering from different target 
materials may make a wider range of experiments 
possible both as regards intensity and the ease of target 





preparation. 

We have studied the elastic scattering of spin-} 
particles from spin-zero nuclei, especially for those 
cases where the only available channel is elastic scat- 
tering. This problem, fortunately, may be analyzed 
exactly, in the sense that the determination of precise 
differential cross sections at a number of angles and 
over a continuous range of energies (starting at low 
energies) usually allows a unique fit to all the data in 
terms of a few anomalous nuclear phase shifts corre- 
sponding to the nuclear scattering of low angular mo- 
mentum partial waves. The wave function, f., for 
coherent scattering (no change of the projectile spin), 
and the incoherent (change of spin) wave function, f;, 











; : : ; Fic. 1. H+Het scattering. Contour map of percent spin polar- 
are then determined for all distances outside the nucleus _ ization along x for elastic scattering in the s-y plane. Contours of 
equal spin polarization are plotted vs the laboratory energy and 
a ’ — of ats the cm angle. The solid circles indicate experimental points of 
_* This work supported in part by the U. S. Atomic Energy |. Rosen and J. E. Brolley [Phys. Rev. 107, 1454 (1987) Each x 
Commission a sys ’ and associated number gives cross section values in barns/ 
+ The contents of this work were presented at the Paris Con steradian. 
ference, July, 1958, and published in Compt. rend. congr. intern. 
phys. Nucléaire (Dunod, Paris, 1959). ie 
t Now at the Oak Ridge National Laboratory, Oak Ridge, 1C. L. Critchfield and D. C. Dodder, Phys. Rev. 76, 602 
Tennessee. (1949), 
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Fic. 2. H+C® scattering. Contour map of percent polarization for elastic scattering (see Fig. 1). 


accurate differential cross sections allow the determi- 
nation of f., fi, and permit the calculation of P,(k,6). 
To use the known energy and angle properties of P, 
to determine an unknown partial polarization, P, of the 
beam one measures the left-right ratio Rr.r=PP, 
=(N,.—Nr)/(Nit+Nr) so that P=Rr,r/P.2, where 


the N’s are the counting rates. 


MEASUREMENTS AND CALCULATIONS 

Using the Rice Institute 6-Mev Van de Graaff ac- 
celerator and a large-volume, differentially pumped 
gas scattering chamber,’ we have studied the scattering 
interactions (1) H+He‘,? (2) H+C!,4 and (3) He’ 
+He*.® Excitation curves were obtained for angles 
corresponding to the zeros of the first four Legendre 
functions at close energy intervals for energies between 
about 2 and 6 Mev. In addition several angular distri- 
butions were obtained for each of these reactions. The 
data have been phase-shift analyzed using an IBM-650 
computer and the resulting phase shifts are estimated to 
be accurate to better than 5 degrees. The functions P, 
have also been calculated and are plotted as contour 
maps of equal spin polarization versus cm angle and 
bombarding energy in Figs. 1, 2, and 3. Reference to 
the published excitation curves*~® affords a typical 
comparison between cross section and polarization be- 
havior. The H+He’ results include the measurements 


2 Russell, Phillips, and Reich, Phys. Rev. 104, 135 (1956). 
’P. D. Miller and G. C. Phillips, Phys. Rev. 112, 2043 (1958). 
4 Reich, Phillips, and Russell, Phys. Rev. 104, 143 (1956). 
5P. D. Miller and G. C. Phillips, Phys. Rev. 112, 2048 (1958). 
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of others and have been reanalyzed and included 
with the Rice data.* 


DISCUSSION 


Several interesting results appear from these meas- 
urements and should be noted. (1) In calculating the 
expected polarization effects it became apparent that 
the detailed behavior of the phase shifts with energy 
produces Some remarkable and rather unexpected 
effects. For example, reference to Fig. 3 shows that 
there is a region of large polarization for He’+He‘ 
scattering at an energy of about 4.5 Mev and at cm 
angles of about 160°. This anomaly is well separated in 
energy from the f7/2 resonance at 5.17 Mev and appar- 
ently occurs because of interference effects due to the 
resonance f waves and the rather small p- and d-wave 
splittings that occur off resonance. Such an effect is 
extremely sensitive to small errors in the deduced phase 
shifts (it will essentially disappear by removing the few 
degrees of p- and d-wave splitting), and thus the exact 
details of Fig. 3 may be in error. However, it ts to be 
emphasized that large polarization effects may occur well 
away from resonances. These facts certainly invalidate 
simple predictions of phase shifts, and of Pz, by em- 
ploying the single-level dispersion theory and measured 
level parameters; the deviation of the phase shifts, and 
of P,, from those predicted may be very large indeed. 

(2) It may also be pointed out that the above pre- 

5K. W. Brockman, Phys. Rev. 108, 1000 (1957). 

7 Kreger, Jentschke, and Kruger, Phys. Rev. 93, 837 (1954). 

§ Putnam, Brolley, and Rosen, Phys. Rev. 104, 1303 (1956). 

9B. Cork and W. Hartsough, Phys. Rev. 96, 1267 (1954). 

10 J. H. Williams and S. W. Rasmussen, Phys. Rev. 98, 56 
(1955). 
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Fic. 3. He*+-He‘ scattering. Contour map of percent polarization for elastic scattering (see Fig. 1). 


dictions of polarization may not be easily extended into 
energy regions where other disintegration channels open 
up; for example, it is mot possible to predict accurately 
the phases of H+C"™ scattering by extrapolating the 
phase shifts much above 4.9 Mev (where inelastic 
scattering becomes possible), since the phase shift 
becomes complex there and, indeed, the R matrix is a 
more appropriate description. 

(3) Figure 1 shows that P, for H+He' scattering is 
very insensitive to energy and angle variations in the 
energy region 7-13 Mev and for cm angles near 130°. 
This region is probably the most favorable for high- 
energy proton spin polarization measurements. Brock- 
man has published a very similar graph.* These results 
may be especially important where high-energy protons 
need to be slowed down in matter and a large resulting 
energy and angle straggling is introduced: a region of 


scattering that is relatively insensitive to these effects 
is desirable. 

(4) The general complexity of the contour maps of 
P, in regions where there is a discernible resonance 
behavior of the scattering cross section suggests that 
polarization measurements for such processes must 
experimentally take these effects into account either 
(a) by measuring very gross polarization properties by 
means of using inhomogeneous beams, averaging de- 
tectors, etc., or (b) by employing very exact energy 
and angular discrimination and attempting to define 
the details of the energy-angle variations of the polar- 
ization. 

(5) Finally, all the processes studied and reported 
here have obvious applications to nuclear problems and 
allow the polarization of proton or He* beams to be 
measured with some absolute accuracy. 
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Neutron Fission Cross Sections of Pu®’® and Pu?’’* 


J. E. Grnpier, J. Gray, Jr., AND J. R. HuizEncA 
Argonne National Laboratory, Lemont, Illinois 
(Received October 23, 1958) 


The thermal-neutron fission cross sections of plutonium isotopes 236 and 237 were determined by counting 


samples placed in the thermal column of the Argonne heterogeneous heavy-water reactor, CP-5. Comparison 
of the fission counting rate of the Pu®** and Pu**? samples with that of a Pu” standard gave cross sections 
of 170+35 barns and 2500+500 barns, respectively, for the two nuclides. The K-to-total electron capture 


branching ratio for Pu*? was found to be 0.38+0.06. 


INTRODUCTION 


HE thermal-neutron fission cross section of the 

plutonium isotopes 238, 239, 240, and 241 have 
been measured to be 17+1, 73949, <4, and 950+50 
barns,’ respectively. It is readily apparent that the 
odd-mass nuclides undergo fission with greater ease 
than do the even-mass nuclides. This tendency is also 
borne out by the odd- and even-A nuclides of other 
even-Z elements such as thorium, uranium, and 
curium,' and can be explained by the fact that the 
odd-neutron nuclides have the larger neutron binding 
energies. The even-neutron nuclides with small A 
values have neutron binding energies which are larger 
than their fission thresholds and as a result fission with 
thermal neutrons. We have measured the thermal- 
neutron fission cross section of two lower-mass plu- 
tonium nuclides, Pu® and Pu*’, to investigate further 
the dependence of the cross section upon mass (or 
neutron binding energy). 


EXPERIMENTAL PROCEDURE AND RESULTS 


Preparation of Plutonium Isotopes and 
Plates for Fission Counting 


Pu® of high isotopic purity (>98%) was obtained 
from the beta decay of Np*® prepared by bombarding 
an enriched U™® (99.94%) target with 20-Mev deu- 
terons. The plutonium was chemically separated from 
uranium and neptunium on Dowex A-1 anion resin 
columns using 12M HCl! saturated with ammonium 
iodide as the eluting agent. Further chemical purifica- 
tion of the plutonium was accomplished by means of 
lanthanum fluoride precipitation, methyl isobutyl 
ketone (hexone) extraction, and thenoyltrifluoroacetone 
(TTA) extraction. 

Pu*’ was prepared, along with Pu** and Pu’, by 
bombarding approximately 50 mg of Np*’ with 20-Mev 
deuterons. Plutonium was separated chemically from 
neptunium and fission products by using the same 

* Based on work performed under the auspices of the U. S. 
Atomic Energy Commission. 

1 Neutron Cross Sections, compiled by D. J. Hughes and J. A. 
Harvey, Brookhaven National Laboratory Report BNL-325, 
July, 1955 (Superintendent of Documents, U. S. Government 
Printing Office, Washington, D. C., 1955), Supplement No. 1 to 
BNL-325, compiled by D. J. Hughes and R. B. Schwartz, January, 
1957. 


techniques as those listed above for Pu*®. In addition, 
decontamination from neptunium was greatly enhanced 
by means of a mono-octyl phosphate (MOF) extrac- 
tion.?* 

Plates to be used for fission counting were prepared by 
deposition of the TTA-Pu chelate on 0.005-inch plati- 
num disks }%-inch in diameter. The organic material 
was removed by heating the disks to redness in an 
induction heater. Plates made in this manner proved 
to be satisfactory for fission counting as the plateaus 
shown in Fig. 1 testify. A Pu plate of high isotopic 
purity was prepared in addition to the Pu* and Pu? 
plates and was used as a standard or flux monitor for 
the fission counting. 


Fission Counting 


The fission yields of the various samples were meas- 
ured at a specific position in the thermal column of the 
Argonne heavy water reactor, CP-5. This was done by 
means of a double back-to-back ionization chamber 
designed and developed by one of the authors (J. G., 
Jr.). A typical counting procedure was to count the 
number of fissions occurring on the Pu standard plate 
placed in one chamber, A, while simultaneously count- 
ing the number of fissions occurring on a plate of 
unknown cross section, say Pu*®, placed in chamber B. 
After ten minutes of counting, the plates were reversed 
and counted another ten minutes in the opposite 
chambers. Similarly, a background plate was counted 
against the unknown plate. Net fission yields were 
calculated for both chambers, A and B, from which the 
ratio of unknown yield to that of the Pu standard 
was calculated. Fission counts on the Pu*** sample were 
taken on four different dates over a period of 15 months. 
The elapsed time of these dates, starting from the day 
of the final chemical separation, and the fission ratios 
for the two chambers are given in the first three columns 


2 Peppard, Mason, and Sironen, J. Inorg. Nuclear Chem. 10, 
117 (1959). 

8 Following an anion column elution, the plutonium and any 
remaining neptunium were extracted into a 10% MOF solution 
in toluene from 0.5M HCl. The MOF solution was then contacted 
with 12M HCI-0.1M hydroquinone solution to re-extract the 
plutonium. (Pu in the IV-state is reduced to the III-state by the 
hydroquinone.) The HCI phase was then scrubbed with the 10% 
MOF solution followed by scrubs of benzene to remove any 
residual MOF solution. 


1271 





GINDLER, 


GRAY, 


AND HUIZENGA 


TABLE I, Pu** data used for the calculation of or. 


Time from 


chemical separation 


(days) Chamber Fz/F and Pu% 


2 J 0.0387 +0,0005 
0.0406+-0.0005 
0.0308+0.0005 
0.0324+0.0005 
0.0282 +0.0003 
0.0261 +0.0004 
0.0284+0.0003 
0.0284+0.0003 


246 
352 


441 


of Table I. Fission counts on the Pu*’ sample were 
taken on four different dates over a period of eight 
months. The elapsed time of these dates, again starting 
from the day of the final chemical separation, and the 
fission ratios for the two chambers are given in the 
first three columns of Table IT. 


Determination of Number of Atoms 
per Fission Plate 


Pu™ standard.—A total alpha count in a pulse ion- 
ization chamber having a 51.6% geometry‘ gave a net 
alpha counting rate of 70.8+0.2 counts per minute. 
Mass spectrometric analysis of the Pu standard 
sample indicated greater than 99.99% of the mass to 
be that of 239 with the remainder that of 240. Com- 
bining this information with the half-life measurement 
of 24 360 years® for Pu, a total of (2.54+0.02) K 10” 
atoms of Pu*** was calculated to be on the fission plate. 

Pu sample.—A total alpha count taken at zero 
elapsed time gave a net result of 95 499+49 alpha 
counts/min. Alpha pulse analysis showed this activity 
to be essentially all due to Pu*®. Using a half-life of 
2.851 years,® the number of Pu** atoms was found to 
be (4.01+0.02)10". A mass spectrometric analysis 
of an aliquot of the Pu®® sample indicated the mass of 
Pu to be less than 2% of the Pu**® at the time of 
the initial fission measurement. Since the measurements 
were taken over a period of 15 months the upper limit 
to the amount of Pu at the time of the final fission 
measurement was less than 2.7% of the Pu**® then 
present. The growth of U* from the decay of Pu™® 
was calculated using the conventional equation for 
daughter growth. A half-life of 73.6 years’ for U** was 
used in the calculations. The number of atoms of Pu™® 
and that of U2" and the upper limit on the number of 
Pu*® atoms at the time of the various fission measure- 
ments are given in Table I. 

Pu" sample-—The number of Pu’ atoms was deter- 


*W. C. Bentley (private communication). 

5J. C. Wallmann, Ph.D. thesis, University of California 
Radiation Laboratory Report UCRL-1255 April, 1951 (unpub- 
lished). 

* Hoffman, Ford, and Lawrence, J. Inorg. Nuclear Chem. 4, 
143 (1957). 

7 Sellers, Stevens, and Studier, Phys. Rev. 94, 952 (1954). 


4.00+0.02 
4.00+0.02 
3.40+0.01 
3.40+0.01 
3.174+0.01 
3.17+0.01 
2.99+0.01 
2.99+0.01 


(Number atoms) X107" 
or Min or 
(barns) (barns) 


195 179 
204 188 
167 149 
177 158 
157 137 
144 124 
163 142 
164 142 
171 Av 152 


Um 


0.0052-+0.0003 
0.0052+0.0003 
0.603 +0.004 
0.603 +0.004 
0.833 +0.005 
0.833 +0.005 
1.013 +0.007 
1.013 +0.007 


max Pu™ 


0.080 
0.080 
0.080 
0.080 
0.080 
0.080 
0.080 
0.080 


mined by total alpha counting, alpha pulse analysis, 
and mass spectrometric analysis. At the time the fission 
plate was made, a smaller aliquot was put aside for 
mass spectrometric analysis and another plate having 
less activity was prepared. Alpha pulse analysis of the 
latter plate together with the total alpha count of the 
fission plate gave the necessary information to calculate 
the amount of Pu®® and Pu** using a 2.851-year half- 
life for Pu** and an 86.41-year half-life for Pu*.* Mass 
spectrometric analysis of the aliquot gave the mole 
ratios between plutonium isotopes and permitted the 
calculation of the amount of Pu*’ present. The mass 
spectrometric analysis showed a small amount of Pu™® 
to be present that was not detectable by alpha counting 
techniques. The mass spectrometric analysis of the 


ae a eee 


FISSION COUNTING 


IVITY (c 710m) 
— BIAS LEVEL SETTING FOR 


ACT 


pu23® (1973) 


L 





| | 
25 2.0 15 1.0 
BIAS LEVEL (Arbitrary units) 


Fic. 1. Fission counting rate as a function of the fission chamber 
bias level for the Pu standard plate and the Pu** sample plate. 
The Pu? sample plate gave a bias curve similar to that of the 
Pu** sample plate. 

8 Hoffman, Ford, and Lawrence, J. Inorg. Nuclear Chem. 5, 6 
(1957). 
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TABLE IT, Pu? data used for the calculation of or. 





Time from 
chemical 
separation 
(days) Chamber 


A 0.0608 +-0.0004 
B 0.0613+0.0004 
A 0.0291 +0.0003 
0.0295 +0,0003 
0.0269+-0.0003 
0.0271+0.0003 
0.0188+0.0003 
0.0201 +0.0003 


Fz/Fstnd Pus 


13.52+0.06 
13.52+0.06 
12.75+0.06 
12.75+0.06 
12.61+0.05 
12.61+0.05 
11.510.05 
11.51+0.05 


plutonium fraction made after an elapsed time from 
chemical separation of 14 days is given in Table III. 
The number of atoms of each of the various nuclides 
present on the plate at the time of fission counting is 
given in Table II. A half-life value of 45.63 days® was 
used in calculating the number of Pu? atoms. 


Cross Section Calculations 


The cross sections calculated in Table I for Pu™* were 


determined by means of the following equation: 
UP Fstna= CN seo 46+ N20 N 49049), (N 49049) stna; (1) 


where V is the number of atoms on the plate at the 
time of the fission count, o is thermal neutron fission 
cross section, and the subscripts 46, 22, and 49 refer 
to the nuclides Pu%*®, U*,-and Pu**, respectively. 
Since only o46 is unknown, the other quantities having 
been measured or previously determined, it is only a 
matter of algebraic manipulation to solve for this 
quantity. Values of o22=83 barns” and o4= 738 X 1.075 
barns! were used in the calculation. Since the amount 
of Pu” that may have been present represents an 
upper limit only, the cross sections given in the seventh 
column of Table I are those calculated assuming no 
Pu*® present on the fission plate. The cross sections in 
the last column of ‘Table I were calculated on the basis 
that the maximum amount of Pu”® given in column six 
of Table I was present. These latter results then 


represent “minimum” values of the cross section. Since 
there is little reason to prefer one set of cross-section 
values listed in Table I over another, a value of 170+35 
barns appears to be most representative in consideration 
of all the data. 

The thermal neutron fission cross section of Pu’? 


was determined by use of the following equation: 


Vs Fg na (Nazoa7+ N seas N09 N 430 4 


+N ygaag9 +N /O 1) CN 49049) stna, (2) 


where V, o, and the subscripts 46, 22, and 49 represent 


®*D. C. Hoffman, J. Inorg. Nuclear Chem. 4, 383 (1957). 
10 Elson, Bentley, Ghiorso, and Van Winkle, Phys. Rev. 89, 
320 (1953). 


(Number of atoms) X107~!0 


Pu? 


0.576+0.063 
0.576+0.063 
0.576+0.063 
0.576+0.063 
0.576+0.063 
0.576+0.063 


22 Pu? 


3.37 +0.20 
3.37 +0.20 
0.872 +0.053 
0.872 +0.053 
0.684 +0.041 
0.684 +0.041 
0.0841 +0.0051 45.08+0.63 0.576+0.063 
0.0841 0.0051 45.08+0.63 0.576+0.063 


Pus 


45.32+0.63 
45.32+0.63 
45.24+0.63 
45.24+0.63 
45.22+0.63 
45.22+0.63 


0.028+0.000 
0.028+0.000 
0.804-+0.005 
0.804+0.005 
0.938+0.006 
0.938+0.006 
2.039+0.013 
2.039+0.013 


the same quantities as in Eq. (1) and the subscripts 
47, 48, and y refer to Pu*’?, Pu’, and unknown fission- 
able nuclides, respectively. The contributions to the 
fission counting rate of the Pu®? plate by Pu™®, U®, 
Pu’, and Pu** nuclides were determined using the 
data of Table II and thermal fission cross sections of 
170+35, 83," 17,! and 738X 1.075! barns, respectively. 
Subtraction of these contributions from the net fission 
counting rate and subsequent division of this rate by 
the net fission counting rate of the Pu* standard 


Fic. 2. Ratio of the fission counting rate of the Pu®” sample to 
that of the Pu standard as a function of time. The open symbols 
represent measurements made in chamber A of the fission counter. 
Closed symbols represent measurements made in chamber B. 
The circles represent the ratio of the net total fission counting 
rates of the two samples. The squares represent the ratio after 
the contribution from Pu®*, Pu’, Pu*®, and U*? have been 
subtracted from the fission counting rate of the Pu’ sample 
The triangles represent the same ratio as the squares with the 
exception that a larger thermal] neutron fission cross section has 
been assigned to Pu and/or the presence of other fissionable 
material in the sample has been assumed in order to give the 
proper half-life decay of Pu’. 
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TABLE III, Mass spectrometric analysis (in mole percent) of 
plutonium fraction used for Pu?’ fission counting. 


Pu% Pu® Pu%s Pu 


79.8+1.4 


15.641.4 3.81+40.18 0.77+0.06 


sample resulted in a curve represented by thesquares 
in Fig. 2. It should be pointed out that the final fission 
measurements taken on the 246th day were subject to 
difficulties in the electronic equipment and therefore 
have unknown errors associated with them that are 
even greater than the statistical errors shown. The 
curve (represented by the squares) does not decrease 
with the proper half-life of Pu’ when a line is drawn 
exactly through all of the points but indicates some 
tailing with time. However, a 46-day half-life decay 
curve can be drawn through the errors assigned to the 
individual points which shows that there may be some 
error associated with the number of atoms of one or 
more of the various nuclides used in the calculations, or 
that there is an error in one or more of the fission cross 
sections used. Because of the rather large error assigned 
to the thermal fission cross section of Pu*®, various 
values were used in an attempt to adjust the data to fit 
a 46-day half-life decay. This was accomplished by using 
a o4g Value of 190 barns and is represented in Fig. 2 by 
the straight line drawn through the triangles. One can- 
not argue conclusively from this, however, that the 
thermal-neutron fission cross section of Pu*** should be 
190 barns rather than 170 barns because of the possi- 
bility of having other nondetected fissionable nuclides 
on the plate, V,c,. For example, less than 10" atoms of 
U*8 present from the decay of Np”’ originally used as a 
target would be adequate to account for the observed 
tailing. Regardless of the reason for the observed tailing 
in the curve represented by the squares, it is possible 
to adjust the decay to fit the proper Pu**’ half-life from 
which the thermal neutron fission cross section may be 
calculated. The curve represented by the triangles in 
Fig. 2 corresponds to a cross section of 2500 barns for 
Pu? with an estimated error of +500 barns. 


GRAY, 


AND HUIZENGA 
K-to-Total Electron Capture Branching 
Ratio of Pu?’ 


K x-rays of two samples containing Pu*’ were 
counted three times each, over a period of about three 
months, in a 256-channel analyzer using a one-eighth 
inch sodium iodide crystal. The least-squares fit to 
these data, after the subtraction of background, gave 
half-lives of 45.6 days and 48.5 days. This indicated 
that radiation primarily due to the decay of Pu®’ was 
being counted. Using the 45.63-day half-life determined 
by Hoffman,’ one can calculate the number of counts 
per minute in the K x-ray peak at the time of the mass 
spectrometric analysis given in Table III. From a 
knowledge of the geometry of the sample with respect 
to the crystal (24.7+1.0%), the K-fluorescence yield 
of neptunium (0.94)," window transmission of the K 
x-rays (~1), and the crystal absorption of the K x-rays 
(0.93), one can calculate the number of K x-ray disinte- 
grations per minute which, in turn, can be converted 
into the number of atoms decaying by K-capture by 
use of the Pu®? half-life. The total number of Pu*? 
atoms present can be calculated by use of the mass 
spectrometric analysis, a total alpha count and an 
alpha pulse analysis of the sample. The resulting K-to- 
total electron capture ratio calculated in this manner 
is 0.38 with an estimated error of +0.06. Hoffman and 
Dropesky" have found 99.0-kev and 76.4-kev y-rays in 
the decay of Pu’ which fall near the K x-ray peak in 
the scintillation spectrum of Pu”’, The intensities of 
these radiations are so small, however, compared to 
the number of K-radiations (each contribute <0.001 
of the K-radiation) that the above value of the capture 
ratio is not affected by their presence. 
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Simple Model for Giant Resonance Effects in Nuclear Reactions* 


W. ToBocMAN AND D. E. BItHorn 
The Rice Institute, Houston, Texas 


(Received April 6, 1959) 


A simple model for the scattering of s-wave neutrons is discussed. The scattering interaction is a square- 
well potential modified by allowing transmission through the origin to a mode of motion characterized by 
many narrow resonances. When the coupling out of the incident channel is weak, the cross section is found 
to have a resonant part which shows the giant resonance behavior observed in nuclear scattering. 


HE elastic scattering cross section for nucleons on 

nuclei as a function of the energy of the incident 
nucleons has been observed to consist of a sequence of 
sharp resonances. The strength function, defined to be 
the average width of the resonances in an energy 
interval multiplied by the density of the resonances in 
that interval, can be used to characterize the average 
behavior of the cross section as a function of energy. 
The strength function is found to exhibit broad reso- 
nances which are commonly referred to as giant 
resonances. The giant resonances are thought to arise 
from the fact that the interaction of the incident nucleon 
with the target nucleus can be well represented by a 
potential well having the dimensions of the target 
nucleus. The sharp resonances which constitute the fine 
structure of the elastic scattering cross section are 
thought to arise from the fact that the compound 
system created by the absorption of the incident nucleon 
by the target nucleus has many metastable states of 
motion of relatively long lifetime. Thus, from the experi- 
mental behavior of the elastic scattering cross section as 
a function of energy, we are led to picture the physical 
system as a particle scattered by a potential well 
modified by a weak coupling to another mode of motion. 
This second mode of motion is characterized by a 
sequence of narrow, closely spaced resonances. 

It is our purpose here to discuss a simple model which 
exhibits the behavior described above. The model is 
for the scattering of s-wave neutrons. The scattering 
interaction is a square-well potential modified by allow- 
ing transmission through the origin to a mode of motion 
characterized by many narrow resonances. To be 
explicit we assume a potential of the form 

r>R, 
O<r<R, 
= V5. —R.<r<0 
- —V3, —R.—R3<r<—Re 
= © r<—R.—R3. (1) 


’ 


V(r) =0, 


=—Vi, 


This is shown in Fig. 1. By choosing V2 and Re» suffi- 
ciently large we can make the coupling between the two 
square wells very weak. One consequence of this is that 
the particle will have quasi-stationary states of motion 
corresponding to being trapped in the inside well which 


* Supported in part by a National Science Foundation grant. 


will have very narrow widths. The energy difference 
between two such quasi-stationary states can be made 
small by choosing R; to be sufficiently large. 

The well V; represents the interaction of the incident 
particle with the target nucleus. The well V3; is a 
fictitious well introduced to represent the compound- 
nucleus mode of motion. Our model corresponds to a 
square-well optical potential with all the absorption 
concentrated at the origin. This is not realistic, but it 
is hoped that putting the absorption at the origin 
instead of distributing it throughout the well or con- 
centrating it at the outer edge will not prevent the 
model from correctly representing the modulation of 
the compound-nucleus resonances by the optical-poten- 
tial giant resonances. 

For r>R,, the wave function for the incident and 
scattered particle has the form y=e~™—ne*", The 
amplitude of the outgoing wave is easily calculated. 
The amplitude is found to consist of a hard-sphere 
scattering part and a resonant part. It is the resonant 
part of the amplitude that interests us, and this is 


2iT'(1+6 cotK1R;) 
(b—cotK1R;) +40 (1-+b cotK1R;)’ 
’ 1 tanhKoRo+T; tanK3R3 
; r,| 147; tanhK »R: tanK3R; |’ 


where Ki, Ko, and K3; are the wave numbers for the 
particle in potentials V1, V2, and V3, and 


T,=k/Ki, l,= K2/Ki, T3= Ko/K3. (4) 


$=1—nei%**i= 


(2) 


b (3) 


§ goes through a resonance for each value of the incident 








| 
Vy 
— R,— 


—++R->« RR. 


~~ 


Fic. 1. Potential well model which exhibits the giant resonance 


effects in s-wave neutron elastic scattering. 
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energy for which b= cotK,R. This condition may be re- 
written to read 


cothK »R2—T cotK,R, 
cotK;R;= I’; nite c 
Ts cot K,R, cothK »R2— 1 


(5) 


Clearly, for large values of R; the resonances will be 
very closely spaced. 

When the incident energy is very nearly equal to one 
of the resonance energies, the resonant amplitude can 
be approximated by the Breit-Wigner form. 

iT 
s=— "» 
E—E,+i0/2 


(6) 


where E=energy of the incident particle, E,=the 
resonance energy, and I'=the resonance width. The 
reduced width for our case is defined to be y?=T'/2kR3. 
From Eqs. (5) and (6), we find 


9 


/|1+ 
mR? 


sin(2K,R) 
2KiR, 


R.+ NR; 
+( ) cos? (KR) | (7) 


1 


where we have dropped terms of higher order in I'~'. 
This corresponds to the weak-coupling limit for the 
coupling between the incident channel and the com- 


V (r)=0, 


AWD D. =. 


BILHORN 


pound nucleus. In Eq. (7), m is the mass of the incident 


nucleon and 
N=T;? sinh?(K2Ro) 


to first order in =~! and T'=-'. We see that N is a large 
number since ';>>1. Thus the cos?(K1R:) term domi- 
nates the denominator of Eq. (7). 

If we take V2=, then our expressions reduce to 
those appropriate for the scattering of the incident 
particle by the square well V;. Then the resonance 
condition becomes cosK,;Ri=0 and the reduced width 
becomes y?= h?/mR,’. Returning now to Eq. (7) for the 
reduced width when the square well is weakly coupled 
to the compound nucleus, we see that the reduced 
width y? does indeed show a giant resonance behavior, 
being a maximum when cosK,R,=0. The width of this 
giant resonance is just 


h?Ky 4 
ro=2—( ———) ) 
2R; \R2t+ R3N 


These giant resonances are seen to coincide with the 
resonances in the scattering of neutrons by the square 
well V,. 

Our model can be extended so that it exhibits the 
giant resonance phenomenon for inelastic scattering. 

We extend our model to include one open inelastic 
channel as well as the incident elastic channel by using 
a potential of the form 


(8) 


r>R, 
0<r<R, 


—R2<r<0 


—R2—R3<r<—R, 
—R.—R;—Ri<r<—R.—R; 
—R.—R;—R,—R;<r< —R.—R3;—R, 


= V6, 


This is shown in Fig. 2. The well V; represents the 

interaction of the incident particle with the target 

nucleus. The well V; represents the interaction of the 

inelastically scattered particle with the residual nucleus. 

The energy of the inelastically scattered particles is 

E—V¢g, where E is the energy of the incident particles. 
The asymptotic wave functions are 


r>R, 
r’>R; 


y =¢ ikr__netkr 


¥ iit . 


2m \3 
h? 


(9) 


where 


r< —R.—R3;—Ri— Rs. 





The resonant parts of the elastic and inelastic outgoing 
wave amplitudes are 

S=1—ne'?**1, 

s/= —n/et(kRitkh’ Rs é 
To first order in I's-!=(K4/Ks)~', Ta-'= (Ka/Ks)“', 
T'3-'= (K2/K;)~', and (K2/K,)~'=I“!, the ratio of the 
squares of these two quantities is 
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Fic. 2. Potential well model which exhibits the giant resonance 
effects in s-wave neutron inelastic scattering. 
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where I's=k’/Ks. Thus the cross section for inelastic 
scattering as a function of the energy of the outcoming 
particle displays giant resonances characteristic of the 
potential well (Vs) for the outgoing particles. 

Upon completion of this work the authors have learned 
that a similar model was used by C. E. Porter in a 
doctoral thesis submitted in 1953, to the Department 
of Physics, Massachusetts Institute of Technology. 
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Measurement of the Fission Thresholds of Pu”, U***, U***, and U**® 
Using the (d,p) Reaction*t 


Joun A. Norturop, Ricnarp H. STOKEs, AND KEITH BOYER 
Los Alamos Scientific Laboratory, Los Alamos, New Mexico 


(Received April 6, 1959) 


An experiment is described which measures the fission thresholds 
of thermally fissionable nuclides. In contrast to fission induced by 
neutron capture, use of the (d,p) reaction allows compound nuclei 
to be produced with excitations less than the binding energy of 
the last neutron. Measurements of the energy spectra of protons in 
coincidence with fission, normalized by the energy spectra of all 
emitted protons, have allowed the thresholds of Pu, U?%, and 
U*55 to be observed. It should be emphasized that the compound 
nucleus is stable against neutron emission in the region of these 
fission thresholds, thus avoiding distortions by this competing 
reaction. The threshold of U?** was also obtained for comparison 
with neutron data. In the case of the even-even compound nuclei, 
the observed step structure of the fission threshold is a clear 


I. INTRODUCTION 


HE process of nuclear fission has been most 

frequently studied through experiments using 
neutron capture to provide the excitation. Such prop- 
erties as fission cross sections, neutron multiplicities, 
fragment mass and energy asymmetries, and direction 
anisotropies have been measured as functions of neutron 
energy. However, because of the lack of detailed 
information on the probability of neutron re-emission 
from the compound nucleus, it is difficult to estab- 
lish the properties of the fission barrier directly 
from neutron-induced fission cross sections. The other 
common method of providing excitation for fission is 
through the use of bremsstrahlung radiation. The con- 
tinuous energy distribution of such radiation precludes 
an accurate observation of the details of fission cross- 
section structure. 

The experiment described in this paper utilizes a new 
technique which offers several advantages over these 
methods. The Z4(d,p) reaction is used to produce the 

* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

+ A preliminary report was given in the Proceedings of the Second 
United Nations International Conference on the Peaceful Uses of 
Atomic Energy, Geneva, 1958 (United Nations, Geneva, 1959), 
Vol. 15, p. 179. 


indication of a multiple fission barrier. This multiple barrier is 
predicted by the collective model of fission and is correlated with 
the experimental data. The equivalent neutron energies at the 
center of the first threshold are as follows: for Pu**, —1.61 Mev; 
for U%, —1.47 Mev; and for U2**, —0.60 Mev. The second thresh- 
olds are observable only for the first two: for Pu, —0.72 Mev, 
and for U?%, —0.72 Mev. The threshold of U8 agrees well with 
the data from neutron excitation. In each case the fission prob 
ability decreases in the region of positive neutron energies. This 
would result either if neutron emission were to compete with fission 
or if there were a significant contribution to the proton spectrum 
from the electric breakup of the deuteron. 


compound nucleus Z4*! in an excited state. The energy 
relations of this reaction are illustrated in Fig. 1. As in 
the case of neutron bombardment, compound nuclei can 
achieve excitations greater than the neutron binding 
energy e, (region B). However, in contrast to neutron 
capture, the compound nuclei from a (d,p) reaction are 
not limited to region B but in addition may have any 
excitation from zero up to e, (region A). This latter 
region, in which the absorbed neutron has ‘“‘negative” 
kinetic energy, is most interesting since the probability 
for fission is not obscured by competition with neutron 
re-emission. Furthermore, region A contains the thresh- 
olds of nuclides that are thermally fissionable, many of 
which fission through compound nuclei that are even- 
even. Detailed measurements of fission-threshold struc- 
ture in this region have not previously been made and 
are of particular interest in that they can be interpreted 
in terms of the collective-model fission theory of Bohr.! 
He has shown that a multiple fission barrier corre- 
sponding to the low-energy spectrum of the compound 
nucleus might be expected. The low-energy spectra are 
expected to be especially simple for even-even fissioning 


1A. Bohr, Proceedings of the International Conference on the 
Peaceful Uses of Atomic Energy, Geneva, 1955 (United Nations, 
New York, 1956), Vol. 2, p. 151. 
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Fic. 1. Energy relations for the (d,p) reaction on a heavy 
element, neglecting center-of-mass motion. o, and oy are repre 
sentative cross sections of, respectively, the (d,p) reaction, and 
this reaction followed by fission of the compound nucleus. £4 and 
eq are the kinetic and binding energies of the deuteron, respectively. 
E, is the kinetic energy of the outgoing proton and E£, is the 
equivalent kinetic energy of the incoming neutron. e, and £, are, 
respectively, the neutron binding energy and the excitation above 
the ground state, both for the compound nucleus. The experiment 
described in this paper is mainly concerned with region A, where 
the captured neutron from the (d,p) reaction is bound. 


nuclei, and the possible threshold structure would be 
most evident in this case. 

The most important quantity to be measured is the 
energy spectrum of protons which are in coincidence 
with fission events. Since for excitations in the region 
of the fission barrier the time for fission is very great 
compared to the (d,p) reaction time, the coincident 
proton energy spectrum o,(E£,) is proportional to the 
probability for the (d,p) reaction to occur, o,(£,), 
multiplied by the probability that the subsequent 
decay of the compound nucleus is by fission. Because the 
probability of fission from the compound nucleus is 
desired independently, the energy spectrum of the 
total number of protons arising from the (d,p) reaction, 
o,(,), is measured under identical conditions. Dividing 
a; by oy gives P(E,), the probability for de-excitation 
by fission as a function of proton energy. If the energy- 
balance equation given in Fig. 1 is used, P can also be 
considered either as a function of E,, the energy of the 
added neutron, or of E,, the excitation energy of the 
compound nucleus. For fission thresholds in region A, 
neutron re-emission is not energetically possible, so that 
y-ray emission is the process that competes with fission 
for the de-excitation of the compound nucleus. If, as 
expected, the probability for y-ray emission does not 
vary rapidly with £,, the detailed shape of the threshold 
is a result of the shape of the fission barrier only. 


II. EXPERIMENTAL PROCEDURE 


The experiment was performed using the 14-Mev 
external deuteron beam of the Los Alamos 42-in. 
variable-energy cyclotron. The experimental apparatus 
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has been described? and will be reviewed only briefly. 
The deflected cyclotron beam passes through a 0.032-in. 
slit and a 30° bending magnet before entering the 
shielded experimental room. The final collimator system 
and reaction chamber are shown schematically in Fig. 2. 
The targets are } X3-in. elliptical spots, 2 mg/cm? thick, 
of the fissile oxides deposited by vacuum evaporation on 
a 0.2-mg/cm? gold-leaf backing. An adjacent uncoated 
area is used for bombardments to determine the 
spectrum of protons arising from the gold backing. A 
remotely operated air cylinder switches the target 
between these two positions. The 45° orientation of the 
target is in such a sense that fission fragments are 
detected under “reflection,” while the protons are 
observed under “transmission,” having to pass through 
the uranium layer and the gold backing. 

The fission proportional counter detects fragments in 
a cone with a 50° half-angle centered at 90° to the 
deuteron beam. Its solid angle, measured using a Cf?” 
spontaneous-fission source of known activity, is 0.086 
of 42, which is equivalent to an efficiency of 0.172 for 
counting fission events. This number is believed to be 
accurate to 20%. The AE counter is an ion chamber 
which is used to measure the rate of energy loss of the 
light charged particles. After traversing this counter, 
these particles are stopped in the £ counter, which is a 
Nal(TI1) spectrometer having a resolution of 2.6% (full 
width at half-maximum) for 12-Mev deuterons incident 
over a 1-in.-diameter area of the crystal surface. The E 
and AE pulses are connected to a fast computer circuit 
which allows protons in the energy region of 5 to 25 Mev 
to be identified in the presence of other particles, 
particularly elastically scattered deuterons. This counter 
system has a 13° half-angle and a calculated solid 
angle of 0.41+0.04X10~ of 42. In the proton-fission 
coincidence measurement the common axis of the E and 
AE counters makes an angle of 90° with the deuteron 
beam. As will be described in a later section, some 
proton spectra not in coincidence with fission were 


X¥ S&S 
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Fic. 2, Schematic drawing of the experimental apparatus with 
all counter sizes and distances drawn to scale. The main counters 
used in the proton-fission coincidence measurements are the 
following: F, fission proportional counter; AZ, a thin transmission 
ion chamber; E, a NalI(Tl) spectrometer. The auxiliary com- 
ponents shown are these: (a) deuteron-beam path; (b) final gold 
collimator having a 7¢-in. aperture; (c) fissile target; (d) and (e) 
the alternate positions of the AE and E counters respectively 
during the Eg=7-Mev runs; (f) 2-mg/cm? gold scattering foil; 
(g) NalI(Tl) counter used as the beam-energy monitor; and 
(h) Faraday cup. 


2 Stokes, Northrop, and Boyer, Rev. Sci. Instr. 29, 61 (1958). 





MEASUREMENT OF 
obtained with the axis at 45° to the deuteron beam and 
the counters moved farther from the target, reducing 
their solid angle to 6.7X10-° of 4m with a half-angle 
of 1.1°. 

The proton-fission coincidence spectra are obtained 
using deuteron beams of about 10-*® amp. The beam 
spot is ;¢ in. in diameter, as determined by the aperture 
of the final collimator 43 in. in front of the target foil. 
Typical counting rates for the various counters are as 
follows: F, 3X10* sec!; AE, 1.3108 sec!; E, 5X10? 
sec”! for particles having E>9 Mev, of which about half 
are protons and nearly all the remaining are elastically 
scattered deuterons. The actual counting rate of the Z 
crystal is considerably in excess of this, with many 
counts arising from lower-energy charged particles and 
y rays. The total proton-fission coincidence counting 
rate varied from 3 counts per second for U** to 0.5 per 
second for U**%, The beam used is limited by the 
accidental proton-fission coincidence rate. These chance 
‘ontributions at the top of the thresholds vary from 29%; 
for U* to 4% for Us. 

The primary deuteron beam, after leaving the fission 
foil, passes through a gold scattering foil and into a 
Faraday cup, where it is measured by a conventional 
current integrator. Deuterons elastically scattered 
through 30° by this second foil are used* to monitor and 
hold constant the beam energy by comparison with 
alpha particles from a radioactive source. The absolute 
deuteron energy was measured by observing the range 
of a scattered sample in nuclear emulsions. The standard 
energy used in all the threshold measurements is 
Fa=14.0140.15 Mev. The energy monitor allows this 
standard energy to be maintained within 0.01 Mev. 
The ratio of the integrated beam current as measured 
by the energy-monitor counter system to that measured 
in the Faraday cup is constant within 1%. 

The energy scale of the proton spectra is established 
from proton groups of known‘ Q value from the 
Bi? (d,p) reaction. Both the thickness of the AF 
counter and the linearity property of NaI(TI) for 
protons are needed to relate scintillation pulse height in 
the crystal to proton energy in the target foil. The AF 
counter thickness was both calculated and measured by 
deuteron slowing, although the method used for energy 
calibration is not very sensitive to the thickness of AF. 
The scintillator response assumed is that measured by 
Brolley and Ribe,® in which the response was found to 
be linear for E,>2 Mev, but with the extrapolated 
straight line intercepting the energy axis at 292 kev. It 
should be noted that since the Bi(d,p) peaks used for 
establishing the energy scale are close to the fission 
thresholds, errors either in this assumed 292-kev figure 
or in the measured value of Fa manifest themselves as 
much smaller errors in the energy scale. Thus a 100-kev 


3J. A. Northrop and R. H. Stokes, Rev. Sci. Instr. 29, 287 
(1958). 

‘J. A. Harvey, Phys. Rev. 81, 353 (1951). 

5 J. EF. Brolley and F. L. Ribe, Phys. Rev. 98, 1112 (1955). 
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error in the 292-kev nonlinearity value makes only a 
10-kev error at E,=12 Mev, near the U*® threshold. 
In the measurement of proton-energy spectra in 
coincidence with fission, protons from nonfissionable 
contaminants in the fissile layer and the gold-leaf 
backing are of consequence only to the extent that they 
contribute to the chance coincidence rate. However, in 
the measurement of the total (d,p) proton-energy 
spectrum one must correct for the protons from these 
contaminants. The contribution from the gold backing 
is obtained directly by bombarding an adjacent target 
area not coated with the fissile material. The only 
significant contaminants of the fissile material itself are 
carbon and, of course, oxygen. The C(d,p) spectrum is 
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Fic. 3. This typical set of proton spectra illustrates the way in 
which quantitative intercomparisons of the light-element con- 
taminants are made between the various targets. The protons were 
observed at an angle of 45° to the 7-Mev deuteron beam. The top 
spectrum is that of the U* target and has been corrected only for 
the protons arising from the backing material. Proton groups 
arising from the ground and first excited states of C'* and O" are 
indicated at the top. The middle spectrum is obtained from a 
polyethylene target. The difference of the two spectra at the 
bottom, obtained from nickel oxide and nickel targets, yields the 
desired oxygen lines. Each fissile target is compared to these 
standard polyethylene and nickel oxide targets 
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Fic. 4. These proton spectra, obtained with the EZ and AE 
counters at 90° to the 14-Mev deuteron beam, illustrate the ap- 
propriate corrections to be made to obtain the spectrum of the 
pure fissile material. The top curve is the uncorrected spectrum 
of the U* fissile target, the second is the appropriately normalized 
oxygen spectrum obtained from the difference between the nickel 
oxide and nickel targets, the third is the normalized carbon spec- 
trum from the polyethylene target, and the bottom is that ob- 
tained from the gold backing of the fissile layer. When these last 
three spectra are subtracted from the top one, the corrected 
U*5(d,p)U*® proton spectrum results. 


measured directly from a thin polyethylene target. The 
oxygen spectrum is obtained from a thin nickel oxide 
target as follows: A small spot (}X@ in.) in a 0.00002-in. 
nickel foil was oxidized by heating with a focused spot 
of sunlight in a pure oxygen atmosphere to form a 
transparent, unbacked film of nickel oxide. The differ- 
ence between the (d,p) spectrum from the nickel oxide 
and that from an adjacent area of unoxidized nickel is 
used as the O(d,p) proton spectrum. Normalization of 
the nickel for this subtraction is obtained from the low- 
lying levels of the Ni(d,p) reaction, which have higher 
Q values than the O(d,p) reaction. 

Having obtained the appropriate carbon and oxygen 
spectra to correct the uranium spectra, there remains 
only the question of the normalization factor to be used, 
or, what is the same thing, the measurement of the 
relative amounts of light elements in the fissile and the 
comparison (polyethylene and nickel oxide) targets. 
These ratios are obtained by measuring the (d,p) 
proton-energy spectra of all the targets at a reaction 
angle of 45° using deuterons of 7 Mev. On the basis of 
angular distributions of carbon and oxygen measured at 
7 and 9 Mev, the 7-Mev energy was chosen to minimize 
the sensitivity of the intensity of the ground-state 
peaks to small differences in energy and angle. Since this 
energy is so far below the Coulomb barrier for heavy 
elements, they make essentially no contribution to the 
observed protons. There is a further enhancement of the 
light elements over the heavy in that protons from 
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stripping on light elements peak at forward reaction 
angles, whereas those from stripping on heavy elements® 
have a broad maximum around 90° and decrease at 
forward angles. For these measurements the smaller 
solid angle of the counters is required to prevent 
excessive center-of-mass broadening of individual proton 
groups. Figure 3 shows several typical proton-energy 
spectra obtained under these conditions and illustrates 
the manner in which a quantitative intercomparison of 
the carbon and oxygen contents of all the targets are 
made. The results are believed accurate to ~5%. 


III. RESULTS 
As an example of the light-element correction, Fig. 4 
shows the various spectra used to obtain the final 
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Fic. 5. Data for the Pu target. Protons are observed at 90° 
with respect to the incoming deuterons. The top curve is the 
energy spectrum of protons in coincidence with fissions (corrected 
for the chance rate) designated as oy. In the middle, ¢, is the total 
Pu**(d,p)Pu*® proton spectrum corrected for light-element 
contaminants and the target backing material. At the bottom 
P=o;/c, is the ratio of the top two curves and represents, at 
least in the bound-neutron region, the probability of fission decay 
of the compound nucleus. Representative statistical errors are 
shown. The thresholds 7; and 72 are discussed in the text. 


§ McEllistrem, Martin, Miller, and Sampson, Phys. Rev. 111, 
1636 (1958). 
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Fic. 6. Data for the U* target. The description of the spectra is 
the same as that for Fig. 5. 


U*5(d,p) data. The top curve is the initial proton 
spectrum, including the contribution from contami- 
nants. The other three are the appropriate gold, carbon, 
and oxygen spectra, normalized by the 7 Mev-45° data, 
that must be subtracted. In these spectra, taken at 90° 
with large solid angle, the light-element proton groups 
are, of course, broad due to center-of-mass motion. 
The proton spectra obtained from Pu?’ are shown in 
Fig. 5. The top curve is the energy spectrum of protons 
in coincidence with fission. It has been corrected for 
proton-fission chance coincidence events. As discussed 
in reference 2, the cyclotron beam modulation made it 
necessary to obtain the chance coincidence spectrum by 
a measurement made simultaneously with the true 
coincidence spectrum. Below this is the total (d,p) 
proton-energy spectrum corrected for light-element 
contaminants. The errors indicated are statistical and 
are rather large because of the many subtractions that 
have been made to obtain this corrected spectrum. The 
quotient of these two is shown at the bottom. This curve 
has been normalized according to the known fission- 
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7. Data for the U5 target. The description of the spectra is 
the same as that for Fig. 5. 


counter solid angle assuming an isotropic fragment dis- 
tribution. Similarly, Figs. 6, 7, and 8 give the data for 
U4, U5, and U8, In the plot of P for U**’, the neutron- 
induced fission cross-section data of Lamphere’ have 
been drawn as a dashed curve. It has been normalized in 
height only. The last curve (0;/o,) for each nuclide is 
collected in Fig. 9, which emphasizes their relative 
heights. In this case the energy scale has been reversed 
to correspond to neutron energy or excitation increasing 
to the right. The energy loss in the AZ counter makes 
the energy scales for Figs. 4 through 9 slightly nonlinear. 
The (d,p) data are brought together in Fig. 10 so that 
the similarity of the gross features of their structure 
may be noted. In this case corrections have been made 
so that these curves are linear proton-energy spectra. 
The ordinate scale is established from the known solid 
angle of the proton counter and the target thicknesses as 
measured either by conventional destructive colori- 
metric chemical techniques or by counting the natural 
a activity. The results are believed accurate to 10%. 


TR.W. Lamphere, Phys. Rev. 104, 1654 (1956). 
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Fic. 8. Data for the U* target. The description of the spectra is 
the same as that for Fig. 5. Note that the abscissa scale differs 
somewhat from those of Figs. 5-7. The dashed curve is the neutron 
data of Lamphere.’ 


Measurements of several other cross sections were 
made with the same apparatus. If one utilizes the 
measured solid angle of the fission counter and the 
known target thicknesses and assumes an isotropic 
fission-fragment angular distribution, the total deuteron- 
induced fission cross sections o(d,f) are 0.51 b for U** 
and 0.43 b for U***, When the E—AE counter system 
subtends the smaller solid angle, it can be located 
at five equally spaced angular positions from 45° to 
135°. Using unbacked metal targets (U**, 7 mg/cm?; 
U8, 4 mg/cm?) prepared by electrolytic polishing of 
().0007-in. rolled-metal foils containing relatively small 
amounts of light-element contaminants, approximate 
angular distributions of o;(#,) were obtained for these 
two nuclides. Metal, rather than oxide, targets were 
used to reduce the chance contribution to the coinci- 
dence rate arising from the large number of oxygen 


protons at the forward angles. Since the absorption of 


fission fragments in these thicker targets is not in- 
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significant, the data are normalized to the thin oxide- 
target data at the 90° point. Upon integrating over 
angle as well as these sparse data allow and over the 
whole proton-energy spectrum starting at the minimum 
energy of 5 Mev, one obtains the total cross sections for 
fission by the (d,p) process as follows: U**, ¢;=81 mb; 
U8, ¢y=17 mb. These data and the data on o(d,f) are 
believed accurate to 20%. Both the total (d,f) cross 
section for U8 mentioned above and this total oy 
cross section are in agreement with the data of 
Sugihara ef al.§ In their radiochemical experiment at 
Ea=13.6 Mev they conclude that 80+20% of the total 
fission yield occurs following deuteron capture, with the 
remainder following (d,p) and (d,n) reactions. 


IV. ANALYSIS AND DISCUSSION 


It is frequently difficult to make a meaningful 
selection of a single value of energy to characterize a 
fission threshold. However, the above data show a 
structure which makes appropriate a definition of 
threshold energy based on a calculation by Hill and 
Wheeler? (H-W). This definition is suggested by their 
penetration formula, valid near the top of a parabolic bar- 
rier. The top part of Fig. 11 gives the H-W penetrability 
function, F', where « is defined in the Appendix. At the 
half-height point, where «=0, the excitation energy is 
equal to the height of the fission barrier, and it is this 
point which we define as the threshold 7. This definition 
can be extended to multiple thresholds as in the bottom 
part of Fig. 11, where 7; is the value of energy given for 


E,, (MEV) 


Fic, 9. The probability for fission, P, as a function of neutron 
energy showing the curves of the four nuclides in their proper 
relative position. 

§ Sugihara, Drevinsky, Troianello, and Alexander, Phys. Rev. 
108, 1264 (1957). 

*D. L. Hill and J. A. Wheeler, Phys. Rev. 89, 1102 (1953) ; 
see p. 1140. 
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TABLE I. Fission thresholds and slopes. These values are taken from the curves of P for the four targets. Energies are given in Mev 
and slopes in Mev™ unit. The errors given for T are those relative to the thresholds of other targets. In addition, it is believed that a 
reasonable error to place on the common energy scale is +50 kev, a value which should be included in estimating the accuracy of an 
absolute threshold energy. The values in parentheses for U5 and U*8 are measured at 5% of their maximum value of P. The binding 
energy of the last neutron in the compound nucleus, én, as given by Glass, Thompson, and Seaborg,* and the target spin Jo are listed 
for reference. 





Neutron 
energy Slope of 
at second first 
threshold threshold 
T2 Si 


Compound nucleus 
excitation Amplitude 
at first at first of second 
threshold threshold threshold 
T1 Ez a2 


—1.61+0.02 4 
—1.47+0.02 5.2 
—0.60(— 1.05) 5.79 (5.34) 
+1.51(+1.16) 6.34>(5.99)> 


Slope of 
second 
threshold 
Se 


Amplitude 
of first 
Compound threshold 
nucleus a1 


Neutron energy 


Target |71—-T?| 


2.3+0.4 
1.9+0.3 


Pu®9(Jo>=1/2)  Pu(e,=6.38)» 0.09 
U3 (Jy = 5/2) U*4(€, = 6.74) 0.16 
U*5(Ip=7/2) U236(¢, =6.39)> 0.28 
U8 (J)=0) U9 (e€, = 4,83)> 0.09 


b 0.38 
0.31 


-0.72+0.03 
—0.72+0.03 


0.89 


0.75 


3.0+0.3 
1.9+0.2 
1.4+0.3 
1.8+0.3 


® See reference 10. 

b Holm, Burwell, Miller, and Swanson at Indiana University (private communication), using a magnetic spectrometer, have recently measured the 
QO values of the U235 and U%8 ground-state (d,p) reactions. They obtain U8 (d,p), 0 =2.45+0.04 Mev; U5 (d,p), OQ =3.18+0.04 Mev. They express some 
doubt that the U5 value comes from the ground-state reaction rather than from an excited state, with the true ground state being so weakly excited as 
not to be observed. However, taking these data as correct, one obtains for the last-neutron binding energies: U9, en = 4.68 +0.04 Mev; U%®, en =5.41+0.04 
Mev. When these are combined with 71, the excitations for fission are U%*, Ex =6.19 Mev; U%*, E, =4.81 Mev. This excitation is more in line with that 
for Pu? in the table. However, it should then be noted that the a-decay energies of Pu®® and Pu™®, if not in error, lead one to change the Pu™® neutron 


binding energy [J. D. Knight ef al., Phys. Rev. 91, 889 (1953) ] to 5.40 Mev, which in turn would reduce Ez to 3.79 Mev for Pu, 


the first threshold and 7, the value for the second. 
Table I lists the neutron energy at the threshold for the 
four nuclides studied and also gives the associated 
value of the excitation of the compound nucleus based 
on the binding-energy values of Glass, Thompson, and 
Seaborg.!® However, in the case of U**, the amplitude 
of the first threshold is not as evident as for Pu®®® and 
U8, Also, as will be discussed later, this threshold 
definition is not so applicable to the case of U**, for 
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Fic. 10. A summary of the four op spectra, where now the 
abscissa has been made linear and the ordinate has been reduced to 
a cross section using the measured counter solid angles and target 
thicknesses. The similarity of the gross features of their structure 
may be noted. 


1 Glass, Thompson, and Seaborg, J. Inorg. Nuclear Chem. 1, 
3 (1955). 


which many overlapping thresholds, as well as the 
distorting effects of neutron re-emission, may determine 
the threshold shape. As an alternative, for these cases 
the value of E, at 5% of the maximum value of P is also 
listed, in parentheses. 

The measured slope S of the different thresholds was 
determined by measuring 6£ as shown in Fig. 11. These 
values are listed in Table I. The slopes are related to the 
thickness of the fission barrier; and although they are 
not very accurate, it is interesting to see how they 
compare with theoretical estimates. To do this, these 
measured slopes should be corrected for the effect of 
counter resolution. The procedure used is"outlined in 
the Appendix. 

The midpoint slope of the H-W function is given by 


(1) 


where the curvature at the top of the barrier and there- 
fore its thickness / is determined by the parameter 
FEeury. The value of Eeury is estimated in H-W to be 
0.80 Mev, for which Sy= 1.96 Mev. 

At 12 Mev the counter resolution is found to be 2.6% 
full width at half-maximum. For this resolution, €2 has 
the value 0.188 Mev. The slope of 7) for the Pu”® target 
is measured to be 3.0 Mev which, as explained in the 
Appendix, corresponds to So being large, or at least 
somewhat greater than 3.0. In this case the barrier 
seems to be thicker than predicted by H-W. The other 
measured slopes for Pu® and U** center about the 
value 1.9 Mev"'. When the curve for J(a) in the 
Appendix is used, the value S=1.9 Mev" gives 
So=2.7 Mev™. Thus, the other thresholds are also con- 
sistent with a barrier thickness greater than predicted. 
There are effects which could lessen the measured slope 
S, such as multiple overlapping thresholds, but it is 
difficult to think of situations which could erroneously 
make the measured value greater. 
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Fic. 11. Top: The Hill-Wheeler penetrability function F. 
Bottom: Quantities used to describe a multiple threshold made up 
of single thresholds of the Hill-Wheeler type. 


Bohr' has shown that the height of the fission barrier 
depends on the spin and parity of the compound 
nucleus. An examination of the data, particularly in the 
case of the Pu®®* and U** targets, strongly suggests that 
the first threshold 7; corresponds to the onset of the 
lowest rotational band of the excited, highly distorted 
compound nucleus. Since this compound nucleus is 
even-even, this band is expected to have quantum 
number K=O, where K is the projection of the total 
angular momentum / on the symmetry axis. The 
well-known rotational energy levels" are given by 
E=Eol(I+1), where /=0, 2, 4--- and the parity is 
even. For very heavy elements £» is about 7 kev. For 
excitations near the fission threshold the nucleus is more 
deformed as it passes over the barrier, and /y is expected 
to be somewhat smaller. 

It can be seen from Table I that the data for the first 
thresholds of the three thermally fissionable targets 
show a correlation of both the threshold height and 
slope with the target spin. In a (d,p) reaction the spin 
and orbital angular momentum of the absorbed neutron, 
1,+4, combine with the target spin J») to produce an 
excited nucleus with angular momentum /. Since the 
deuteron energy and other external parameters are 
essentially the same for all targets, it is reasonable 
that the relative probability for exciting states of 
different J is mainly a function of Jo. This could cause 
a difference in the observed amplitude of the first 
threshold for the different targets as well as differences 
in the measured slope. If the energy width of the 
penetrability for a single fission barrier is comparable to 
the width of a rotational band, the slope of the measured 
threshold will depend on the relative probability with 
which states of different J are excited. Under the 
hypothesis that the first threshold arises from states 


A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 27, No. 16 (1956). 
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having angular momentum 0+, 2+, 4+, ---, there are 
restrictions imposed by conservation of angular momen- 
tum and parity. For instance, to form the 0+ state in 
Pu*”, U*, and U***, J, must be equal to, respectively, 
0, 2, and 3. Depending on the weighting of the possible 
values of /,, differences in the observed threshold 
structure can be expected. This correlation of J») with 
a; and S; then allows a prediction of the parameters of 
the measured threshold for other target nuclides. 

The value of £, at the second threshold has been 
listed for the Pu**® and U** targets. The value of az, 
which must be determined to measure a value for 7», is 
clear for U** and less clear for Pu?®®. The second break 
in P indicates that there is a second wide gap in the 
energy-level structure of the compound nucleus. The 
spacing of 72 above T; (~750 kev) falls in the range of 
energy values expected from the assumption that 7; 
corresponds to a vibrational level. Above the lowest 
rotational band in U**4, the first known level!® is at 
0.803 Mev and has /=0, even parity. For Pu, above 
the lowest band a (1—) level at 0.597 Mev and a (0+) 
level at 0.858 Mev have been measured by Bunker." 

The third rise occurs at a position which is reasonable 
to associate with intrinsic nucleonic excitations, where 
for the first time a bond between paired nucleons is 
broken. 7; cannot be measured because its full ampli- 
tude is not reached before /,,=0. At this point neutron 
re-emission begins to compete with fission, and the 
probability for barrier penetration is obscured. Particu- 
larly for U** the next “plateau” above 7» is evident. It 
would seem that 72: cannot be an intrinsic nuclear 
excitation since if it were, as Bohr! points out, the level 
spacing above it would be about 100 kev. Each of these 
intrinsic levels would have an associated rotational 
band, and no second plateau could be observed. 

In this experiment the counter energy resolution is 
somewhat limiting, but also the inherent barrier- 
penetration effects tend to mix closely spaced thresh- 
olds. Thus, it may not be fruitful to increase the 
instrumental resolution by a large factor beyond that 
already realized. 

The angular anisotropy of fission fragments has been 
discussed theoretically by Bohr! as well as by others." 
Since the fission counter accepts only fragments that lie 
in a solid angle centered at 90° with respect to the 
incoming deuterons, the measured value of P may 
reflect anisotropy effects. For 7, for which we have 
assumed K=O, the fragments are expected to be 
isotropic for 7=0, and for higher values of J, to be 
directed forward by an amount which increases with J. 
Since, as discussed above, smaller values of J are 
expected to predominate in the Pu”? (J>=4) case 
relative to U** (J9>=3), this anisotropy effect would de- 


2 Ong, Verschoor, and Born, Physica 22, 465 (1956). 
18M. E. Bunker (private communication). 
J. J. Griffin, Phys. Rev. (to be Fnelich V. M. Strutinsky, 


Atomnaya Energ. 2, 508 (1957) 
Energy (U.S.S.R.) 2, 621 (1957) ]. 
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press the amplitude a; for U** relative to Pu. Between 
T, and E,,=0 the rotational bands may be characterized 
by higher values of J and K. Under some conditions the 
anisotropy may have a maximum at 90° to the in- 
coming deuterons. This effect may emphasize the rise 
of P as E,=0 is approached through negative values. 

In the region where /,,>0, region B, the probability 
P no longer represents only the effects of the fission 
barrier. Neutron re-emission, which becomes possible in 
region B, may partly account for the decrease in P 
immediately above £,=0. Also, for energies above 
E,=0, protons can arise from the electric breakup of 
the deuteron in the Coulomb field of the target. Theo- 
retical estimates'® indicate that in region B electric 
breakup may contribute a number of protons com- 
parable to that arising from the (d,p) reaction. Further, 
the proton intensity from electric breakup is expected 
to rise fairly rapidly in the first 1 or 2 Mev below 
E,=0. Since the contribution to fission from electric 
breakup neutrons is probably small, there would be an 
increasing number of protons in the ¢, data which are 
connected with an event having a low fission yield. 
This could also account for the falling trend of P 
above E,=0. 

It is interesting to note the rather close comparison 
that may be made between the probability for fission 
P and the analogous data for neutron-induced fission. 
Thus at E,= 2 Mev the neutron fission cross sections'® 
are 2.0, 1.9, 1.3, and 0.6 b, respectively, for Pu?5*, U?%, 
U5, and U8. For (d,p) induced fission at this excitation 
the probabilities P are in very nearly the same ratio: 
0.42, 0.37, 0.23, and 0.09, respectively. At a particular 
energy the possible effect of electric breakup on P 
should not be very different for the various targets. One 
thus may conclude that the relative probabilities for 
fission of the various nuclides is not sensitive to the 
fact that a rather large orbital angular momentum may 
be transferred in the case of (d,p) excitation. 


V. CONCLUSION 


The close correlation described in this paper between 
the observed fission threshold structure and the pre- 
dicted multiple barrier for fission indicates that further 
investigation may be profitable. A measurement of the 
even-even compound nucleus U?® would be of interest 
because of the large negative neutron-energy region 
available. 7; for U?®” is expected"? to be more negative 
by ~600 kev than U** or Pu®” and would allow a third 
threshold to be more clearly observed. Very preliminary 
data which we have obtained from the U8 (He*,He*) U282* 
reaction indicate that the cross sections are large enough 


15, Landau and E. Lifshitz, Zhur. Eksp. i Teoret. Fiz. USSR 
18, 750 (1948); C. J. Mullin and FE. Guth, Phys. Rev. 82, 141 
(1951). 

16 W. D. Allen and R. L. Henkel, in Progress in Nuclear Energy 
(Pergamon Press, London, 1958), Vol. 2, p. 37. 

17 R, Vandenbosch and G. T. Seaborg, University of California 
Radiation Laboratory Report UCRL-8047, 1957 (unpublished). 
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to allow such a measurement.f Another possible method 
of excitation might use an inelastic scattering process. 
For instance, the U*8(a,a’)U*5* reaction might be used 
to measure the fission threshold of U8, In such an 
experiment the accurate identification of the outgoing 
a particle should be very easy because of the large 
negative Q values for other reactions having charged 
products. Furthermore, a considerable simplification in 
the angular-momentum relations would result from this 
reaction in which a spin-zero particle is incident on a 
spin-zero nucleus. If the maximum orbital angular 
momentum brought in by the a particle were made small 
by proper choice of /., the zero angular-momentum 
states of the compound nucleus would be emphasized 
and 7, would be a precise measure of the lowest 
threshold. The present experiment might also be 
extended to include a measurement of the fragment 
anisotropies separately for each threshold. These anisot- 
ropies should then correlate with the quantum numbers 
of the states contributing to each threshold. Also, since 
the mass asymmetries observed in fission are expected 
to arise from the negative-parity vibrational levels, it 
may be possible to observe a change in the mass dis- 
tribution at the second threshold. 


APPENDIX. METHOD OF CORRECTING THE 
MEASURED THRESHOLD SLOPE FOR THE 
EFFECT OF COUNTER RESOLUTION 


A fission threshold represented by the Hill-Wheeler 
penetrability formula F(«) is assumed to be measured 
by a counter which’ has a Gaussian resolution curve 
G(y). By folding these two distributions, the smeared 
penetrability is obtained. 


+a 


P f F(x)G(y)dE, 


D 


(A-1) 


where the H-W function is written as 


1 
F (x)= ; 
1+e* 
and 


G(y)=C exp(—y’), y= 


The observed slope at «=0 is given by 


dF 2C ¢* 
S= = f «F (x) expl—(x/a)? ]dx, (A-2) 


GEq| Bonk» a? Y_. 


t Note added in proof.—Further measurements using the 
U* (He®, He‘) U#* reaction to study the fission threshold of U2? 
have been made under conditions of poorer resolution than would 
be necessary to reveal possible structure. These data give a simple 
curve for the ratio P, which rises to a maximum value of 0.57. In 
Table I the threshold for fission for the compound nucleus U2* 
was characterized by values of energy at two points, i.e., at 50% 
and 5% of the full height. Similarly, in the present case, the 50% 
and 5% values for F, are respectively 4.2 and 3.4 Mev. 
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Fic. 12. Graphical representation of the result of the folding 
calculations which allow the measured threshold slopes to be 
corrected for the effect of finite counter resolution. S is the 
measured and So the unbroadened slopes of the H-W curve. a is a 
parameter relating the width of the H-W curve to that of the 
Gaussian representing the counter resolution. 


where 
a= €2/€}. 
It is convenient to define J(a) so that 
S=2CI (a), 
I (a) = 3 See/n. (A-3) 


For small values of a, /(a@) can be evaluated by expand- 
ing F(x) in a Taylor’s series. When the terms of this 
series are integrated, one obtains 

8 fF'(O)P (3/2) 


= Se ; 
\/1 1! 


F8(0)1 (5/2) 
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where 
d"F (x) 1 
Fr (0) =—_— = 


x” z=0 


n—1 
> A,", n>0, (A-5) 


Qntl io 


and So is the derivative with respect to energy of F(x) 
evaluated at «=O, i.e., the unbroadened slope. Starting 
with the relations Ap"=1 and A,"=0, the recurrence 
formula 


Ag=(i+1)Ae—(n-i)Avr™ —(A-6) 


may be used to calculate the other coefficients. The 
resulting series is 


S= Sof 1—0.125a?+-0.03125a4—0.0110677a° 


+0.0050456a8—0.0028117a°+ +--+]. (A-7) 


Figure 12 is a plot of S/S and J (a) against a. For values 
of a where the above series appeared nonconvergent, the 
Los Alamos computer group performed the numerical 
integration. The points for a21 are the computer 
results. 

The following procedure may be used to determine 
So from a measured value of S and from the counter 
resolution. (The full width at half-maximum of a 
Gaussian resolution curve equals 1.66€:.) From Eq. 
(A-3) determine J(a) and obtain the corresponding 
value of a from Fig. 12. Then So as defined in Eq. (1) in 
Sec. IV may be computed. If one wishes to know how 
much a given So will be broadened, the curve for S/So 
can be used directly. 

In the limit a>1, which corresponds to a very steep 
threshold, (a) can be evaluated and is found to have 
the value 4. In this limit then S=C= (ex\/r). For our 
counter resolution, which is 2.6% full width at half- 
maximum at 12 Mev, S=3.0 Mev. This represents 
the maximum measured slope that can result from a 
threshold that is very steep. It is clear that as the 
measured slope approaches the value 3.0, the actual 
slope So can be determined with greatly diminishing 
accuracy. 
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Low-Energy Capture Gamma Rays of Eu!” and Eu'™} 


EuGENE T. PaTRONIs, JR.,* AND HARVEY MARSHAK 
Brookhaven National Laboratory, Upton, New York 
(Received April 14, 1959) 


The low-energy capture gamma-ray spectra of Eu!®? and Eu! have been examined up to an energy of 
300 kev by the use of a scintillation spectrometer. Eu'®? was found to exhibit gamma lines at 8144 kev and 
92+:3 kev while Eu' exhibited gamma lines at 7543 kev and 91+3 kev. Coincidence measurements were 
made on a composite spectrum produced by thermal neutron capture in natural Eu. The data are consistent 
with the interpretation that the Eu" lines are members of a rotational band while the Eu'® lines are not. 


INTRODUCTION 


HE experimental data on low-lying states of the 
highly deformed nuclei have been explained by 
the collective model of the nucleus.' These levels, which 
make up a rotational band, have been investigated in 
the case of the even-even and odd-A nuclei.2~‘ In con- 
trast to this, very little information has been obtained 
on the low-lying levels of the highly deformed odd-odd 
nuclei. 

One method of exciting the low-lying levels of odd-odd 
nuclei would be by neutron capture in adjacent odd- 
even target nuclei. In general this is very difficult for 
the highly deformed odd-even nuclei because they have 
such small thermal capture cross sections. One of the 
few cases where this is not true is for the two stable 
isotopes of europium. The thermal capture cross sections 
for Eu! and Eu'® are 5500 and 420 barns, respectively.® 
Thus one can study the low-energy capture gamma-ray 
spectra of Eu!” and Eu’® in order to obtain new data 
which may be interpreted in terms of the collective 
model of the nucleus. 

EXPERIMENTAL APPARATUS 

Two samples of Eu,O; of approximately one gram 
each were placed in aluminum cylindrical containers 
which were §-inch altitude by ?-inch diameter. These 
cylinders were formed from aluminum foils which were 
10 mils thick. The cylinders were then cemented to 
aluminum foils which were in turn cemented to rigid 
23-inch square aluminum frames. A dummy sample was 
prepared in the same fashion. The first sample had an 
enrichment of 91.9% Eu'®! and 8.1% Eu'®* while the 
second was enriched to 95.0% Eu! and 5.0% Eu'®!.¢ 


t Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

*On leave from Georgia Institute of Technology, Atlanta, 
Georgia. 

1 A. Bohr, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 26, 
No. 14 (1952); A. Bohr and B. R. Mottelson, Kgl. Danske 
Videnskab. Selskab, Mat.-fys. Medd. 27, No. 16 (1953), and 
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2G. Scharff-Goldhaber and J. Weneser, Phys. Rev. 98, 212 
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3H. Mark and G. T. Paulissen, Phys. Rev. 100, 813 (1955). 
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The total contamination of other rare earths in either 
sample was less than 0.01%. In addition, a third sample 
of natural Eu,O; was prepared in the same manner. A 
lead counting pig in the form of a cylinder of 12-inch 
altitude by 12-inch diameter was provided to house the 
samples. 

The pig was constructed with an entrance port for 
admitting a collimated beam of thermal neutrons which 
was obtained from the BNL graphite reactor. Two 
ports at right angles to the neutron beam allowed 
scintillation counters to be placed in a shielded region 
close to the sample. The scintillation counters consisted 
of Dumont 6292 photomultiplier tubes with NalI(TI) 
crystals of 13% inch diameter by ;°s inch in height. The 
crystals were protected from scattered neutrons by 
116-mg/cm? boron absorbers. After amplification by a 
nonoverloading linear amplifier, the scintillation pulse 
spectrum was determined using a single-channel pulse- 
height analyzer. Lead and tungsten foil absorbers were 
provided for use as low-energy gamma-ray filters. When 
used, these filters were placed directly over the scintilla- 
tion counter. The energy resolution of the scintillation 
spectrometer was measured using the 662-kev gamma 
line in Cs’, The full width at half maximum was found 
to be 10.5%. The energy linearity and calibration of the 
spectrometer was determined by using the K x-rays 
of Ba, Eu, and the low-energy gamma spectrum of Ta!®. 


EXPERIMENTAL RESULTS 


The capture gamma-ray spectra of Eu’ and Eu! 
were examined with the scintillation spectrometer up 
to an energy of 300 kev. A total of four gamma lines 
were found with two occurring in each isotope. Figure 1 
gives the spectrum obtained when natural europium is 
employed as the target material in a thermal neutron 
beam. The large peak at the lower energy is due to 
Eu K x-rays. The asymmetric peak at higher energy is 
made up of gamma rays originating from transitions 
occurring between the excited states of both Eu'® and 
Eu'4, Natural europium occurs as 47.77% Eu! and 
52.23% Eu'*. The thermal capture cross section of 
Eu! however, is over ten times larger than that of 
Eu'®, As a result it would appear reasonable to assume, 
as was done by Skliarevskii ef al.,7 that the higher- 

7 Skliarevskii, Stepanov, and Obiniakov, Atomnaya Energ. 4, 22 
(1958) [translation: Soviet J. Atomic Energy 4, 19 (1958) }. 
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Fic. 1. Low-energy capture gamma-ray spectrum 
of natural europium. 


energy peak in Fig. 1 is due solely to transitions 
occurring in the de-excitation of Eu'®. However, this 
assumption proves to be wrong; as is shown below, 
Eu'* has two prominent gamma transitions occurring 
in this energy region. 

Figure 2 gives the capture gamma-ray spectrum 
obtained when Eu'* is employed as the target in a 
thermal neutron beam. The spectrum is characterized 
by having two closely spaced gamma lines of decidely 
unequal intensity. These lines could not be resolved 
with the present spectrometer. An exact knowledge of 
the background coupled with curve fitting techniques 
would have made possible a precise determination of the 
energies of these two gamma rays. A reliable measure- 
ment of the background could not be obtained, however, 
since it is constituted predominantly of Compton 
electrons produced in the scintillator by the much 
higher-energy lines in the capture gamma-ray spectrum. 
A good estimate of the gamma-ray energies was ob- 
tained by studying the spectrum when different thick- 
nesses of lead or tungsten were used as absorbers. The 
lower curve in Fig. 2 was obtained with a 4-mil tungsten 
absorber interposed between the sample and the 
scintillation counter. The distortion of the Eu K x-ray 
peak is due to the presence of tungsten K-shell fluores- 
cence radiation. The average of several determinations 
resulted in values of 8144 kev and 92+3 kev for the 
two lines. 

Figure 3 depicts the capture gamma-ray spectrum 
obtained when Eu'® is employed as the target in a 
thermal neutron Here two gamma lines of 
approximately equal intensity were found. The same 


beam. 


analysis as in the previous case leads to an energy 
assignment of 75+3 kev and 91+3 kev. 
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In a previous experiment performed by the authors 
when only a natural europium sample was available, 
coincidence measurements were made on the gamma- 
ray spectrum shown in Fig. 1 using the fast-slow 
technique. In this experiment, one counting channel was 
fixed on the low-energy side of the gamma peak while 
the other channel was allowed to sweep over the entire 
peak. A small coincidence peak was observed in the 
vicinity of 90 kev. These coincidence data are consistent 
with the interpretation that the Eu! gamma rays are in 
coincidence while the Eu! gamma rays are not. If the 
Eu'® gamma rays were in coincidence, a much larger 
coincidence peak should have been observed. 


DISCUSSION 


The energy levels for a rotational band in an odd-odd 
nucleus as predicted by the collective model' are 
given by 

h 


E;y=—(](1+1)—Io(Jo+1) J, L=Zot1, Io+2::-. 
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2. Low-energy capture gamma-ray spectrum of Eu!® taken 
with and without tungsten absorber. 
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LOW-ENERGY CAPTURE 
The ground-state spin, Jo, of both Eu! and Eu! is 3.8 
For the case where Jo is 3, the ratio of the energy 
difference between the second rotational level and the 
first rotational level to the energy difference between 
the first rotational level and the ground state is com- 
puted to be 1.25. The parity of each level of a rotational 
band in an odd-odd nucleus is the same as the parity of 
the ground state, and the character of the radiation 
emitted as a result of transitions between adjacent levels 
of the band is (M1+£2). The members of a gamma 
cascade in a rotational band are of course time- 
coincident. 

The energy ratio for the two gamma lines which were 
observed in Eu! is 1.21+0.09. From the coincident 
measurements made with the natural Eu.O; sample, it 
appears that these two gamma lines are in coincidence. 
The evidence at hand indicates that these two gamma 
lines are members of a low-energy rotational band 
belonging to the level structure of Eu'™. 

The situation with respect to the two gamma rays 
which were observed in Eu'® is less clear. For this 
nucleus we have also to consider the possibility of a 
rotational band associated with the 9.3-hour isomeric 
state. Since the spin of the isomeric state is assumed to 
be 0,°° the theoretical energy ratio of the first two 
rotational levels becomes 2.0 as compared to 1.25 for 
the ratio for the ground state. The experimental value 
is 1.13+0.09. This value would be inconsistent with the 
interpretation that these gamma rays are associated 
with a rotational band in the isomeric state. Although 
the experimental value is not too far from the theoretical 
value for an assumed rotational band associated with 
the ground state, the fact that the two gamma rays did 
not appear to be in coincidence would tend to disfavor 
this viewpoint. 

It is also very doubtful that either of the gamma rays 
found in Eu'® represent the transition from the isomeric 
state to the ground state since the energy of this 
transition has been reported as 50-15 kev." 

The proper placement in the level structure of Eu'® 
of the two gamma rays which were observed has not 
been determined in the present work. 


8 Abraham, Kedzie, and Jeffries, Phys. Rev. 108, 58 (1957). 

® Goldhaber, Grodzins, and Sunyar, Phys. Rev. 109, 1015 
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1 Alburger, Ofer, and Goldhaber, Phys. Rev. 112, 1998 (1958). 
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Fic. 3. Low-energy capture gamma-ray spectrum of Eu! taken 
with and without tungsten absorber. 


It has been shown empirically for the even-even 
nuclei, that if the neutron number JN is 290 or < 108, 
the energy levels found fit into a low-energy rotational 
band.? When N < 88, the energy of the first excited state 
is rather high (>330 kev), and these transitions are 
usually of the vibrational type. Similar evidence exists 
for the odd-A nuclei.** The absence of a low-energy 
rotational band in Eu'” (V=89) and the existence of a 
low-energy rotational band in Eu’ (V=91) are both 
consistent with these systematics. It appears that this 
transition from the “weak coupling” (vibration) spec- 


cc 


trum to the “strong coupling” (rotational) spectrum 


takes place as the neutron number goes from 89 to 90. 
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Spontaneous Nuclear Reaction in Molecular Hydrogen* 
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The probability that two protons in a hydrogen molecule spontaneously react to form a deuteron has been 
calculated by the use of WKB wave functions. The complete shape of the molecular barrier has been 
derived from spectroscopic data for the hydrogen molecule and from a perturbation calculation of the 
helium atom. Use of this potential function showed that the probability of penetrating the molecular barrier 
(for a ground-state molecule) is greater by a factor of 10" than of penetrating a Coulomb barrier at the same 
internuclear distance. The half-lives for nuclear reaction in the isotopic molecules H'H', H'H?, and H?H? are 


1X 1057, 1 1047, and 2K 10" years. 


I. INTRODUCTION 


HE probability of a nuclear reaction within a 

hydrogen molecule would appear to be of the 
same order of magnitude as for two low-energy protons 
in collision. However, the difference in the shape of a 
Coulomb and a molecular barrier suggests that the 
molecule should react more readily. Since the proba- 
bility of penetrating a barrier is an exponential function 
of its shape, small changes in the shape can result in 
large changes in the probability. For this reason it 
seemed worth while to determine the importance of 
this effect on the over-all reaction rate. 


II. THEORY 


Following Bethe,' one can divide the probability per 
second for reaction into (a) the probability of finding 
the two protons of a hydrogen molecule in the volume 
of a deuteron and (b) the probability per second they 
will react once they are inside this nuclear volume. The 
first probability is given by P= f{ W*d2, where y is the 
normalized wave function of the two protons, and the 
integration is over the volume of a deuteron, region I in 
Fig. 1. If spherical coordinates are used and if np(r)=u, 
the wave function u for the nuclear square well i 
uy=sin(yr) in an S state where y*= (2u/h?)(E—Uo), E 
is the lowest energy level of the hydrogen molecule, and 
Uy is the depth of the nuclear well. Thus, the proba- 
bility for penetrating the molecular barrier can be 


Fic. 1. Potential 
energy schematic dia 
gram for the hydro- 
gen molecule. 
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written as 
1 a 
p=— f uydr, (1) 
N J) 


where JN is the normalization and a is the radius of the 
deuteron. 

The normalization integral is approximated well by 
Jin wdr since the wave function outside of region ITI 
contributes little. #11, as well as muy and wy, can be 
obtained from the general WKB solution? 


C; 
+=— exo fir) + — = exp(- Jevr). 


By applying the conditions of continuity in « and du/dr 
at r=a and the connection formulas® at b and c (see 
Fig. 1), one obtains 
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“Mqr1= 4 +/2) cos( f gudr—n/4) 
gi? 


r 


Om J 
a , exp (—G/2) cos( f pundr+-x/4), 
b 


gin? 


OR r 
ury =—— exp(G Jeo(—f swdr) | 
giv’ 


where 


gu= 12111 =f£1v= { (Qu h?)[U(r)—E]} . 


b Qu 
G=2f {cu 
ar 


a 


} 
FE] | dr 


Since the second term on the right of #1 is small in 
comparison to the first term, because exp(—G/2) 
* Enrico Fermi, Nuclear Physics (University of Chicago Press, 
Chicago, 1956), p. 62. 
David Bohm, Quantum Theory (Prentice-Hall, Inc., 
wood Cliffs, New Jersey, 1952), p. 273. 


Engle- 
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<Kexp(G/2), ui can be written as 


, é 
mu~—Lexp(G/2)] cos f gundr—/4). (3) 


F400 r 


The cosine term in Eq. (3) can be seen to approximate 
a harmonic oscillator wave function exp[ —a(r—ro)?/2 ], 
as it should, if an average value of gi is taken. For 
this purpose 9r1= («| Eo|/h?)', where Eo is the zero- 
point energy of the molecule. Substitution of the 
exponential for the cosine term in Eq. (3) allows a 
convenient evaluation of the normalization integral, i.e., 


N= (4C,2/011) (exp6) f expl[—a(r—ro)? dr, (4) 


where a=4r°uv/h and y is the molecular vibrational 
frequency. 

With the use of Eq. (4), Eq. (1) 
expressed as 


r= f uydr/{4(m, 0] 


X[(uEo/h?)!/C,2] exp(—G), (5) 


ef 
C= Cant} / [2] sma -cosya| ; 
gu(a) 


Here [ /0* ur°dr/{ (42/a)'}] is essentially a ratio of a 
deuteron radius (10~ cm) to a molecular internuclear 
distance (10-* cm), and (uF/h?)?/C,? is essentially a 
ratio (10~‘) of the relative velocity of the nuclei in the 
molecule to the relative velocity of the protons in the 
deuteron volume. The product of these ratios, 10~°, is 
the ratio of the molecular vibrational frequency (10" 
sec!) to the oscillation frequency (which is given 
roughly by #/ua?=10* sec) of the protons in the 
deuteron volume. e~® is the familiar penetration factor 
and is the dominant term. 

To evaluate the penetration factor e~®, it is necessary 
to know the potential function U(r) for the molecule. 
U(r) can be expressed by the Dunham expansion‘ about 
the equilibrium internuclear distance r,, namely,’ 


can now be 


and 


( 


U (&) = ao (1-+- a+ aré’+ a3é+ ---)—31.67 ev, (6) 
where = (r—r,)/r, and the a’s are functions of spectro- 
scopic constants®: ay= 9.845 ev, a;= — 1.593, a2= 1.880, 
a3;= —2.1, the last three being dimensionless. Equation 
(6) is quite accurate near the equilibrium distance r,, 
but is very inaccurate at small internuclear distances 
because there are not enough terms to represent the 


4J. Dunham, Phys. Rev. 41, 721 (1932). 

5 The energy is considered to be zero when the nuclei are 
separated from each other, and the electrons from the nuclei and 
each other, by an infinite distance. 

6 B. Rosen, Donnees S pectroscopiques Concernant Les Molecules 
Diatomiques (Herman et Cie., Paris, 1951). 


ACTION FN 


MOLECULAR H, 





_ T i] T T T 


Helium atom © Hirschfelder et al. 


* Equation 8 
© Equation 7 


electron energy 


- Up} (ev) 
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Fic. 2. Electron energy vs internuclear distance 
in the hydrogen molecule. 


sharply rising repulsive energy of the nuclei. Since it is 
the shape of the repulsive part of the potential curve 
that is important in this calculation, Eq. (6) had to be 
modified. The repulsive energy of the protons is e?/r, and 
if this quantity is subtracted from Eq. (6) up to terms 
in fifth degree in é, the remaining energy will be the 
electron energy. Figure 2 shows a plot of the resulting 
expression, 


Uer= —51.08+19.41¢—9.562+3.738 
—0,90¢—1.3¢ ev, (7) 


which is seen to be a slowly varying function with 
distance. At very small distances, however, Eq. (7) 
gives too small a value, as its intercept is 4 ev smaller 
than the electron energy of the helium atom. 

To obtain the behavior of the electron energy at very 
small internuclear separation, a calculation was made 
of the energy (considering Coulombic interactions only) 
required to move two protons in a helium atom a small 
distance apart. The electrons are assumed to have a 
charge density ep which is spherically symmetric and 
constant in the region of interest. For two protons each 
at the same distance r from the center of a sphere, the 
effective negative charge outside is zero, and inside it is 
e(4/3)ar’p and it acts as if it were concentrated at a 
point at the center of the sphere. The force between the 
protons and the negative charge is (2e/r*)e(4/3)mr'p, 
and hence the electronic energy at very small dis- 
tances is 

Ue’ = (4/3) me’ pr’?— 78.98 ev, (8) 


where 78.98 ev is the electron energy of the helium 
atom. p was obtained from 


p= fvenant freanaes (9) 


where the subscripts 1 and 2 refer to the two electrons. 
Three different wave functions of Kellner and Hylleraas’ 


7L. Pauling and E. Wilson, Introduction to Quantum Mechanics 
(McGraw-Hill Book Company, Inc., New York, 1935), p. 224. 
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TABLE I. Probabilities for barrier penetration 
and nuclear reaction half-life. 


Pyen(Coulomb) 


5.3 10~% 
3.5X 10% 
3.5X 107 


tiye(years) 
1X 10%" 


1X 10% 
2X 10% 


Molecule 
H'H! 
H'H? 
H?H? 


Pyen (molecular) 


1.3X 10-8 
0.6X 10-® 
0.7 10-* 


were used in Eq. (9) and they all gave the same limiting 

behavior. The wave functions were 

va=Nx exp[—1.68(7,+12)/ao ], 

Va= Np exp[ —2k(114+172)/aot 2cr12/a0 |; 
k=0.93, 

vo=Nelexpl—2(ritre2) ]} (1+cinis) ; 


2= 1.85 do, 


c=0.13, 


(= 0.36/apo. 


Figure 2 shows that a reasonable joining of the plots of 
Eqs. (7) and (8) can be made at small internuclear 
distances. 

Hirschfelder’s* tabulation of the potential energy at 
intermediate and large distances is plotted in Fig. 2, 
also, in terms of electron energy. His data are the result 
of a Rydberg-Klein treatment of the vibrational levels 
and quantum-mechanical calculations at large dis- 
tances. Equations (7) and (8) fit on smoothly to his 
curve and thus extend the data to zero internuclear 
distance. 

Finally, the quantity G was determined by adding 
e*/r to U., to obtain U and by integrating G graphically. 
The probability of penetration, Eq. (5), is given in 
Table I for the different isotopic reactions 


H'H! — H?+8++46-+», 
H'H? — He'+y, 
H?H? — He?+n. 


(10) 
(11) 
(12) 


* Hirschfelder, Curtiss, and Bird, Molecular Theory of Gases and 
Liquids (John Wiley & Sons, Inc., New York, 1954), p. 1060. 
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For comparison the probabilities of penetration were 
calculated with a Coulombic potential function. For 
this case G can be evaluated analytically.® 

The total probability per second for reaction is the 
product of the probability for penetrating the barrier 
and the probability per second for beta, gamma, or 
neutron emission. The beta emission, Eq. (10), was 
assumed to be a completely allowed transition with a 
probability of 1.6X10~* sec where the beta decay 
constants were obtained from Salpeter.’ The proba- 
bility for y emission, Eq. (11), and neutron emission, 
Eq. (12), were taken from Salpeter” also. The y emission 
value is based on cross-section measurements of thermal 
neutrons reacting with deuterium (I'y=0.25 ev), and 
the neutron emission value is the result of cross-section 
measurements of D?—D?* reactions at 20-250 kev 
(T,=5X10* to 10° ev). The probability for emission 
is '/h. 

A summary of all the results is given in Table I. 
Column 2 gives the probability of penetration for a 
molecular barrier, column 3 the probability of penetra- 
for a Coulomb barrier at the same internuclear distance, 
and column 4 the half-life which includes the probability 
for 8, y, or emission. It is seen that a molecular barrier 
is easier to penetrate than a Coulomb barrier by a 
factor of about 10". If the hydrogen molecule is in an 
energy level near its dissociation limit rather than in its 
lowest energy level, the probability for penetration can 
be increased a factor of 10° over that given in Table I. 
However, since the half-lives are so long, it is seen that 
virtually no such reactions are possible. 
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9G. Gamow and L. Critchfield, Theory of Atomic Nucleus and 
Nuclear Energy Sources (Clarendon Press, Oxford, 1949), p. 173. 
10 FE, Salpeter, Phys. Rev. 88, 547 (1952) ; 97, 237 (1955). 
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Proton-Proton Scattering at 90° from 28 to 68 Mev* 
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Proton-proton scattering cross sections are measured at 45° in the laboratory system, from 28 Mev to 
68 Mev, with an accuracy of about +1.2%. These measurements fill the energy gap between the work of 
Cork on the low-energy end, and that of Ramsey et al. at higher energies. In the region of overlap with these 
experiments there is reasonable agreement. The cross section falls monotonically with increasing energy. 





I. INTRODUCTION 


ERHAPS the most important single feature of a 
proton-proton scattering angular distribution is the 
cross section at 90° in the center-of-mass system. Since 
measurement techniques are relatively simple at this 
angle, it is an appropriate place to measure cross sections 
as a function of energy. 

Cork! has made this measurement from 18.8 Mev to 
31.8 Mev with roughly +2.2% probable errors, and 
Kruse, Teem, and Ramsey? have done it from 40 Mev 
to 95 Mev with probable errors in the neighborhood 
of +4%. This experiment is undertaken to reach 
greater precision and to fill the energy gap. 


II. EXPERIMENTAL METHOD 


Protons were scattered from hydrogen gas at one 
atmosphere pressure, into a detector telescope fixed at 
45° in the laboratory system as shown in Fig. 1. The 
telescope takes in an angular interval of +2.5°, lab. 

The reader is referred to a previous report* for details 
of the proton detector, the electronics, the supply of 
pure hydrogen gas, and the measurement of the incident 
beam charge, all of which were similar to techniques 
used in taking angular distributions. A different scat- 
tering chamber is used here to make use of the smaller 
beam currents available at reduced energies. 

The beam from the linear accelerator‘ is deflected 20° 
by a magnet, after which it passes through an absorber 
wheel which sometimes is used for reducing the energy. 
After this it is recollimated and passes into the gas of 
the scattering chamber through a one-mill Dural foil. 
An antiscattering baffle (Fig. 1) prevents the front slit 
of the detector telescope from being illuminated by 
protons scattered at angles smaller than 40°. 


Methods for Obtaining Reduced 
Proton Energies 


The linear accelerator normally produces proton 
beams at discrete energies of 10, 40, and 68 Mev from 


* Supported in part by the U. S. Atomic Energy Commission. 

t Now at the High-Energy Physics Laboratory, Stanford Uni- 
versity, Stanford, California. 

1 Bruce Cork, Phys. Rev. 80, 321 (1950). 

2 Kruse, Teem, and Ramsey, Phys. Rev. 101, 1079 (1956). 

3L. H. Johnston and D. A. Swenson, Phys. Rev. 111, 212 
(1958). 

4 Day, Featherstone, Johnston, Lampi, Tucker, and Williams, 
Rev. Sci. Instr. 29, 457 (1958). 


its three successive accelerating cavities. Two different 
methods were used in obtaining intermediate-energy 
beams. 


Method A 


Protons of energies between 28 Mev and 40 Mev 
were obtained by passing the 40-Mev beam through 
various aluminum absorbers in the absorber wheel. The 
energy was then calculated from the known initial 
energy and the range-energy data of Rich and Madey.® 


Method B 


Energies between 68 Mev and 40 Mev were obtained 
by operating the third accelerating cavity of the linear 
accelerator at reduced rf voltage. As detailed in refer- 
ence 4, this produces a usable quantity of protons of 
reduced energy. Under these conditions the beam has 
an energy spread of +5% or greater, so the 20° bending 
magnet is used as a monochromator to select the desired 
energy and reduce the energy spread to about +2%. 
In spite of this energy spread, the mean energy is 
known to +0.6% since the beam used is selected from 
a much wider spectrum, which may be regarded as 
uniformly populated in the region of the selected energy 
interval. The magnetic field was continuously monitored 
by means of a current balance,’ and the absolute 
calibration of the monochromator in terms of mean 
energy versus magnetic field was made at several 
energies by the floating-wire technique.’ 


BEAM CENTERING 
20° MAGNET ELECTRODES 
POLE PIECE] . 

/ ri/2 SLIT 
/ / 


1/2" HOLE; 


PROTON BEAM FROM 
ACCELERATOR 
7 


} -—\-MIL. OURAL 
/- ABSORBER / FOIL 
FARADAY 
CUP, 


—1" WIDE 
3/4" WIDE 
BALANCE. is “\" COLLIMATORS 
ANTI-SCATTERING?“ 20" 
BAFFLE 


VW 
18" DIAMETER Nol DETECTOR 


SCATTERING 
CHAMBER 


Fic. 1. Layout of p-p scattering apparatus, approximately to scale. 


5 Marvin Rich and Richard Madey, “University of California 
Radiation Laboratory Report,’”’ UCRL-2301 (unpublished). 
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Proton-proton cross sections at 90° cm 
as a function of energy. 


TABLE I. 


Method 
of re- 
ducing 


Probable 
error of 
mean 
energy 


Mean 
beam 

energy 
Mev 


da/dQ 
(mb/sterad) 
cm 


Energy spread 
of beam 
6.134+1.1% 
6.7641.1% 
7.45+1.1% 
8.40+1.1% 
9.5141.1% 
11.19+1.0% 
12.14+1.0% 
13.36+1.0% 
14.6841.0% 
16.2741.3% 
54.6 +0.8% 


+0.6% 
+0.6% 
+0.6% 
+0.6% 
+0.6% 
+0.3% 
+0.3% 
+0.3% 
+0.3% 
+0.6% 
+0.3% 


68.42 
61.92 
56.15 
50.17 
44.66 
39.60 
36.90 
34.20 
31.15 
28.16 

9.68 


+0.5% 
+2% 
+2% 
A 
+2% 
rye 
+0.5% 
+0.7% 
+1.1% 
+1.3% 
+27, 
£0.5°7% 
C=standard accelerator 


* A =aluminum B=reduced rf; 


energy. 


absorption; 


At 68 Mev and 40 Mev the normal beams of the 
accelerator were used, having energy spreads of +3%. 
The mean energies were measured absolutely by the 
calibrated 20° magnetic monochromator. 


III. CORRECTIONS AND ERRORS 


The probable errors in our values of the beam energy 
depend on the methods used to obtain the reduced 
energy. They are listed at each energy in Table I of 
Results. An error of +0.5% is added at each angle due 
to a lack of knowledge of the details of the distribution 
of energies and intensities within the one-half inch wide 
incident beam in the scattering chamber. 

The remaining errors are of the same nature as those 
discussed in reference 3, and hence will only be listed 
with their estimated magnitudes: Beam current meas- 
urement, +0.25%; nuclear reactions in Nal detector, 
+0.3%; slit scattering, +0.2%; counting statistics, 
0.3% (except 0.8% at 28.16 Mev); counting losses, 
+0.1%; geometry, +0.4%; angle calibration, +0.1%; 
target gas density, +0.2%. The resultant error for the 
cross section measurements is given in the last column 
of Table I. 

Strictly speaking, these measurements are made at 
45° in the laboratory system, so that the corresponding 
center-of-mass angle varies from 90°19’ at 28.16 Mev 
to 90°44’ at 68.42 Mev. However, due to the symmetry 
of scattering about 90°, negligible error is introduced 
by assuming all the measured cross sections to be at 90°. 


IV. RESULTS 
The cross sections are listed in Table I and are plotted 
in Fig. 2. For completeness we include an additional 
point taken in this laboratory® at 9.68 Mev as part of 
an angular distribution. Since the dominating behavior 


®°L. H. Johnston and D. E. Young (to be published). 


AND. ¥....8. TSAt 

of the cross section in this energy region is a 1/E 
dependence, Fig. 2 plots E times cross section versus E. 
This emphasizes the degree to which variations from 
the 1/E dependence occur. 

To give a broader view of the variation of o with 
energy which may now be seen, we have included in 
Fig. 2 the work of Cork! from 18 to 32 Mev, the Harvard 
data® from 41 to 95 Mev, and seven single points from 
other authors’—™ to extend the energy down to 3.5 Mev. 
Notice the striking maximum in oX£ which occurs at 
10 Mev, and the broad minimum near 60 Mev. The 
maximum at 10 Mev is almost certainly associated 
with a maximum value of the 4S phase shift here, while 
the rise beyond 60 Mev is to be expected as the high- 





(BARN -MEV) 





xE 


40 
n 





- 30 40 50 60 70 60 90 
PROTON ENERGY (MEV) 


Fic. 2. Plot of differential cross section for p-p scattering at 
90° cm, multiplied by laboratory proton energy; plotted against 
laboratory proton energy. Circles, present work. Triangles, Cork, 
reference 1. Squares, Kruse, reference 2. Diamonds: A, Worthing- 
ton, reference 7; B, Zimmerman, reference 8; C, Rouvina, refer- 
ence 9; D, Cork, reference 10; E, Faris, reference 11; 7, Yntema, 
reference 12; G, Burkig, reference 13. 


energy region is approached where @ is nearly inde- 
pendent of EZ. No theoretical analysis of these results 
has been made. 
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The charge exchange scattering of negative pions by liquid hydrogen has been measured at 128++2 Mev 
bombarding energy. A lead-glass Cerenkov counter was used to measure the energy spectrum of the gamma 
rays emitted in the decay of the neutral pions. The gamma rays were detected at four angles relative to 
the incident beam: 45°, 80°, 116°, and 135°. If the charge exchange scattering cross section is expanded as 
a sum of Legendre polynomials which are functions of the r° scattering angle in the center-of-mass system, 


we find that 


do 


(= yx*) = (1,000.04) [(2.04-0.06) + (—1.6140.13) Pi + (1.4340.24) Ps], 


ds 


when only s and p waves are considered. The confidence level for the least-squares fit used to determine 
the coefficients inside the square brackets is 65%. The integrated cross section is otot(a~,7°) = 25.6+1.3 mb, 


which is in good agreement with other work. 


I. INTRODUCTION 


HE early work on low-energy pion-proton scat- 

tering was carried out in the spirit of a general 
survey to check the validity of the charge independence 
hypothesis and to determine the general behavior of 
this interaction.’ Although subsequent work tended to 
be more accurate, the need for greatly improved 
measurements was first emphasized by Puppi and 
Stanghellini.2 These authors found that there was a 
marked discrepancy between the predictions of the 
dispersion relation theory and the negative-pion scat- 
tering data, while the positive-pion scattering data 
gave good agreement with the theory. When a remeas- 
urement of the r~ elastic scattering was undertaken in 
this laboratory by Kruse,’ it was decided to complement 
his measurements by measuring the charge exchange 
scattering with a new technique. These two sets of data 
can then be combined with reliable measurements on 
positive-pion scattering to give an improved set of 
values for the phase shifts which describe the pion- 
nucleon interaction. 

In this experiment a gamma-ray spectrometer util- 
izing a lead-glass Cerenkov counter has been used. to 
study the energy spectra of the charge exchange gamma 
rays produced by the interaction of 128-Mev negative 
pions with protons. Although a lead converter is used, 
and a rather poor energy resolution results, the system 
used in this experiment has the advantage that it 
measures the energy of the detected gamma rays. This 
in turn makes the evaluation of the detection efficiency 
more reliable than in earlier work. This detection 

* Research supported by a joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

! The early work is summarized in H. Bethe and F. de Hoffman, 
Mesons and Fields (Row Peterson and Company, Evanston, 
Illinois, 1955), Vol. IT. 

2G. Puppi and A. Stanghellini, Nuovo cimento 5, 1305 (1957). 
A recent survey of this problem is given by H. J. Schnitzer and 
G. Salzman, Phys. Rev. 112, 1802 (1958). 

3U. E. Kruse (private communication). The authors are 
indebted to Professor Kruse for the use of his results prior to 
their publication. 


scheme was designed to give less background than the 
more conventional counter telescope. 


Il. EXPERIMENTAL METHOD 
In the charge exchange reaction 
a +p— w+n— 2y+n, (1) 


the y rays emitted by the w® decay originate very near 
the point of the initial encounter of the w~ and proton, 
because the mean life of the 7° is very short (<107® 
sec). If the y rays are detected at a fixed angle in the 
laboratory system, their energy spectrum is determined 
by the direction of motion of the 7°. The expression 
for the spectrum at any angle of observation is readily 
obtained from the treatment given by Bodansky et al.* 
The 7°’s are assumed to be emitted in the center of 
mass of the collision with an angular distribution 
expanded in terms of a series of Legendre polynomials. 
If pion scattering occurs only in s and # states, then 
the cross section can be written 
da(0’) 2 
- => A,Pi(cos6’), (2) 


dQ’ i= 


where 6’ is the angle of emission of the 7° in the center- 
of-mass system, measured relative to the incident 7 
direction. The differential cross section for the emission 
of y rays is obtained from this equation by application 
of the addition theorem for Legendre polynomials. 
This cross section can then be subjected to a Lorentz 
transformation to obtain the energy spectrum of y’s 
emitted at an angle a in the laboratory system. The 
result is 
Bb 2 


2 cosa—p 
I(k)=— 4. — 
Buyok’’y(1—B cosa) !=0 1—8 cosa 


1 | ed 
ae 
Bo yovk(1—B cosa) 


4 Bodansky, Sachs, and Steinberger, Phys. Rev. 93, 1367 (1954). 
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Fic. 1. The experimental arrangement for the charge 
exchange scattering experiment. 


where & is the phton energy in the laboratory system in 
Mev, {> is the velocity of the 7° in the c.m. system; 
yo= (1—60?)-}; k” is the energy of the gamma ray in 
the rest frame of the x° (= 67.5 Mev); @ is the velocity 
of the c.m,. system; and y=(1—*)~!. B is a normal- 
ization constant which is common to all of the A; and 
is given by B=[(m,l)AQE I], where (n,l) is the 
average number of target protons traversed by the 
incident pions, AQ is the solid angle of detection, J is 
the number of pions traversing the target; and Zp is 
the detection efficiency factor. It is to be noted that 
the constants, A;, which appear explicitly in Eq. (3) 
are the parameters which describe the angular distri- 
bution of the x° in the center-of-mass system and are 
the quantities to be determined by the experiment. 

The spectrum of Eq. (3) is that which one would 
obtain with an instrument of infinite resolution and 
constant detection efficiency. In order to compare it 
with the spectra measured with the apparatus used in 
this experiment, the finite resolution of the spectrometer 
and its detection efficiency as a function of energy must 
be folded into Eq. (3). This was done numerically and 
a least-squares fit of the parameters, A;, to the data 
was carried out. 

In order to maximize the variation in the spectral 
shape resulting from the contributions of the different 
terms in Eq. (3), the angles of observation were chosen 
to lie near the zeros of the Legendre polynomials. 
Thus, at a lab angle of 45° the coefficient of A» goes to 
zero; at 116° A»’s coefficient is again zero while A,’s 
coefficient has the opposite sign to that at 45°; at 80° 
A,’s coefficient goes to zero; and at 135° all coefficients 
of the A, are different from zero. 

It should be pointed out that the reaction 


r+pnty (4) 


could contribute to the gamma-ray spectra observed in 
this experiment. However, by considering the measured 
values of the inverse reaction and applying a detailed 
balancing argument, it can be shown that this reaction 
contributes a negligible number of photons in the 
energy range of acceptance of the spectrometer. 


KERNAN, 


KIM, AND YORK 


Ill. APPARATUS 
A. The Pion Beam 


The pion beam strikes the target after traversing the 
counters A and B shown in Fig. 1. The energy of these 
pions was measured by range curves taken in aluminum 
and carbon. The two determinations agreed well with 
each other and gave a mean energy at the center of the 
target Dewar of 12842 Mev. This uncertainty in the 
bombarding energy has been shown to have a negligible 
effect on the final result. From these range curves it 
was also determined that the beam was contaminated 
with 7+2% of mu mesons and electrons. 

To determine the intensity distribution of the pions 
as a function of position in the hydrogen container of 
the target, a small }-inch, cubic, scintillation counter 
was used to scan the beam in the mid-plane of the 
target. From these data it was determined that the 
mean amount of hydrogen traversed by the beam was 
0.624 g/cm?, and that 98+1% of the incident beam 
traversed the target. 


B. The Hydrogen Target 


The hydrogen target was a cylinder of 0.003-inch 
Mylar mounted in a vacuum chamber with an external 
aluminum wall 0.010 inch thick. Only the inner Mylar 
container is indicated in Fig. 1. 


C. Electronics 


The counters A and B were used to monitor the beam 
during the experiment to determine the number of 
incident pions. Careful checks demonstrated that no 
saturation of the counters and circuits occurred at the 
counting rates used during the experiment (about 
6X 10* counts per minute with a duty cycle of 4%). 

A coincidence of (A+B+1+2+3) was used to 
trigger a 0.2-usec gate.® Time-coincident pulses appear- 
ing in the lead-glass counter passed through the gate 
into a 100-channel pulse-height analyzer. An over-all 
counter telescope efficiency of 99% was estimated from 
tests made with the train of all five counters placed in 
the pion beam. The anticoincidence counter had an 
inefficiency of one part in four thousand in this arrange- 
ment. 


D. Calibration of the Lead-Glass Counter 


The glass counter was calibrated by using a low- 
energy negative pion beam which is rich in electrons. 
Pulse-height distributions at several energies were taken 
with the electrons incident on the counters 1+2+3 and 
the jead converter. This simulates gamma-ray conver- 
sion into an electron pair by the lead if proper correc- 
tions are applied. Figure 2 summarizes the results of 
this calibration procedure. The measured pulse-height 

Pm L. Garwin and A. S. Penfold, Rev. Sci. Instr. 28, 116 
(1957). 





SCATTERING OF 
distributions have been fitted to Gaussian curves to 
obtain the center of the Gaussian as well as its width, o. 
The upper part of Fig. 2 shows the value of o as a 
function of the incident electron’s momentum (or 
energy). o is observed to be very nearly independent of 
energy. The lower portion of the figure shows the 
position in the pulse-height analyzer of the center of 
each Gaussian as a function of the corresponding 
electron energy. A least squares fit of the centers of 
the Gaussians to a straight line gives 


C= (0.88340.024) E— (64.0+3.0), (5) 
for the relation between channel number, C, and elec- 
tron energy, E. There is some uncertainty introduced 
by using incident electrons instead of monochromatic 
gamma rays for the calibration. A conservative estimate 
of this error indicates that a Gaussian whose width is 
20% larger than that of Fig. 2, displaces the final 
value of the A; by less than the quoted standard devi- 
ation. 

To insure that the resolution of the spectrometer did 
not vary for electrons incident anywhere on the con- 
verter, a subsidiary set of resolution curves was taken 
using the }-cubic inch counter instead of the counter 3. 
As the small counter was moved radially outward from 
the center of the converter, the shape of the pulse-height 
spectrum remained constant until a radius of 1} inches 
was reached. Then the curve broadened noticeably and 
its peak shifted position toward lower pulse height. 
This result agreed with predictions based on the curves 
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Fic, 2. The results of the spectrometer calibration. The upper 
section of the figure indicates the width of the Gaussian resolution 
function as a function of energy. The lower section indicates the 
position of the peak in the pulse-height analyzer, as a function of 
incident electron energy. 
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of Kantz and Hofstadter® and demonstrated the con- 
stancy of the resolution over the converter, whose 
radius was only 1 in. 

The electronic gate, amplifier, and pulse-height 
analyzer were checked periodically during the experi- 
ment with the aid of a precision pulser. No appreciable 
drifts of the base line or changes of the linearity were 
observed. An additional check of the entire system, 
including the counter itself, was performed by placing 
the glass counter directly in the beam of 128-Mev 
pions and observing the pulse-height spectrum. Each 
time the glass counter was shifted from one angle of 
observation to another, this check was repeated. 


E. Detection Efficiency of the Spectrometer 


The detection efficiency of the spectrometer for 
gamma rays can be expressed by the relation 


E(k) =G(k)[1— e287. 


Here k is the gamma-ray energy in Mev; G(k) is a 
function which corrects for losses of counts due to 
energy loss and multiple scattering of the pair created 
by the gamma ray in the lead converter; and the square 
bracket expresses the probability that the gamma will 
create a pair in a converter of thickness x. The mean 
free path for pair production is obtained from the cross 
section, 7,, by the usual relation, A= A/Npo,y, where A 
is the atomic weight, NV is Avogadro’s number, and p is 
the density. Although the energy variation of the pair 
production cross section for lead is given very accu- 
rately by the Born approximation calculations,’ its 
magnitude is 11% higher than the experimental obser- 
vations. Following White,* we have normalized the 
theoretical curve to the available experimental data, to 
determine the values of ¢,(k). The resulting uncertainty 
in our final answer is estimated to be less than 2% by 
using this procedure. 

This normalization procedure enables us to write 
Eq. (6) in the form 


(6) 


E(k) = Eof(k), (7) 


where Ep is the constant which appears in the expression 
for B in Eq. (3) above, and f(&) is the energy variation 
of the detection efficiency, which was folded into the 
theoretical spectra to permit their comparison to the 
data. 

The function G(k) in Eq. (6) depends upon the 
position of the converter relative to the glass counter, 
on the amount of scattering material between the two, 
and on the energy of the incident gamma ray. A crude 
estimate of this factor (based upon the distribution of 
the energy of the gamma ray between the two members 
of the pair, together with the angular distribution of 


6 A. Kantz and R. Hofstadter, Nucleonics 12, No. 3, 36 (1954). 

7W. Heitler, Quantum Theory of Radiation (Oxford University 
Press, London, 1954), third edition, p. 262. 

8 G. White (private communication). 
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Fic. 3. Energy distributions of the charge exchange gamma 
rays at each of the four angles of observation. The histograms 
indicate the numbers predicted by the parameters obtained in 
the fitting procedure. The points are the corresponding observed 
numbers, with the statistical errors attached. 


the lower-energy member of the pair, and upon the 
geometry) indicates that G(k)~1 over the range of 
energies accepted by the spectrometer. This primarily 
results from the fact that the solid angle defined by the 
hydrogen target and the converter is well contained 
within the volume of the lead-glass counter, as seen in 
Fig. 1. The rather high threshold energy of the spec- 
trometer (75 Mev) also helps to collimate the shower 
generated in the converter and to insure that it be 
detected in the glass. These estimates of G(k) are not 
too reliable and hence have not been used to correct 
the data. 

A more direct method of inferring that G(R) is very 
nearly unity is obtained from a study of the resolution 
curves taken with incident electrons. It is to be borne 
in mind that these curves were taken with the 3-mm 
lead converter in place and that an electron-induced 
shower begins at the converter in a manner similar to 
one produced by a gamma ray. If any appreciable loss 
due to multiple scattering and ionization occurred, then 
the shape of the resolution function would be distorted 
on the lower pulse-height side of the peak and the 
center of the peak shifted downward. These curves 
show a high degree of symmetry above an energy of 
100 Mev where both sides of the peak can be observed. 
Furthermore, the nearly exact linearity observed be- 
tween pulse height and energy, as seen in Fig. 2, makes 
it improbable that any appreciable nonlinear shift of 
the peaks has taken place. However, at 75 Mev only 
one side of the peak of the resolution curve is actually 
seen in the pulse-height analyzer. As a result, the center 
of its peak is less well defined than that of the higher 
energy points, and deviations from symmetry were 
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unobservable. Hence it is quite possible that in the 
energy region between 75 and 100 Mev a distortion of 
the data might exist. The poorly defined calibration 
point at 75 Mev adds an uncertainty to the number of 
pulse-height analyzer channels to be included in the 
lowest energy interval considered. As will be seen below 
in Fig. 3, this contributes a large error to the number of 
gamma rays assigned to this interval. The effect of this 
large error is to weight these points rather lightly in 
the final least-squares fit to determine the parameters 
A;. We do not feel justified in applying to these points 
a systematic correction based on either an unreliable 
calculation or an unjustified guess about the spec- 
trometer behavior at low energy, since such a correction 
would in any event have little effect on the final result. 


IV. EXPERIMENTAL DATA AND RESULTS 


Table I summarizes the total number of y rays de- 
tected under the various conditions of the target Dewar 
and lead converter, at each of the four angles of obser- 
vation. The signal to background ratio is very large. 
A least squares fit of the spectral data to the constants 
of Eq. (3) has been carried out to determine the angular 


TaBLE I. A summary of the data taken at each angle, for the 
various conditions of the hydrogen target and converter. 


\. Hydrogen: In In 
\ Converter: In Out In 
Angle \ 


64-415 
10-49 


147+11 125+22 
96+9 76+21 
126+11 56+13 1647 

122+11 73+16 34+10 


821+26 
797425 
977431 
1173428 


distribution of the neutral pions in the center-of-mass 
system. The values are, upon substitution into Eq. (2), 


do /dQ= (1.00+0.04)[ (2.04+-0.06) 
+ (—1.61+0.13) P:(6’)+ (1.43+0.24) P2(6’) J. (8) 


In this equation we have written the coefficient outside 
of the square bracket to indicate the error in estimating 
the absolute value of the cross section. On the other 
hand, those errors assigned to the A, and contained 
within the square bracket of Eq. (8) are derived from 
the least-squares fit and are statistical in origin. The 
estimates of the corrections and their errors which are 
required to determine the absolute value of the cross 
section are summarized in Table IT. 

The quality of the least-squares fit can be expressed 
in terms of the quantity M, where 


M=>. e?, (9) 
i=l 


and ¢; is the deviation of the experimental point, 7, from 
the curve measured in units of the standard deviation 
of that point. The expected value of M is Myp=n—1, 
where is the number.of points to be fitted while / is 
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the number of constants to be determined by the fit. 
In this experiment My)= 16—3= 13, while the value of 
M determined from Eq. (9) is M=11. This indicates a 
confidence level of 65% in the fit and implies that the 
errors assigned to the experimental points are realistic. 
The error matrix for the least-squares fit is 


361.8 121 462.4] 
| 12.1 1939.0 583.8) 
462.4 583.8 6643.0). 


Integration of Eq. (8) gives the relation 


Ctot (ar 1°) =47A "aed 25.6+£1.3 mb. (10) 


In Fig. 3 the number of gamma rays expected to fall 
in a given 25-Mev energy interval of the spectrum 
using the values of the A; in Eq. (8) are plotted as a 
histogram for each of the four angles of observation. 
Superimposed on these histograms is the observed 
number of gamma rays in each 25-Mev interval, 
plotted as a point with its corresponding statistical 


TABLE II. A summary of systematic correction factors 
and their uncertainties. 


Correction 
factor 


Type of correction 
1,00+0.00 
1.07+0.02 
1.02+0.01 
1.00+0.00 


. Contribution of the reaction s~+ p> n+4 

. Contamination of pion beam 

. Fraction of the beam traversing the target 

. Energy of the incident beam 

. Short term drifts of the beam position in the 
target 

. “Empty” target filled with hydrogen gas at 
liquid hydrogen temperature 

. Losses of gamma rays due to conversion in 
the target walls 

. Counter telescope inefficiency 

. Absolute gamma-ray detection efficiency 

Resultant 


1.02+0.03 
1.02+0.00 


1,000.00 
1.01+0.00 
3.55+0.07 
4.05+0.17 


uncertainty indicated by the length of the vertical line 
through the point. 


V. DISCUSSION 


A direct comparison of the result given in Eq. (10) 
can be made with the recent measurements of Kruse.’ 
He has measured the total cross section by a trans- 
mission measurement, and the elastic scattering at 
several angles. If the latter measurements are integrated 
and subtracted from the former, the residue should be 
equal to the charge exchange contribution to the total 
cross section. There are two small corrections to be 
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TABLE III, A summary of experimental data on charge exchange 
scattering. E, is the kinetic energy of the negative pions in the 
laboratory system; the differential scattering cross section in 
the center-of-mass system is expressed as do/dQ=ao+b, cos@’ 
+¢o cos*6’; and the integrated cross section is o(4~,r°). 


Refer- Ey, ao bo 
ence (Mev) (mb-sterad™) (mb-sterad™!) 
a 40 
b 65 


o(x~,7®) 
(mb) 


7.9+1.8 
12.1+1.5 
21.7+2.7 
25.6+1.3 
30.6+3.8 
34.6+1.2 
46.543.5 
41.44+2.9 
39.1+2.0 
40.9+1.5 
46.9+3.6 
33.8+3.6 
35.8+3.4 
33.3+0.7 


co 
(mb-sterad™!) 


0.54+0.21 
0.21+0.37 
3.2 +1.7 
2.15+0.36 
3.9 +2.0 
3.63+0.21 
5.49+2.24 
4.2 +2.3 
4.25+0.23 
5.63+0.88 
5.9 +2.6 
5.5 +2.3 
4.82+0.76 
4.26+0.39 


0.45+0.07 
0.89+0.09 
0.6 +0.4 
1.33+0.12 
1.0 +0.5 
1.54++0.09 
1.87+0.76 
1.8 +0.7 
1.69+0.09 
1.46+0.24 
1.7 +0.8 
0.8 +0.7 
1.36+0.22 
1.23+0.13 


—0.98+0.13 
—1.38+0.13 
—1.9 +0.5 
—1.61+0.13 
—1.9 +0.5 
— 1.34+0.09 
—1.05+0.66 
—0.6 +0.6 
—0.84+0.09 
—().16+0.30 
—().09+0.7 
1.9 +0.7 
1.23+0.26 
0.88+0.12 


c 120 
d 128 
c 144 
e 150 
f 165 
g 169 
e€ 170 
h 187 
g 194 
g 210 
h 217 
i 220 


«J. Tinlot and A. Roberts, Phys. Rev. 95, 137 (1954) 

b See reference 4. 

¢ Anderson, Fermi, Martin, and Nagle, Phys. Rev. 91, 155 (1953). 

4 The present experiment. 

e¢ Ashkin, Blaser, Feiner, and Stern, Phys. Rev. 101, 1149 (1956). 

fH. L. Anderson and M. Glicksman, Phys. Rev. 100, 268 (1955) 

* Fermi, Glicksman, Martin, and Nagle, Phys. Rev. 92, 161 (1953) 

bh M. Glicksman, Phys. Rev. 94, 1335 (1954); M. Glicksman, Phys. Rev. 
95, 1045 (1954). 

i Ashkin, Blaser, Feiner, and Stern, Phys. 


Rey. 105, 724 (1957). 
» 

made before comparing the result with that of Eq. (10). 
First the contribution of the inverse photoproduction 
reaction of Eq. (4) must be subtracted, and second, a 
correction of 0.8 mb is required to account for the 
2-Mev difference in pion bombarding energies used in 
the two experiments. The result is 27.2+1.0 mb. This 
is in good agreement with the value of Eq. (10). 

Table III summarizes most of the published work on 
charge exchange scattering. Here the angular distri- 
bution is expressed in the form 


da /dQ= ay+bo cos6’+ co cos?6’. (11) 


The values of ao, bo, and cp are tabulated as a function 
of the bombarding energy of the pions in the laboratory 
system. The integrated cross sections, ¢(7~,r°) are also 
given. The result of this experiment is included in the 
table at 128 Mev and is seen to be consistent with the 
values obtained at other energies. 
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Inelastic Scattering of 500-Mev Electrons from Li‘ and Li’} 
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500-Mev electrons have been scattered from enriched Li® and ordinary Li (92.5% Li’) between scattering 
angles of 60° and 135° in the laboratory system. The cross section integrated over the inelastic continuum at 
these large momentum transfers has been compared with the free-proton cross section at the corresponding 
angles. The results when compared with those obtained for other light nuclei may be used to yield some 
insight as to the extent to which the scattering from the individual nucleons can be considered as incoherent. 


I. INTRODUCTION 


| the course of a program to study the scattering of 
electrons from individual nucleons bound inside of 
light nuclei, we have investigated the inelastic con- 
tinuum of scattered electrons associated with the dis- 
integration of Li® and Li’. So far, measurements of this 
kind have been performed for the deuteron’ and for 
beryllium and carbon.” Results obtained for Li® and Li’ 
have already been briefly reported® and will be discussed 
in more detail in this paper. 

Yearian and Hofstadter! thoroughly studied the in- 
elastic electron continuum associated with the disinte- 
gration of the deuteron by scattered electrons. The 
width of the continuum reflects the momentum distri- 
bution of the proton and neutron within the deuteron. 
At the high momentum transfers at which these experi- 
ments were performed, the elastic scattering of electrons 
from the deuteron as a whole is small compared to the 
scattering from the individual nucleons. Furthermore 
magnetic scattering prevails as compared to charge 
scattering. Both statements apply also to the present 
experiment on the two stable lithium isotopes. In refer- 
ence 1 the total cross section (do/dQ)4 for quasi-elastic 
scattering from the proton and neutron bound in the 
deuteron was derived either from the total area under 
the inelastic scattering continuum or from the measured 
height of the continuum at its peak value* combined 
with Jankus’s theory® of the total cross section. By 
comparing this cross section with the free-proton cross 
section under identical conditions, the authors extracted 
the neutron’s contribution ¢,. Using the known form 


t The research reported here was supported in part by the joint 
program of the Office of Naval Research, the U. S. Atomic Energy 
Commission, and the U. S. Air Force Office of Scientific Research. 

* Now at 1. Physikalisches Institut der Universitat, Heidelberg, 
Germany. 

1M. R. Yearian and R. Hofstadter, Phys. Rev. 110, 552 (1958); 
see also Hofstadter, Bumiller, and Yearian, Revs. Modern Phys. 
30, 482 (1958). 

2H. F. Ehrenberg and R. Hofstadter, Phys. Rev. 110, 544 
(1958). 

3U. Meyer-Berkhout and R. Hofstadter, Bull. Am. Phys. Soc. 
Ser. II, 2, 390 (1957); see also Proceedings of the Seventh Annual 
Rochester Conference on High-Energy Nuclear Physics, 1957 (Inter 
science Publishers, New York, 1957). 

4S. D. Drell, 1958 Annual International Conference on High 
Energy Physics at CERN, edited by B. Ferretti (CERN, Geneva, 
1958), p. 20. 

&V. Z. Jankus, Phys. Rev. 102, 1586 (1956) ; also Ph.D. thesis, 
Stanford University, 1956 (unpublished). 


factor for the proton, Yearian and Hofstadter arrived at 
the conclusion that the size of the magnetic cloud associ- 
ated with the neutron is (0.8++0.15)X10-" cm. 

For a light nucleus zA% with Z protons and V 
neutrons, the differential cross section d’¢/dQdE inte- 
grated over the inelastic continuum can be expressed as 
the sum of the free-proton and free-neutron cross 


sections, 
do do do 
(5), (8). 0 
dQ ZAN dQ p dQ n 


provided the individual nucleons scatter incoherently at 
these large momentum transfers, i.e., as if they were free 
and independent from each other. For reasons which will 
be discussed below, Eq. (1) cannot be expected to be 
more than a crude approximation which may need 
considerable refinement. Even for nuclei as light as Li® 
or Li’, a non-negligible multiplicative correction factor 
(1+A) may have to be introduced on the right-hand 
side of Eq. (1). For lithium, with its wider momentum 
distribution of the nucleons within the nucleus, a larger 
kinematic correction factor is to be expected than that 
computed by Blankenbecler® for the deuteron. The as- 
sumption of incoherence is a good approximation even 
at large momentum transfers only as long as meson 
exchange effects and final-state interactions are negli- 
gible. In the deuteron the distance between proton and 
neutron is most of the time appreciably larger than the 
pion Compton wavelength #/m,c, and it seems therefore 
not unreasonable to assume that meson exchange effects 
are small for the deuteron. For any other light nucleus 
like Li® or Li’ in which the nucleons are much more 
densely packed, meson exchange effects may show up 
much more strongly. It seems, however, to be extremely 
difficult to estimate from presently available meson 
theories the contribution to the observed cross section 
due to these effects which are known to be of such im- 
portance in the photodisintegration of the deuteron even 
far below the pion production threshold. Meson ex- 
change effects will affect predominantly the low-energy 
part of the inelastic continuum where the energy trans- 
ferred from the incident electron to the nucleon rest- 

6 R. Blankenbecler, Bull. Am. Phys. Soc. Ser. IT, 2, 389 (1957) ; 
Phys. Rev. 111, 1684 (1958). 
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nucleus system is largest. On the other hand, the in- 
fluence of final-state interactions estimated by Jankus® 
and Blankenbecler® for the deuteron will be strongest on 
the high-energy side of the continuum. Unfortunately 
no theory is available for other nuclei than the deuteron, 
which would allow one to use the value of the differential 
cross section d’¢/dQdE at the peak ordinate of the 
inelastic continuum, where corrections are known to be 
smallest, as a starting point to find the neutron’s 
contribution.* Therefore, as long as the magnitude of A 
is not known, an experiment on a nucleus like lithium 
can hardly yield any information about the neutron. 
But the extent to which the results derived from the 
experimental data for lithium, simply on the basis of 
Eq. (1) with A=0, are consistent with those obtained 
from the much better understood deuteron may provide 
some insight into the nature and magnitude of the 
additional effects contributing to the observed cross 
section and correspondingly into the A-correction. 


II. APPARATUS AND PROCEDURE 


The experimental setup and the procedure of taking 
data were exactly the same as has been described in 
references 1 and 2. Targets of ordinary lithium (natural 
abundance of Li’ 92.6%) and enriched Li® (95.6%) of 
different thicknesses between 0.3 in. and 0.5 in. were 
bombarded with 500-Mev electrons from the Stanford 
Mark III linear accelerator. In the case of the Li’ ex- 
periment the electrons were analyzed according to their 
momenta at five different scattering angles, namely 
Oia» = 60, 75, 95, 115, and 135°. Li® was investigated at 
500 Mev and 135° only. ‘The energy spread of the inci- 
dent beam and the magnet resolution of the 36-in. 
spectrometer were both set at 1%. The differential cross 
section integrated over the inelastic continuum has been 
compared at each scattering angle with the free-proton 
electron scattering cross section. (CH), targets com- 
parable in thickness to the lithium samples were used to 
measure the yield of electrons scattered elastically from 
free protons. Care was taken that no negative pions 
were counted as electrons. This was accomplished by 
setting the discriminator at such a high level that no 
positive pions were counted with reversed magnet cur- 
rent at a spectrometer setting where ordinarily positive 
pions can be observed with the fluorocarbon Cerenkov 
counter. 

Figure 1 shows the observed energy distribution of 
500-Mev incident electrons after having been scattered 
from a Li’ target by 60° or 135° with respect to the 
incident beam in the laboratory system. Also plotted in 
the figure is the free-proton peak observed with a 
(CH), target but otherwise unchanged conditions. The 
areas are normalized in each case so as to correspond to 
equal numbers of incident electrons and scattering 
nuclei except that the free-proton peak is scaled down 
by a factor of five for reasons of convenience. 

The ratio of the two cross sections o1;/o, can be 
obtained directly from the areas under the corresponding 
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Fic. 1. The inelastic continuum for lithium (92.6% Li’) at 500 
Mev at a scattering angle of 60° and 135°. The free-proton peak 
scaled down by a factor of five is also shown. 


peaks of Fig. 1 after the 1/Z dispersive correction 
allowing for the constant relative momentum accept- 
ance of the analyzing spectrometer has been applied. 
Since it is difficult, when using a (CHe), target, to 
measure the fraction of electrons contained in the 
bremsstrahlung tail of the free-proton peak, this frac- 
tion was computed using the well-known equations for 
bremsstrahlung emission and the Schwinger-Suura radi- 
ative correction. They amounted to about 25 to 30% of 
the measured yield, depending on the energy at which 
the free-proton peak was cut off. No such radiative 
corrections, however, have been applied to the inelastic 
lithium continua since the bremsstrahlung tails them- 
selves contribute to the measured area of the continuum, 
causing a typical asymmetry in the distribution similar 
to the one actually observed. Omission of this correction 
is unlikely to affect the results by more than a few 
percent. More serious, especially at the larger scattering 
angles, since difficult to correct for, is the observed 
partial overlap of the inelastic continuum with another 
peak occurring at low momenta. This peak is due to 
electrons having produced real pions while being scat- 
tered. This partial overlap, which becomes more serious 
the heavier the nucleus, makes it somewhat difficult to 
find the total area under the curve one is interested in, 
and therefore reduces to some extent the reliability of 
such yield comparisons. An attempt was made to esti- 
mate the total area by reasonable extrapolation (method 
I) and it is thought that the error introduced through 
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TaBLE I. Summary of results for Li® and Li’. 





Li’? 





5.4 +0.8 
3.80 10-# 
0.69 0.2 


(o.i/op)1 5.2 +0.8 
a», cm*/sterad* 1.11K10™%! 
Ry 0.5; +0.2 


4.6 +0.8 
0.49 +0.2 


/ 
(OLi/Op) 11 


Ru 
0.22+0.12 


(on/op)o—0” 


0.45 +0.3¢° 


135° 
6.3 +1.3 
4.16X10™* 
1.1 +0.4 


135° 
7.0 +1.7 
4.16X 10-* 
1.0 +0.4 


115° 
6.9 +1.7 
6.5 X10-* 
0.93 0.4 


5.5 +1.2 
0.8; +0.4 


6.3 +1.6 
0.83 +0.4 


6.0 +1.2 
0.75 +0.3 


0.6; +0.35° 0.8340.3 


* Computed from the Rosenbluth equation for an exponential proton with rms-radius of 0.8 X10~" cm. 


> Values derived from the deuteron with A =0 taken from reference 1. 


® Interpolated values since in reference 1 values for on/op are reported for @ =75°, 90°, 105°, 120°, and 135° only. 


the uncertainty of the extrapolation does not exceed 20 
or 25%. Another approach (method II) consists in 
drawing a center line through the maximum of the 
continuum after application of the dispersive correction 
and taking only the high-energy part (right section in 
Fig. 1) of the continuum. The area of this section 
multiplied by two is then taken as the total area. But it 
is doubtful whether such a procedure makes more sense 
since the maximum of the continuum may be shifted 
either by final-state interaction, or by binding effects, or 
for some other reason. Furthermore, radiative and/or 
other effects can cause an asymmetry of the continuum. 
Lacking better methods, both procedures were used to 
find a value for o1i/oy. The results of method IT, since 
part of the radiative losses are neglected, should be 
considered only as a lower limit for o1i/c>. 


III. RESULTS AND DISCUSSION 


Table I summarizes most of the results obtained in 
these experiments. First the measured cross-section 
ratios o1 i/o, are listed as functions of scattering angle in 
the laboratory system for both Li’ and Li® at 500 Mev. 
In the case of Li®, data were taken only at 135°. Method 
II yields somewhat smaller cross-section ratios. The 
o1i/o, Values at 135° represent the averaged results of 
three independent runs whereas at 60, 75, 95, and 115° 
data were taken only once. The quoted errors are based 
on rather conservative estimates and are mainly caused 
by the uncertainty in judging the area under the 
inelastic continuum. Reproducibility of the o1i/o, 
values was better than 10%. Next in the table are given 
the theoretical cross sections for elastic scattering of 
500-Mev electrons from free protons computed from 
Rosenbluth’s equation.’ From these, o1; can be com- 
puted. The o1;/o, ratios determined at 500 Mev and 
135°, where magnetic moment scattering from the 
proton accounts for about 93% of the total scattering, 
are about equal to the number of nucleons inside the 
isotope investigated. At smaller scattering angles, mag- 
netic scattering from the proton is less dominant com- 
pared with charge scattering. Accordingly the ratio 
should drop with decreasing scattering angle, as was 
actually observed. 

™M.N. Rosenbluth, Phys. Rev. 79, 615 (1950). 


Next in Table I is given the quantity R, defined as 


1 (ori | 
R=— Sit 
Nlay,y | 


where V=3, 4 for Li®, Li’, respectively. If tentative 
validity of Eq. (1) as it stands is assumed for Li®”, i.e., 
A=0, then R would be equivalent to ¢,/o,. As was 
stressed in the introduction, theory does not provide a 
justification for such an assumption since nothing is 
known about the A-correction for lithium. A comparison 
of the R values derived from measurements on lithium 
with the o,/o, values determined by Yearian and 
Hofstadter! from deuterium with A=0 leads, however, 
to the surprising result that these two quantities agree 
fairly well within the limits of error. The (0;/¢p)a-o 
values from the work of Yearian and Hofstadter are 
given in Table I for comparison. Data obtained by 
Ehrenberg and Hofstadter® for beryllium and carbon, 
although yielding slightly higher R values, are again 
consistent with the results obtained for the deuteron 
within the limits of error. There may be some trend for 
R to increase if more and more nucleons are added, but 
the limited precision of the results available at present 
does not allow establishing such a trend. Two explana- 
tions seem possible to explain the approximate agree- 
ment between these measurements. The various correc- 
tions to Eq. (1) may just cancel each other, i.e., A=0, 
independent of A. Since some of the corrections are 
expected to depend on the mean distance between the 
nucleons within the nucleus which changes markedly as 
function of A between A=2 and A=12, such an acci- 
dental cancellation, although possible in principle for 
one particular nucleus, is not likely to occur for all A 
in this region. The alternative explanation that the 
individual corrections to Eq. (1) are each small by 
themselves seems equally surprising. Neither one of the 
two explanations can be discarded on the basis of these 
measurements. More precise measurements may pos- 
sibly reveal discrepancies between these three experi- 
ments but none such can be detected as long as the 
limits of error are not substantially reduced. 

A direct comparison between Li® and Li’ at 500 Mev 
and 135° is also feasible. If one takes Eq. (1) literally, 
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such a comparison would yield directly the additional 
neutron’s contribution to the scattering in Li’. The 
method, however, suffers from the same limitations 
since theoretically A is unknown. For comparison, after 
having made the 1/£ dispersive correction, the number 
of counts contained in the inelastic continuum down to 
the minimum where the meson production peak causes 
the continuum to rise again were added separately for 
both lithium isotopes. The fractional increase when 
going from Li® to Li’ turns out to be not more than 
(10.5+5)%, whereas a simple application of Eq. (1) 
with o¢,,/0p(500 Mev, 135°)=1 and A=0 would predict 
a fractional increase as large as 16.5%. One may again 
define a quantity R’ which can be related to the ob- 
served fractional increase and which would be equal to 
on/» if Eq. (1) is taken literally, ie., A=0. A percent- 
age increase of the area of only 10.5% leads to R’=0.45 
which is markedly smaller than the value R=1 which is 
given in Table I. The discrepancy between the two 
results may reflect the limitations of the method, 
although, as will be noticed, they do not disagree by 


500-MEV 
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more than is compatible with the stated limits of error 
of the two measurements. : 

We have abstained from deriving neutron form 
factors from the measurements reported in this paper 
since the theoretical interpretation of these experiments, 
i.e., the magnitude of the A-correction, is still uncertain. 
It may be mentioned, however, that a o,/o, value of 
0.45 would correspond to a magnetic cloud associated 
with the neutron roughly equal in size to that of the 
proton, whereas o,,/¢,= 1 would correspond to a slightly 
smaller neutron size. 


IV. ACKNOWLEDGMENT 


The author is grateful to Professor R. Hofstadter for 
helpful and stimulating discussions. He wishes to ex- 
press his appreciation for the support of the operating 
and maintenance crew of the Stanford Mark III linear 
accelerator. The author is furthermore indebted to the 
“Deutsche Forschungsgemeinschaft” for some financial 
support during the time this experiment was performed. 





PHYSICAL REVIEW 


Useful Symmetries of Strong Interactions 


VOLUME 115 


NUMBER 5 SEPTEMBER 1, 1959 


* 


J. J. Saxurart 
Institute of Advanced Study, Princeton, New Jersey 
(Received April 15, 1959) 


An attempt is made to deduce “useful” relations among strange particle reactions slightly stronger than 
those implied by charge independence in the conventional sense. As Pais has shown, there are no such 
relations that hold to all orders aside from those already contradicted by experiments. However, for the 
relative AZ parity even and Geaw=(+)Gxsw, Grza=(+)Gxrezs, there exist relations that are valid 
as long as virtual pions play no role (as is evident from a recent unpublished work of Feynman). In particular, 
If we have, in addition, Gy,s=()Grzz (which means that the x couplings and the K couplings exhibit 
opposite four-dimensional symmetries), the weaker condition that pions emitted by NV and = (A and 2) be 
not absorbed by A and = (WN and =) is sufficient for the validity of such relations. Empirical examples are 
given. The question of the baryon mass spectrum is discussed. 


I 


T present the subject of the strong interactions of 

strange particles is faced with several difficulties. 
First of all, experiments are not yet conclusive enough 
to answer some of the basic questions concerning these 
interactions; we do not know whether parity is con- 
served, nor do we know whether charge independence 
in the conventional sense is valid. (In particular, apart 
from the usual argument based on the approximate 
mass equality, we have no direct experimental evidence 
to support the view that K+ and K°® really form a 
charge doublet in the sense of Gell-Mann and Nishi- 
jima.) Secondly, even if we restrict ourselves to usual 
charge-independent, parity-conserving, Yukawa-type 
couplings, we still have eight coupling constants and 
three physically meaningful relative parities to be 
determined. Thirdly, even if we were given information 
on relevant coupling constants and relative parities, we 
would still be far from being able to calculate cross 
sections and polarizations because we lack reliable 
computational techniques ; dynamical calculations with 
several strong coupling constants are infinitely more 
difficult than dynamical calculations with a single 
strong coupling constant, which are already difficult 
enough. 

In recent years various symmetry models have been 
proposed in which relations among coupling constants 
stronger than those implied by charge independence 
are postulated. It is hoped that in such models, since 
we have a smaller number of constants to work with, 
we might be able to arrive at empirically verifiable 
relations among strange-particle reactions without 
being involved in detailed dynamical calculations. 
However, it has been shown by Pais that there are no 
relations among strange particle reactions stronger 
than those implied by charge independence that hold to 


* Supported by a grant from the National Science Foundation. 

t Now at The Enrico Fermi Institute for Nuclear Studies and 
the Department of Physics of the University of Chicago. 

1 J. Schwinger, Phys. Rev. 104, 1164 (1956). 

2 M. Gell-Mann, Phys. Rev. 106, 1296 (1957). 

3 J. Schwinger, Ann. Phys. 2, 407 (1957). 

4 J. J. Sakurai, Phys. Rev. 113, 1679 (1959). 


all orders aside from those already contradicted by 
experiments.®® This being the case, we must make some 
dynamical assumptions in order to make further 
progress. For instance, in the global symmetry model? * 
we may assume that the K couplings, which are alleged 
to be relatively weak, enter only once in K--p absorp- 
tion processes; an inequality relation based on this 
assumption does not appear to be too useful,’ but we 
can never tell whether the fundamental assumptions of 
the global symmetry model are wrong or the dynamical 
approximations employed are unjustified. 

In the present paper we make an attempt to obtain 
“useful” relations among strange-particle reactions 
stronger than those implied by charge independence but 
not so strong as the Pais S;-S: rule.* We do make some 
dynamical assumption concerning the role of virtual 
pions; motivations behind the assumption we make 
become more and more evident in the course of the 
paper. The validity of our symmetry model cannot be 
justified on a priori grounds; it has to be judged solely 
from the comparison of current experimental data with 
relations we derive. 

We first discuss reactions involving K particles but 
not pions (Sec. II). Pion couplings are introduced in 
Sec. III, and reactions involving both x and K as well 
as problems concerning the baryon mass spectrum are 
discussed in Sec. IV. Experiments that are of interest 
from the point of view of our symmetry model are 
discussed in Sec. V. 


II 


We assume that the strong-interaction Lagrangian 
can be written as a sum of charge-independent, Yukawa- 
type coupling terms unless otherwise specified. In 
addition, we restrict ourselves to the following coupling 
constant combination : 

Paz= +1, (1) 


Gran=Gxzxn, Grza=Grzs, 


where P,s stands for the relative parity of A and 2. Our 


5A. Pais, Phys. Rev. 110, 574 (1958). 
6 A. Pais, Phys. Rev. 110, 1480 (1958). 
7D. Amati and B. Vitale, Nuovo cimento 9, 895 (1958). 
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motivation for considering (1) is twofold. First of all 
(1) seems to be practically the only K coupling constant 
combination that leads to useful and physically interest- 
ing results. Secondly (1) is compatible with a model of 
strong interaction with a universal K coupling (= cosmic 
symmetry model), which has been arrived at in an 
attempt to establish connections between symmetry 
laws in isospin space and symmetry laws in Lorentz 
space.’ (Note, however, that the stronger relation 
implied by the cosmic symmetry model, Gxav=Gxzn 
=Grzs=Grzx, Pss=Pyz=1, is not necessary for our 
present consideration. ) 
The coupling constant combination 


Gran=—Gxzy, Grea=—Grzx, Paz=1 (2) 


is completely equivalent to (1) since (2) can be obtained 
from (1) via the transformation A—> —A under which 
the free-field Lagrangian is invariant. However, once 
we choose (1) rather than (2) by convention, the 
relative sign of G,sz and G,az is no longer arbitrary and, 
in fact, plays a very important role as we shall see later. 
In the following we take (1) rather than (2). 

As first pointed out by Pais® we can write down 
(suppressing y matrices) the K couplings satisfying 
(1) as 


(K ]=v2Gxy (NY K°+NZK*) 
+V2GK2(=VK+—ZZR°), (3) 
where 


m0 at LZ 
0) =E) GQ) 
n = i a 


Y= 2-4(A°—E°), Z°=2-4(A°+ 2°). 

We now consider strange-particle reactions which 
involve K particles but not pions explicitly (i.e., as 
external lines). If only the K couplings were important 
in such reactions, (3) would lead to relations valid 
independently of perturbation theory, i.e., any calcula- 
tion based on (3) with the assumption that pions do not 
play any role lead to certain definite relations. For 
example, 


a(Kt+-+n—> K°+p)/o(K++p — K++p)<1, 
o(K-+p — K°+n)/o(K-+p > K-+p)<1, 
o(K-+p—> E-+K+)/o(K-+p > B+ K%)<1, 
o(y+p— A+R?) /o(y+p > 2°+K°) 1. 


By the symbol <1 we mean that the numerator is 
suppressed in comparison with the denominator by a 
factor of 6?~0.005 where 6= (Ms—M,)/M4. Our asser- 
tions (5)—(8) are proved in the Appendix. As far as those 
reactions which involve K but not m are concerned, 
the consequences of our selection rules are identical to 
those of the Pais $;-S» rule.® 


(5) 
(6) 
(7) 
(8) 


8 G. Feinberg and F. Giirsey, Phys. Rev. 114, 1153 (1959). 
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We now look at experiments. As for the validity of 
(5) the charge-exchange scattering of K+ seems to be 
small at low energies (Tx <50 Mev)’; we do not ask at 
the present stage what makes the charge-exchange 
cross section increase at higher energies. The charge 
exchange of K~ seems to be smaller than the elastic 
K~--p cross section by a factor of 7 or so at all energies 
investigated so far so that (6) may not be too remote 
from reality.!° Experiments are currently in progress to 
produce = hyperons by a high-energy K~ beam. 
According to our selection rules neutral 2 hyperons 
should be produced much more abundantly than 
charged = hyperons in K-- collisions. Very preliminary 
data of the Berkeley hydrogen chamber group (based 
on one =” event and no =~ event), o(=~K+)/a(=°K") <3, 
are not in disagreement with (7).!' Note that the pro- 
duction of charged = hyperons is fully allowed in K~-n 
collisions so that =~ can be produced abundantly in a 
propane chamber exposed to a K~ beam. As for associ- 
ated photoproduction (8) seems to hold at comparable 
K* energies.” 


Ill 


If the relations (5)—(8) had noting to do with reality, 
we would conclude either that the coupling constant 
combination (1) is wrong or that interactions other than 
the K couplings (e.g., pion couplings) are so important 
in those reactions that the proposed symmetry which 
would presumably hold in the absence of “other” 
couplings is devoid of physical content. On the other 
hand, should future experiments further confirm (5)—(8) 
in certain cases, we must ask why these relations are 
valid even in the presence of other interactions. One 
explanation would be that the pion couplings are weak ; 
but since experiments based on K+ scattering and 
associated photoproduction seem to indicate that the 
pseudoscalar coupling constant for the KAN interaction 
is about 10 times smaller than the corresponding 
coupling constant for the rN interaction (the pseudo- 
vector coupling constants are roughly the same in both 
cases), this seems to be a weak explanation. An alter- 
native explanation is this: The pion couplings are of 
such nature that the K symmetry that would hold in 
the absence of the pion couplings is not disturbed too 
much even when we switch on the pion couplings. It 
may well be that our case here is somewhat similar to 
the 6-decay case. In spite of the fact that the strong 
interactions are stronger than the weak interactions 
by many orders of magnitude, the 6-decay constant 
relation Cy=—C,4 which would presumably hold 
exactly in the absence of the strong interactions is not 


9 See, e.g., M. F. Kaplan’s report in 1958 Annual International 
Conference on High-Energy Physics at CERN, edited by B. Ferretti 
(CERN, Scientific Information Service, Geneva, 1958), p. 171. 

© Nordin, Rosenfeld, Solmitz, Tripp, and Watson, Bull. Am. 
Phys. Soc. 4, 24 (1959). 

1C, W. Alvarez eé al., Phys. Rev. Letters 2, 215 (1959). 

2B. D. McDaniel et al., Phys. Rev. Letters 1, 109 (1958). 
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greatly disturbed even in the presence of the strong 
interactions. 

In writing down the pion-hyperon interaction we note 
that the most general charge-independent coupling of 
pions to A and 2 with P,x=1 takes the following form: 


Gyaz(nAEZ+nEA)+G,222(ZXZ) 
=Gan(¥2¥+ZeZ)4+Gen(V2eV+WeW), (9) 


rato) w=(,-) 


Ga=}(Grzzt+Graz), 
Ga=}(Grzz—G 


Note that V and W can be obtained from Y and Z in (4) 
by the transformation A— —A. (9) says that any 
charge-independent coupling of x to A and = can be 
regarded as a linear combination of two doublet-type 
couplings. The G4 term, so to speak, respects the 
doublet structure we used in the K couplings (3) 
whereas the Gg term exhibits a doublet structure 
opposite to the one used in the K couplings. 
We consider the following three cases. 


where 


(10) 


rAz)- 


Model (CE G,=0, Gras=Grzz 


In this case the K symmetry selection rules become 
exact (except for a kinematical factor of the order 6?) 
even in the presence of the pion couplings independently 
of any dynamical approximation. Also, as shown by 
Pais,’ the above coupling-constant relation together 
with (1) forbids 
(11) 


(12) 


r+ p> 2t+Kt, 
K-+p—> t+, 


whereas experimentally these reactions seem to be fully 
allowed. The A mass and 2 mass remain the same if 
A and © are degenerate to start with. 


Model (II) : 


This coupling constant relation, which was first 
considered by Feynman," arises naturally if we assume 
that the pion field is coupled linearly to the total 
isospin of the baryon fields. The selection rules in 
Sec. IT still hold to the extent that virtual pions can be 
ignored. For processes with external pion lines the 
Pais S;-S2 rule no longer holds so that the reactions 
(11) and (12) are fully allowed. Again to the extent that 
virtual pions play no roles the A production amplitude 
in x--p or K~-p collisions can be eupuessed in terms of 
the two 2 production amplitudes (I=, 3 for r-p, 7=0, 
I=1 for K~-p) as shown in detail in Sec. IV and the 
Appendix. Thus once we make the dynamical assump- 
tion that virtual pions are unimportant, there exist 
“medium strong” relations which are not so restrictive 


13R, P. Feynman (unpublished). 


Gi=Gz, Grrx=0 
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as the relations imposed by the Pais S,-S2 rule but 
more restrictive than the relations imposed by charge 
independence. Actually our remarks so far hold quite 
generally for Gs#0, Gg¥0. Feynman’s particular 
choice G4=Gpz, Graz=0 seems unnatural because the 
binding of hypernuclei may be difficult to account for 
if there is no rAZ coupling (unless the K couplings are 
stronger). 


Model (III): =0, Grazs=—Grrx 


This coupling relation together with (1) means that 
the pion coupling (to A and 2) and the K couplings 
exhibit opposite four-dimensional symmetries.**:* Now 
the weaker dy namical condition that virtual pions 
pares by A and = (NV and &) be not absorbed by 

V and & (A and 2) is sufficient for the validity of the 
“medium strong” relations. Crudely speaking, the 
above dynamical assumption is equivalent to the 
assumption that the four-dimensional symmetry of 
the K couplings does not clash with the opposite four- 
dimensional symmetry of the pion couplings (to A and 
2). Only those virtual pion lines which connect V and 
=, on the one hand, with A and &, on the other, lead to 
a clash between the two opposing four-dimensional 
symmetries. All these assertions are proved in the 
Appendix. 


IV 


We now look at some of the ‘medium strong”’ 
relations among reactions involving both K mesons and 
a mesons. Consider K~-p absorption processes. In the 
usual isospin formalism the various amplitudes for 


K-+p— D404 q7 0, (13) 


are expressible in terms of two amplitudes (J=0, J=1) 
but the amplitude for 


K-+p— A°+7°, (14) 


bears no relation to the two =-r amplitudes. On the 
other hand the Pais S,-S2 rule imposes the condition 
that the J=1 2-x amplitude be related to the J=0 =-x 
amplitude in such a way as to make the 2+-x~ amplitude 
vanish (V2a;~0= —VSar— , in the usual convention) and, 
in addition, that the 2°-1° amplitude be the same as the 
A°-r° amplitude. In Model (IT) and Model (III), if the 
respective dynamical condition is satisfied, we have the 
following situation: (a) The J=0 2-1 amplitude and 
I=1  >-n amplitude are in general not related to each 
other. (b) The A°-x° amplitude is identical to the 2°-1° 
amplitude. The statement (b) does not seem to be 
satisfied for the experimental capture rates at rest. But 
the effect of the A-> mass difference may be considerable 
at such low energies; in this connection we note that the 
exothermic reaction (13) has “nonphysical threshold” 
of —103 Mev whereas the nonphysical threshold of (14) 


14 See Sec. IV of reference 5. 
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is —182 Mev. Rather we should compare pxoay with 
prox, at the same pion momenta. This means, for 
instance, that we should compare px©™ a4, at px©-™ 
= 250 Mev/c with pr ™ axe at pxe-™) =400 Mev/c. 
The available data are still inconclusive. 

A similar analysis with associated production in r-p 
collisions leads to the following “‘parallelgram relation” : 


a(2+K+)+-a(2-K+) =v2a(2°K°), 


; mg (15) 
a(3+K+)—a(-K+)=v2a(A°R®), 


from which follows 


o(+K+)+o(2-Kt)=a(A°K°)+o(2°K"), (16) 


for both the total and differential cross sections.'® 
The available data do not seem to satisfy (16) since 
neutral and charged hyperons tend to be produced 
backward and forward, respectively.'® 

As mentioned previously, our “medium strong” 
relations coincide with the relations that follow from 
the Pais S,-S2 rule for those reactions which do not 
involve pions as external lines. The question naturally 
arises as to why those relations are not satisfied in some 
cases. For instance, the charge-exchange scattering of 
K+ which should be “forbidden” to the extent that our 
dynamical approximations are valid increases rapidly 
with energy.’ We have no specific dynamical explana- 
tion for this peculiar behavior apart from our general 
view that virtual pions in general or virtual pions 
emitted by A, = (N,2) and absorbed by J, = (A,2) 
[depending on whether we subscribe to Model (II) or 
Model (III)] come to play important roles. In any 
case it is worth noting that the energy interval during 
which the A+ charge-exchange cross section grows 
rapidly is characterized by the pion mass rather than by 
the K-particle mass, and in the absence of any concrete 
explanation this might be taken as evidence for our 
line of thinking that virtual pions (in general or of a 
specific kind) are responsible for breaking the ‘‘medium 
strong”’ relations.'® 

We now turn to the problem of the baryon mass 
spectrum. In Model (II) the A-2 mass difference is a 
direct manifestation of the fact that the wAD coupling is 
null but the 72> coupling exists. So if we could ignore 
virtual pions coupled to 2, A and 2 would remain 
degenerate. So both the approximate validity of the 
“medium strong” relations and the smallness of the 
A-2 mass difference are consequences of the same dy- 
namical assumption that virtual pions are unimportant. 

In Model (III) to the extent that virtual pion lines 
do not connect A and ¥, on the one hand, with NV and =, 
on the other, the A-Y mass difference should be zero. In 
the language of perturbation theory, diagrams such as 
Fig. 1(a), (b) do not contribute to the A-2 mass differ- 
ence. Only diagrams such as Fig. 1(c) lead to the A-> 


15 For the Pais S;-S2 rule set a(2+Kt) =0 in (15). 
16 But such a tendency may lead to a difficulty with charge 
independence. See J. J. Sakurai, Phys. Rev. 107, 1119 (1957). 
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DA) 


LIA) 


DIA) 


Fic. 1. Self-energy diagrams for A and &. (a) and (b) contribute 
to the A-> mass difference in Model (II) but not in Model (IIT). 
(c) is the lowest order diagram that contributes to the A-2 mass 
difference in Model (III). 


splitting. In Model (III) also the smallness of the A-2 
mass difference and the approximate validity of our 
medium strong relations stem from the same dynamical 
approximation: Contributions resulting from a clash 
between the two oppossing four-dimensional symmetries 
are not too important. Model (III) seems to be more 
natural than Model (II) since Model (II) is not tenable 
unless the w= coupling is relatively weak. Note in this 
connection that diagrams like Fig. 1(a), (b) contribute 
to the A-Y mass difference in Model (II) but not in 
Model (III). 

So far we have not touched the question of the origin 
of the \V-Z asymmetry (as manifested in the baryon 
mass spectrum). Model (III) is consistent with either 
the global symmetry model or the cosmic symmetry 
model. If there are no “other” interactions (such as 
Ko, KBy,B considered by Budini ef al.!”), the difference 
between the global symmetry hypothesis and the 
cosmic symmetry hypothesis hinges on the question of 
whether the .V-Z asymmetry is brought about by the 
K couplings or by the w couplings. Since the V- mass 
difference is rather large, we expect that either the K 
couplings or the mw couplings are quite asymmetric 
between NV and &. Perhaps the global symmetry 
hypothesis is most directly tested by comparing the 
production of == pairs with the production of NV 
pairs in 7 nucleon collisions.’ Since such an experiment 
is not feasible right now, we might resort to various 
virtual effects such as the r° decay'’® and Z--Z° mass 
difference” to test whether G,vy ~G,zz as implied by 
the global symmetry model or G,yn>>G,zz as implied 
by Schwinger’s earlier model! and the author’s.‘ In any 
case it is important for us to be able to reach the con- 
clusion experimentally that either the AK couplings or 
the m couplings (or possibly both) must be asymmetric 
between .V and = independently of any argument based 
on the .V-Z mass difference (since the view that the 
baryon mass differences are due to the strong inter- 


17 Budini, Dallaporta, and Fonda, Nuovo cimento 9, 316 (1958). 

18 B. d’Espagnat and J. Prentki, Nuclear Phys. 9, 326 (1958). 

19M. L. Goldberger and S. B. Treiman, Nuovo cimento 9, 451 
(1958). 

2%” J. J. Sakurai, Phys. Rev. 114, 1152 (1959), 
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actions alone is not convincing to some authors”). 
Initial attempts along this line have been recently made 
by Feinberg and Behrends.”* 


Vv 


In this section we list experiments that are of interest 
from the theoretical point of view in advancing our 
understanding of the strong interactions of strange 
particles. 

(1) Before we proceed any further it is important to 
know whether some of the basic principles we have 
assumed are physically realized in nature. In particular 
(especially in view of a recent suggestion of Pais”) it is 
important to check experimentally whether K+ and K° 
indeed form a doublet in the sense of Gell-Mann and 
Nishijima. Channel-by-channel, energy-by-energy, and 
angle-by-angle comparisons of strange-particle produc- 
tion cross sections in wt-d and m--d collisions are 
urgently needed.’* 

(2) We should like to know whether parity is con- 
served in strong interactions. Only then can we talk 
meaningfully about the relative A-2 parity and the 
relative K-A parity. Note, in this connection, that all 
“useful” symmetry models hitherto proposed require 
the A-2 parity to be even. Further the \-Z parity must 
be even if the cosmic symmetry model holds. Un- 
fortunately, experiments suggested to determine Pa: 
and Pyz seem to be somewhat difficult at present.” 

(3) Earlier in this paper we have conjectured that the 
Pais S;-S2 rule does hold to some extent for reactions 
involving K particles with no external z lines. We should 
like to know how valid this conjecture is. The energy 
dependence of the K+ charge-exchange scattering cross 
section and the charged-to-neutral ratio of Z hyperons 
produced in K~-p collisions are of particular interest. 

(4) We may ask how far the A amplitudes can be 
correlated with the corresponding > amplitudes in K-- 
nucleon processes and in associated production processes 
along the lines indicated in Sec. IV. 

(5) Experiments that throw light on the origin of 
the N-Z asymmetry (indirectly manifested in the 
baryon spectrum)—e.g., experiments that indicate 
Gxn¥Gex and/or Gyyn¥G,zz (or even the presence 
of other non-Yukawa type couplings that may split V 
from =)—are of extreme interest no matter how crude 
they may be. 
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% See, e.g., A. Pais and S. B. Treiman, Phys. Rev. 109, 1759 
, (1958); Okun, Pomeranchuk, and Shmushkevich, Zhur. Eksptl. i 
Teoret. Fiz. U.S.S.R. 34, 1246 (1958) [translation: Soviet Phys. 
JETP 34, 862 (1958) ]. 


SAKURAI 


APPENDIX 


In this section we develop techniques that enable us 
to prove the various assertions made in the text. The 
methods we use are essentially those employed in 
Feynman’s work.® 

Following Pais®!*4 we introduce J spin (Pais’ J spin) 
and Ig spin (Pais’ K spin) such that 


I=I,+lk, (17) 


where J stands for the ordinary isospin. We assign 
Kt: (0,4); K°: (0,9), 
p: (4,0); mn: (4,0), 
+: (4,0); =>: Gd), 
: 2C(t0)— Wt), 
>: 24 (tH)+0,0)], 
: (4,0); Zo: (4,0), 


where the first and second entries in the bracket 
denote J43; and J3, respectively, and ¢ stands for a 
half-unit of the third component of J4 or Jp. The K 
couplings (3) in Sec. IL are clearly invariant under 
rotations in 74 space in which K’s are singlets and A 
and Y form two doublets. If reactions involving K 
particles but not pions proceed via the K couplings 
alone, 1,? is a good quantum number. The relations 
(5)-(7) follow from the conservation of J4 spin. (8) 
follows since the electromagnetic interaction respects 
the cylindrical symmetry around the J 4; axis. It is easy 
to see that the conservation of J43; together with the 
conservation of J; is completely equivalent to the 
separate conservation of S; and S2 in Pais’ work.® 

We now look at the structure of the most general 
charge independent couplings of x to A and &, (9). We 
see that it is impossible to assign J4 spin and J, spin 
to pions in a consistent way except in Model (I) 
(Gz=0). The reason is that the charge independence of 
the VV coupling and the Z= coupling forces us to 
assign J4=1, Jp=0 to pions coupled to N and & 
whereas the very presence of the Gg term implies that 
pions are sometimes coupled to the Jz spin of A and 2. 

But let us pretend, for a moment, that there are in 
fact two kinds of pions, r4 and 7g, such that a4 is 
coupled to the J4 spin of baryons and zz is coupled to 
the J, spin of baryons. An “external” pion line can be 
regarded as either a 74 line or as a 7g line depending on 
whether the pion is emitted (or absorbed) in a given 
diagram by NV, =, Y, Z, or by V, W. To the extent that 
m4 and az can be regarded as different, I,? and I,’ are 
both “good.” The relations implied by the separate 
conservation of I4? and I? are the “medium strong” 
relations discussed in Sec. IV. To obtain such relations 
we simply sum the reaction amplitude expected when 


*4 A. Pais, Proceedings of the Fifth Annual Rochester Conference on 
High-Energy Physics, 1955 (Interscience Publishers, Inc., New 
York, 1955), 
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the external w is r4 and that expected when the external 
m is rz. The reason that the “medium strong” relations 
are less restrictive than the relations that follow from 
the Pais S;-S2 rule [Model (I)] is that the pion can 
have either 7,4=1, 7,=0 or J4=0, Jp=1 in Models (II) 
and (III) whereas in Model (I) pions always have 
[= ie fn=0. 

Now we say that in reality there exists only one kind 
of pion and that r4 and zw, are actually the same 
particle. So we ask: Under what conditions are the 
“medium strong” relations valid? In Model (II) a 
virtual pion is responsible for breaking the “medium 
strong” relations since it can be emitted as m4 and 
absorbed as zz in the same diagram. In processes where 
virtual pions are not expected to play important roles, 
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the “medium strong”’ relations are valid (as first pointed 
out by Feynman"). In Model (ITI) ra is coupled to A 
and = whereas wz is coupled to A and &. Hence, if 
virtual pions emitted by N and = (A and 2%) are not 
absorbed by A and = (N and 2), the “medium strong” 
relations are expected to hold. 

Actually we can do slightly better in Model (III). 
Since the coupling constant combination (1) with 
Gyaz=—G,zz is completely equivalent to (2) with 
Gras=G,szx, in the absence of the K couplings there is 
only one kind of 7, namely 74. So for processes in which 
the K couplings are unimportant there exist another 
class of relations in Model (IIT). Some example of such 
relations have been already considered in connection 
with the production of baryon-antibaryon pairs.'8 
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The meson-meson scattering term has been investigated within 
‘the static. approximation for a nucleon. First a static Hamiltonian 
is constructed from the renormalizable covariant meson theory 
in a manner similar to that proposed by one of the present authors. 
Improvements are that the meson-meson scattering term is 
included besides the pseudoscalar-pseudoscalar coupling term 
and that an argument is presented to show that the Foldy trans- 
formation is the unique one generating a valid static Hamiltonian, 
though it was left undetermined before. The resulting static 
Hamiltonian is then analyzed, for the cases of low-energy S- and 
P-wave pion-nucleon scattering and threshold photomeson 
production, in terms of the one-meson approximation of the 
Chew-Low-Wick formalism, without recourse to perturbation 
expansion. It is shown in particular that the meson-meson 
scattering term modifies the Chew-Low effective range plot of the 


I. INTRODUCTION 


SIMPLE model in which a nucleon is assumed as 

at rest' has been successful in analyzing low- 
energy phenomena. An entirely covariant approach 
which makes as few assumptions as possible has also been 
successfully developed, whose basic equations are known 
as dispersion relations.? These two approaches reflect in 
many ways characteristics of the renormalizable 
covariant meson theory. We may, therefore, regard 
these successes as more or less indirect supports to the 
current meson theory. It is still quite desirable to have 
a more direct way of showing its consistency with low- 
energy data, especially in such a way that two basic 
coupling constants, the ps-ps coupling constant and 
the meson-meson scattering constant, are uniquely 
determined. Determination of the latter is particularly 
interesting since such has never been done and a 
positive evidence for this term would be a strong 
support to the renormalizable meson theory. Here one 
should not confuse the meson-meson scattering term 
in question with an effective meson-meson interaction® 
which was introduced in connection with high-energy 
phenomena. 

One of the present authors! proposed a method of 
constructing a static Hamiltonian from the relativistic 
ys Hamiltonian and of carrying out the analysis of the 
resulting nonlinear Hamiltonian without recourse to 
perturbation expansion. The essential steps consist of 

* Supported in part by the National Science Foundation. 

1G. C. Wick, Revs. Modern Phys. 27, 339 (1955); G. F. Chew 
and F. E. Low, Phys. Rev. 101, 1570 and 1579 (1956). 

2M. L. Goldberger, Phys. Rev. 99, 979 (1955); Goldberger, 
Miyazawa, and Oehme, Phys. Rev. 99, 986 (1955); Chew, Gold- 
berger, Low, and Nambu, Phys. Rev. 106, 1337 and 1345 (1957). 

3F. J. Dyson, Phys. Rev. 99, 1037 (1955); G. Takeda, Phys. 
Rev. 100, 440 (1955). 

4M. Sugawara, Prog. Theoret. Phys. (Kyoto) 18, 383 (1957). 


533-phase shift, making the renormalized P-wave coupling constant 
smaller than the conventional plot gives, for a positive coefficient 
of the meson-meson scattering term in the Hamiltonian. Empirical 
values of the coupling constant determined through the con- 
ventional Chew-Low plot and threshold photomeson extrapolation 
are shown to be interpretable in terms of the renormalized P-wave 
coupling constant of 0.08 and the meson-meson scattering term 
with a coefficient of ~+4 (h=c=1). The present treatment of 
threshold photoproduction of mesons, however, does not agree 
with the relativistic dispersion relation. General features of the 
static model resulting from the ps-ps meson theory are summarized 
in the final section, together with the conclusions obtained. The 
effects of strange particles and of renormalization have been 
neglected. 


assuming the static approximation for a nucleon after 
a certain canonical transformation is applied to the 
original y; Hamiltonian, and then applying to it the 
Chew-Low-Wick formalism,! without using any pertur- 
bation expansion, even though the renormalization 
cannot be carried out rigorously. 

In the present paper, the same procedure is applied 
to the case where the meson-meson scattering term is 
included, while the pseudoscalar-pseudoscalar (ps-ps) 
coupling term alone was assumed previously.‘ Another 
improvement is that an argument is presented (Sec. IT) 
to show that the Foldy transformation is the unique 
one that generates a valid static Hamiltonian, although 
it was left undetermined before.‘ 

The basic question whether this static approximation 
is good was investigated by the other of the present 
authors.® He estimated the lowest order correction to 
the static Hamiltonian when the Foldy transformation 
is applied. The correction was found not to be so great 
as to invalidate the whole scheme,‘ though it may not be 
quite negligible. 

The previous work‘ has shown that the ps-ps coupling 
term is virtually equivalent, regarding low-energy 
pion-nucleon scattering, to the static models thus far 
proposed.!: It is shown in Sec. III that the meson- 
meson scattering term induces a new term which is 
quadratic as regards P-wave mesons, besides modifying 
two coupling constants out of three assumed in the 
static models.'® 

Effects of these modifications are then investigated 
in Secs. IV and V for the cases of S- and P-wave pion- 
nucleon scattering, respectively. Interesting points are 
that the meson-meson scattering term with a positive 


5 A. Kanazawa, Progr. Theoret. Phys. (Kyoto) 19, 330 (1958). 
6 Drell, Friedman, and Zachariasen, Phys. Rev. 104, 236 (1956). 
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coefficient in the Hamiltonian’ contributes appreciably 
to S-wave pair-damping and that it acts to reduce the 
renormalized P-wave coupling constant from what is 
determined by the conventional Chew-Low plot of the 
533-phase shift.! 

The same procedure is applied in Sec. VI to threshold 
photoproduction of mesons. It is concluded that a 
smaller coupling constant is prevailing here than the 
P-wave coupling constant effective in scattering. This 
point is further criticized in connection with the 
relativistic dispersion relation on the same subject.? 

Various parameters relating to the meson-meson 
scattering term are estimated numerically in Sec. VII, 
using the Tomonaga intermediate-coupling approxi- 
mation. These theoretical values are compared with 
empirical figures. The meson-meson scattering constant 
is finally estimated as ~4 (h=c=1). 

In the final section we summarize characteristics of 
the static model resulting from the renormalizable 
meson theory and also the main conclusions obtained 
as regards the meson-meson scattering term. 


II. FOLDY TRANSFORMATION 


The relativistic ys Hamiltonian is given in the 
Schrédinger representation by 


A= [Vip-vtmbax+s { C+ d:(u?—A)¢ |dx 
tif [ Vree-ooanta f (¢-9)°dx—Im [dds 


—int { (¢-§)ax—04 f (6-9), (1) 


where the ps-ps coupling constant f and the meson- 
meson scattering constant d are two adjustable param- 
eters. We impose upon the canonical transformation 
which generates a valid static Hamiltonian, in just 
the same way as before,‘ the following conditions: it is 
(i) a charge scalar, (ii) a scalar against space rotation 
and inversion, (iii) not always invariant under the full 
Lorentz transformation, (iv) an odd function of ¢, and 
(v) not a function of the derivatives of ¢ and its 
conjugate x. Another motivation for the final require- 
ment is that the transformation should commute with 
the meson-meson scattering term. Thus the trans- 
formation assumes an expression 


exp (if/2m) f Hix) +-r00(0)) 03 Hh aa), 


where v(x) and w(x) are two arbitrary real and even 
functions of x= ({/2m),/ (¢°). 

7 This positive coefficient is also consistent with the classical 
correspondence principle. This point was pointed out to the author 
by Professor G. Wentzel. 
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Although (2) is more general than was assumed by 
Berger, Foldy, and Osborn,® we now impose on (2) the 
same requirements as theirs, namely that this trans- 
forms if JYyse: dydx+ fymypdx in (1) into a totally 
even term as regards Dirac matrices. This requirement 
is equivalent to assuming an expansion of (1) in inverse 
powers of the nucleon mass m. This explains our 
motivation for this requirement, since the static 
approximation is valid only when the nucleon rest 
energy is the most dominant among all energies in- 
volved. Following the same method as Berger et al., we 
can show that this requirement determines v(x) and 
w(x) uniquely as 


v(x) =90, 


which gives exactly the Foldy transformation. We 
therefore adopt the Foldy transformation as the unique 
transformation that permits a valid static approxi- 
mation to (1). It is added that it was for this trans- 
formation that Kanazawa’ investigated the appropriate- 
ness of our procedure. 


w(x) = (tan 2x )/2x, (3) 


III. MATHEMATICAL TREATMENT OF THE 
MESON-MESON SCATTERING TERM 


Since the Foldy transformation (2) and (3) commutes 
with the meson-meson scattering term in (1), the static 
Hamiltonian which is obtained by approaching the 
static limit for a nucleon after the Foldy transformation 
is applied to (1) is the simple sum of those obtained in 
the previous work* and the meson-meson scattering 
term (d-term): 


H'= (f/2m)((0-¥) +: f(x) 
+ (f/2m)*(2-46)[(o-V) 2-6 | (2: b)g(x) +2mh(x) 
+ (f/2m)*L2- 6X ah(x)+k(x) 2: 6X2 |/2 


rd f (4: #)%As, (4) 


where we used the same notations as before,’ f(x), g(x), 
h(x) and k(x) being defined by (4) and (7) or (9) of 
reference 4. It is remarked that no perturbation expan- 
sion was used to get (4), while the renormalization 
could not be done and therefore all the infinite terms were 
simply dropped after the transformation was applied to 
(1). It is understood correspondingly that the d-term in 
(4) is well-ordered so that it does not include any self- 
energy processes. 

In the one-meson approximation of the Chew-Low- 
Wick formalism,’ we need to evaluate physical nucleon 
expectation values of commutators of the d-term with 
meson creation and annihilation operators,a, .* and 
Qa. According to the previous work,‘ it is most con- 
venient to define 


Aka= (Aka*+ dxa)/V2, Ben: 1(Aka* — Aya) /V2. (5) 


® Berger, Foldy, and Osborn, Phys. Rev. 87, 1061 (1952). 
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Then it is straightforward to get 


[d-term,A ka | 
{> [d/ (200!) 9 (dura t+ a_x’a”) 
8 


ee? 


eaetgers 
MK (ierpt d—neg*) (dep t+ a_wrg*)} 
(6 


MK (Gresser gnc pt — Oeics 
[d-term,Bxa | 


=j > 3 CD Grier gicr per PO teste pepe), 
eeerger? 
where the vacant curly bracket stands for the corre- 
sponding part of the above expression. 

According to Appendix I of reference 6, the physical 
nucleon expectation values of these commutators 
change signs if k is replaced by —k. Upon examining 
the right-hand sides of (6), we see that [d-term,A xa | 
has this property, while [d-term,By.] remains un- 
changed on replacing k by —k. Thus the expectation 
value of the latter has to vanish. In regard to the former, 
we can conclude, because of its dependence on isospin 
and k and its parity and Hermiticity, that 
W|(d-term, Axe ||y’ 

= [iE (R*)/pr/w |u| (o@-k)7q| 0’), (7) 
where the y’s describe physical nucleons and the w’s are 
corresponding free Dirac spinors and we have defined 
a real scalar £(k?), a function of k? and proportional to d. 

We now combine (7) with (19) of the previous work , 
which leads to 
W/L Axa ]|¥’) 

i{Lgt+é(h*) |/ur w} <u} (a-k)tq|u'), (8) 
U ae, 

| H Bra }|y )=0. 
It is seen that the renormalized P-wave coupling 
constant* becomes energy-dependent, in general, due 
to the meson-meson scattering term. This energy 
dependence is, however, not significant according to 
Sec. VII, since it is shown there that & in the expansion 
E(k?) = fot (k/u)*ért - -- (9) 
is small compared with g+&. The two terms g and 

£(k?) in (8) are schematized in Fig. 1. 

We then construct double commutators, 


[ Ay-g,[d-term, A xa | | 
= 2 [d/2(ww'w"w’””)* |Lbas > (y1y + G_41y*) 
7 


k’ "ke!" 
MK (ier yA agg) 42 (Cera t da") 
XK (ayeerp ayers) If —Septer per pee 
Fb _ ete pte pe FO te pe pe” 


— bn pe ye}, (10) 


AND A. 
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and three others which include different linear combina- 
tions of the four 6-functions occurring in (10), but 
otherwise are the same as (10) except for a factor 7. 

We first notice that all these are symmetric tensors of 
the second rank with respect to a and f. Therefore, their 
expectation values are proportional to (#| ta78+ 78Ta| «’ ) 
or 6.8, which enables us to replace 


(Aya O10) (Ae? p+ Op") 
by 
bap ya (Oxy G44") (Ayr y fF dy rry*)/3. 


We next observe following even-odd and symmetry 
properties from explicit expressions of commutators, 


interchange 
of k and k’ 
symmetric; 
asymmetric ; 
asymmetric; 
symmetric. 
(11) 


k—>-k k—-k’; 
odd, odd, 
odd, even, 
even, odd, 
even, even, 


[ Ax-g,[ d-term,A xa |}: 
[ By-s,{.d-term,. { ka | | ; 
[A x's, d-term,Bya | | : 
[ Byrg,[d-term, Bua |]: 


According to a general argument (Appendix I of 
reference 6), the expectation values of these stay 
unchanged under simultaneous change of signs of k 
and .k’. We finally remark that these are Hermitian 
and scalar. We thus can conclude that 


W|[Aws,[d-term,A a | ]|¥’) 
=(k,k”)baa(k-k’)/u>(ww')', 


| (Bus,[d-term, Bra | ]|y/)= 25 (Rk )bap/ (wo')', 
and the other two vanish. We have here defined two 
real scalars » and ¢ which are both proportional to d 
and symmetric functions of k® and k”. 

On combining (12) with (22) of the previous paper,‘ 
we finally get 
| [Awe LH Ana] )|W’) 

=n(k°,R” Joa (K- k’)/p*(ww')', 

| CAws,LH’, Bra JJ|W)= | (Bra, LH’ Av's J]|¥’) 


=)(w'/w)*(u| €argty|u’), 
| vB! | 


(12) 


(13) 
W|(Bys,LH’, Bra} ]|Y’) 
= 2[ rot ft (RR?) Wbap/(ww’)?, 


with the same notation as before.‘ We see that the 
meson-meson scattering term gives rise to a new term 
[the first of (13) ] which is evidently quadratic with 
respect to P-wave pions; it also affects one of the S-wave 
pion-pair terms, the isospin-independent one, making 
its net coupling constant energy-dependent. Diagrams 


9 E(k 
Fic. 1. Diagrams representing 
processes leading to g and £(&?) in 
(8). Both give rise to pure P-wave 
scattering. The shaded area repre- 
sents the interaction with a 
physical nucleon. 
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corresponding to the various parameters are shown 
in Fig, 2. As for the energy dependence of » and ¢, 
Sec. VII shows that the expansions 


n(k?,k”) =not+L(R+R?)/u? m+: --, 
CBR =SoF LOB ER Tt, 


are rather poor, in contrast with (9). 

It is instructive to give an explicit expression of the 
effective interaction Hamiltonian which gives the same 
expectation values as (8) and (13): 


H’= (9+ §—fo)(0-V) = $/u-+no(gradg)?/2y 
+ (ot So) P+At- OX 2, 


where barred parameters are the unrenormalized forms 
of the unbarred ones; (15) is equivalent to (4), insofar 
as low-energy pion-nucleon scattering is analyzed in 
terms of the one-meson approximation of the Chew- 
Low-Wick formalism.! (15) is correct only in the lowest 
energy region: As the energy gets higher, we have to 
insert A-operators wherever mo and {o appear, corre- 
sponding to the energy dependence of » and ¢. It is 
added that the P-wave coupling constant is g+ £p alone, 
even though #o occurs in the first term of (15): The 
second term also contributes to (8) and cancels out a 
term with jo in the first term. 


(14) 


(15) 


IV. S-WAVE PION-NUCLEON SCATTERING 


We have seen in the previous section that the analysis 
of S-wave scattering due to Drell ef al.° is modified by 
the meson-meson scattering term only through the 
replacement of Ao by Ao+f(k’,k”). This energy de- 
pendence, however, makes it very complicated to solve 
the integral equation with ¢(k?,k”) included. In this 
paper only qualitative considerations are given below. 

We recall a result obtained in the previous work‘ that 
the ps-ps coupling term alone gives, as long as the 
renormalization is dropped, too large a Apo to fit the 
empirical value determined by Drell et al. in the case of 
the Foldy transformation, while the theoretical value 
of \ seems reasonable. This situation would be improved 
if the meson-meson scattering term gives a negative 
fo, since Ao is positive and the d-term does not modify A 
at all. According to Table III in Sec. VII, this is the case 
if d is positive. 

We then notice that, according to the calculation by 
Drell et al.,® both empirical S-wave phase shifts deviate 
from the theoretical predictions to the negative side 
rather soon as the energy gets higher. We see in Sec. VII 


mk 2K 2) U(k2,k’2) 
Fic. 2. Diagrams k’ 

representing processes 
leading to Ao, A and 
n(k?,k), ¢(k?,k) in (13). 
The shaded area repre- 
sents the interaction 
with a physical nucleon. 
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that £1 in the expansion (14) is opposite in sign to fo 
and that ¢; is not at all negligible compared with {o. 
Therefore, the breakdown of the simple S-wave model*® 
at comparatively low energy might be explained as due 
to the energy dependence of ¢(k*,k’?), since \o+¢(k?,k”) 
increases as the energy in the case when {)<0, because 
of the opposite sign of ¢; to fo. The increase of 
Aot+$(k?,k”) is equivalent to the increase of the isospin- 
independent repulsive force, thus making both S-wave 
phase shifts deviate towards the negative side. 

According to Sec. VII, it seems possible to conclude 
that the meson-meson scattering term with sign and 
magnitude which fit low-energy P-wave scattering 
cancels appreciably, though not perfectly, the strong 
meson-pair term which is due to the ps-ps coupling 
term. It is, however, important to notice that this 
cancellation takes place only at the lowest energy, which 
means that S-wave mesons interact weakly with 
nucleons only when the wave vector & is smaller than, 
say, w; otherwise they interact with nucleons much 
more strongly. 


V. P-WAVE PION-NUCLEON SCATTERING 


The main concern here is to see how the new term 
with »(k,k’) in (13) modifies the analysis of P-wave 
scattering due to Chew and Low.' Again the energy 
dependence of » induces a great complexity. We, 
therefore, simply put »= and try to see how it 
modifies the conventional Chew-Low plot of the 433- 
phase shift in the lowest energy region. 

We first define, as usual,’ scattering amplitudes 
h.(w), which are related to the phase shifts 6.(w) in 
three substates of total isotopic and ordinary angular 
momenta, 


ha(w) = exp[t5a(w) ] sinda(w)/k’. (16) 


Then we can show, as long as we put = &é and n=», 
that 43(w) satisfies 


h3(w) = L(g+ £0)?/3ap?w ]— (mo/12my*) 


1 | | hs(w) 2 gw) |* | 
ri f PA sc en Digorened, 
W 


/ ° / 
T y—w-te 8B w +w 


(17) 


where the matrix Agg is defined in an earlier paper.' 
To follow the argument which led to the conventional 
Chew-Low plot of 6;3,! we define a complex function 


g(z) by 
g(z)=[ (gt £o)?/3ap2sz | h3(z) + (mo/ 12m?) |, 


where /3(z) becomes /3(w) if z goes to wt+ie, € being an 
infinitesimal positive number. It is not difficult to show 
that almost the same arguments as those due to Chew 
and Low’ are applicable to g(z), eventually leading to a 
modified Chew-Low plot: 


(R8 coté33)/w= [i+ (no/12)(k3 cotds3/p*)o | 
X [Sap?/ (gt &o)? 1 — (w/wo)+--- 


(18) 
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where {__)» implies the zero-energy limiting value of the 
quantity inside the bracket, which is known to be 5 or 
6 according to a recent experiment.’ It is added that 
(19) is just the low-energy limiting form of the new 
effective-range expansion: We found that the new 
plot resulting from (18) seems to improve appreciably 
the deviation from experimental data of the conventional 
Chew-Low plot! at and above the resonance energy. 
According to Sec. VII, however, the approximation 7= 
no is not justified around the resonance energy; thus, 
only the low-energy limiting form (19) has a sound theo- 
retical basis. 

We now reach the most important conclusion of the 
present paper: the renormalized P-wave coupling 
constant (g+é£o)*/4r and the one which is determined 
by the conventional Chew-Low plot, [(g+£o)?/4z Jec-1, 


are related by 


(g+£)?/4r= [ (g+-£0)?/4a Jo-1 


[1+ (no/122)<k? COtd33/p*)o |. (20) 


According to recent determinations,” 


C(g+£0)?/4a Jo-1=0.095+0.006, (21) 


and 
(g+ £0)?/4r=0.08. (22) 


The latter figure is due to relativistic dispersion 
relations: It is quite adequate to identify (g+£o)*/4a 
as the coupling constant determined through relativistic 
dispersion relations, since it would automatically include 
the effect of the meson-meson scattering term. 

The difference between values (21) and (22) is not 
very large compared with the uncertainties involved in 
these determinations. However, if we admit that the 
conventional Chew-Low plot does give a larger value 
than do dispersion relations, then (20) uniquely deter- 
mines the sign of yo; namely no should be negative, since 
(k® cotds3/u*)o is positive.® According to Table III in 
Sec. VII, a negative no corresponds to a positive d. It is 
interesting to recall that a positive d was also required 
to have favorable effects on low-energy S-wave scatter- 
ing. Equations (20), (21), and (22) are used in Sec. VII 
to estimate the magnitude of d. 


VI. THRESHOLD PHOTOPRODUCTION OF MESONS 


We apply the same method when the electromagnetic 
interaction is introduced. We assume the static approxi- 
mation after having applied the Foldy transformation 
to the ys Hamiltonian (1) with the electromagnetic 
interaction included. Then, because the electromagnetic 
field does not interact with the meson-meson scattering 
term, we get an additional Hamiltonian which is the 
same as (24) of reference 4. As for threshold photo- 

°S. Barnes, Report on the Seventh Annual Rochester Conference on 


High-Energy Physics (Interscience Publishers, New York, 1957). 
1 G. Puppi and A. Stanghellini, Nuovo cimento 5, 1305 (1957). 
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production of mesons, it can be simplified‘ to 
H 4! = — (e9y/p) (aA) (4X ¢)s 


(23) 


~ e f A(6:¥6.—4:¥ 624s, 


where gy, is the unrenormalized form of g, which is 
defined by (28) of reference 4. As was remarked there,‘ 
the same Hamiltonian follows also when the electro- 
magnetic interaction was introduced directly into the 
static Hamiltonian (4). 

It is one of the characteristics of the general static 
model resulting from the ps-ps meson theory that g, 
is not the same as g. The reason is that the static 
Hamiltonian (4) is highly nonlinear as regards S-wave 
mesons. It was, however, shown‘ that, when the Foldy 
transformation is assumed, g and g, are nearly the 
same. We, therefore, simply put g, equal to g in this 
paper. 

Since (23) is not modified, it follows*® that threshold 
photoproduction of mesons depends solely on g except 
for the effect of rescattering the photoproduced meson 
by the nucleon: The meson-meson scattering term 
affects threshold photoproduction of mesons only 
through the S-wave pion-nucleon scattering amplitude 
appearing in the integral equation. According to Sec. IV, 
the S-wave analysis due to Drell et a/.° is not modified 
by the meson-meson scattering term, as far as the low- 
energy limit is concerned. Thus the coupling constant 
determined through the conventional photomeson 
extrapolation is g*/4m, which is not the same as the 
renormalized P-wave coupling constant (g+£o)?/4r. 

Turning to the experimental side, the most recent 
analysis" reports 0.073. If we further take into account 
the effect of S-wave rescattering according to Drell 
et al.,® this is reduced by 15% to 


g?/4r=0.002. (24) 


Though the photomeson extrapolation is still quite 
ambiguous, it seems that it gives smaller values than 
(g+£o)*/4m or 0.08. If we assume that this discrepancy 
is real, this also determines the sign of d: According 
to Table IV, Sec. VII, a positive & is attained by a 
positive d. This sign is again the same as was determined 
by low-energy P- and S-wave pion-nucleon scattering, 
independently. The numerical values of g’/4z, corre- 
sponding to our final estimates of the magnitude of d, 
are given in Sec. VII. 

We should, however, compare our result with the 
relativistic dispersion relation.? According to (22.6) of 
the last paper of reference 2, threshold photoproduction 
of mesons depends, except for effects due to’ nucleon 
magnetic moments, on the renormalized P-wave 
coupling constant and on a small correction which is 
there denoted as V~’. This V“~ is the correction due 


4 Cini, Gatto, Goldwasser, and Ruderman, Nuovo cimento 


70, 243 (1958). 
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to rescattering of the photoproduced meson. It is, 
therefore, seen that our result does not agree with the 
relativistic dispersion relation. 

To see the origin of this difference, let us consider 
the Kroll-Ruderman theorem.” This theorem is also 
satisfied by our static Hamiltonian (23) plus (4) as 
long as the line current is properly assumed so that the 
total Hamiltonian satisfies the gauge invariance 
requirements®; thus threshold photoproduction of 
mesons in the zero-meson-mass limit determines 
g+é£o, and not g. Therefore our result is not inherent 
in our static approximation but is entirely due to the 
one-meson approximation. 

If there were no meson-meson scattering term, our 
result would be consistent with the relativistic dis- 
persion relation, since the same g appears throughout 
and N@, the effect of rescattering, is also included as 
an additive correction in our calculation.® 

We, therefore, would have to conclude that the one- 
meson approximation of the Chew-Low-Wick formal- 
ism! is not adequate when the meson-meson scattering 
term is included, if the conventional photomeson 
extrapolation does really give the same coupling 
constant as the relativistic dispersion relation. 


VII. NUMERICAL ESTIMATION 


To estimate numerically the various parameters, we 
need knowledge concerning the structure of a physical 
nucleon. We here assume that the Tomonaga inter- 
mediate-coupling approximation is good enough and 
also that only S- and P-wave mesons interact with a 
nucleon. Then we may expand 


a= (22/w)'[ fV (O09) da 
— 1(g, ‘t) } a RV im(0¢)bam |, 


where a, and bam are annihilation oe of S- and 
P-wave mesons with configurations {(k)= fk/w\/w and 
g(k)=gk?/yar/w, respectively, being gone as 
S Pleddk= J gf (b)dk= 1. 
Let us expand |W) in terms of zero-, one-, and two- 
meson eigenstates |W;) as 


(25) 


5 
y) = ue (26) 
where |y¥,) is constructed in terms of aa* and bam* in a 
well-known manner." After straightforward calcu- 
lations, we get from (7) and (12) 
&(k®) = (10d/3V2)[CoC3F:+-V3CCiG; |, 
n(k?,k’?) = (10d/3)[ (6'C1C3+ 2C?)F, 
+ (3v2C iC “tC? 24+-2C P 24-2C 
¢(R?,R’?) = (5d/3y)[ (64C1C3+ 2C3) Fr 
aa (3V2C:Cy+-C 2+ 202+ 2Cs*)Gr |, 


\G,], (27) 


12 N. M. Kroll and M. A. Ruderman, Phys. Rev. 93, 233 (1954). 
18 We here use the same notations as A. Kanazawa and M. 
Sugawara, Progr. Theoret. Phys. (Kyoto) 16, 95 (1956). 
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where 


Pak: ay a we'dwdk” 
(kk? 2y2) 


(2k'2,k2) 


" (k’+k!)?+ 2p? 
og--—~--- 

(k’— ki)24+-2y? 
k’k!' (k’?—k!)dk'dk!” 


(k’2-+-k!2-+2y2) 





K (2k”2,k2) 


(k’+k’’)?+ 2? 
og— a ? 
(RPE? 


1 Qu? 
+ —) 
2 3/4 


K(k”, k?) = (— 
3uy"' 
1 
+ e( are 
15a"4 


pl2 4" 
=p fax" ( ) 
) OW” 


R'” 4p’ 16k’’6 
—2(k?+ +9 (—-- aa =) 
M8 y/N0 cg, 6 


ow 
ce’ Ake 
Gy= seu fat"| (— -—) 
: 3uy""8 


7H" 28k" | 16k'"8 
— 200+ #9) (— +—— )} 
Bw 118 . cq, 12 


ow * 
Rl”? 
Fr=2f%u f an'|- _ 
w4 


Sus But ) 


15w’® Sw’8 


Ri’? Apis 
ae+e")( -—)} 
w’'6 3w!"8 
5R!'4 4p’’6 
== fa “[—- (Rk? +H9)(— eae )I 
116 3u'8 


The double integrals in F; and G; were evaluated 
numerically. The numerical results are summarized in 
Table I for three choices of Rmax, the cutoff momentum, 
where 

F,=Fo+ (R/uw)Fe, 

CG: = G+ (R?/u?)G;!, 
i 0-4 [ (k?+- k’?)/u? |F,}, 

G,=GP+[(RP+k")/u? JG, 

F; = FP+[ (+ k’?), ‘ue lF, 

G; = G+ [ (k?+ k’?) /u? \Ge! ‘ 

Table I shows that the energy-dependent coefficients 
£1, m, ¢1 have always opposite signs to £o, mo, fo. This 
implies that all three parameters £, n, ¢ become less 
effective as the energy gets higher. It is also noticed 


‘= 
” 
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TaBLe I. Numerical values of integrals defined by (28) and (29) for three values of cutoff 


Fg Fe Ge 


0.0950 —0.00354 0.0512 
0.0806 —0.00262 0.0451 
0.0706 —0.00198 0.0401 


0.199 
0.175 


—0.061 
—0.054 


—0.00257 
— 0.00176 


that the expansions (14) are rather poor. On the other 
hand, the expansion (9) is much better. 

We now assign numerical values to the C;,’s in the 
expansion (26). To obtain a general idea, let us assume 
four assignments as given in Table II. These were taken 
from the present authors’ calculations’ on the meson 
cloud around a physical nucleon, which have a similar 
basis to that adopted here. Cases I and II correspond to 
columns Az and A¢ of Table I of reference 13, respec- 
tively. Since the meson-pair term seems to have been 
suppressed too much in that paper,’ we add in Table II 
{wo extra cases ITI and IV, in which C; is strengthened, 
With the corresponding depression of C; and C2, as 
compared with cases I and II, respectively. All these 
Assignments are, however, quite arbitrary. It is added 
that C, and C2 are zero- and one-meson amplitudes, 
C; is the amplitude including two S-wave mesons and 
C, and C; are two independent amplitudes correspond- 
ing to two P-wave mesons. 

We need also to fix Rmax in Table I. We remark that 
the F’s in (27) are connected with C; or the contributions 
from S-wave mesons, while the G’s are due to P-wave 
mesons. Therefore, let us assume kmax=O6y in Table I 
for all G’s, while we cut off at Ryax=4y for all F’s, since 
such a smaller cutoff was required by Drell e¢ al. in their 
analysis of S-wave pion-nucleon scattering.® This choice 
is again quite arbitrary and has no firm basis. These 
assignments give, from (27), (29), and Tables I and IT, 
the values summarized in Table III. 

We see from Table III that, if d is positive, & is 
positive and the other parameters are negative, which 
has to be the case according to the previous sections. 
This important conclusion is entirely due to the fact that 
the first terms containing C; linearly on the right-hand 
sides of (27) are always the dominant ones for C3 not 
quite negligibly small. Therefore, a repulsive meson-pair 


TABLE II. Four assignments for the C;’s in the expansion 
(26) normalized to unity. 


C1 Cs 

—0.3178 
—0.2757 
—0.4359 
—0.3768 


0.1517 
0.0949 
0.1549 
0.0949 


0.0775 
0.0447 
0.0775 
0.0447 


—0.5196 
—0.4243 
—0.4472 
—0.4231 


I 0.7746 
II 0.8562 
Il 0.7616 
IV 0.8173 


14 See reference 13. It is remarked that there was an error in the 
paper; the numerical values in Table I of reference 13 are proba- 
bilities, normalized to unity, while the signs are those of proba- 
bility amplitudes. The negative sign of C2 is related to a positive 
ps-ps coupling constant, the sign of which is entirely arbitrary. 


—0.00405 0.239 —0.072 0.160 —0.0305 0.970 —0.119 0.708 —0.0798 0.943 
0.101 
0.070 





G,} F;o Fy! G;° G; f 


0.406 
0.311 
0.254 


0.866 
0.815 


— 0.0506 
— 0.0350 


0.592 
0.513 


—0.100 
— 0.088 


0.887 
0.827 


—0.0180 
—0.0118 


term with at least appreciable magnitude is definitely 
necessary to infer the positive sign of d. 

We now estimate the magnitude of d from (20), (21), 
(22) and an empirical value’ of (4° cot6s;/u*)o. These are 
summarized in Table IV, together with other 
parameters. 

From the values in Table IV, we conclude finally that 


d~4 (h=c=1), (30) 


though this could be wrong by a factor of, say, 2, since 
the estimation of £, », and ¢ depends strongly on the 
detail of the structure of a physical nucleon which we 
know only poorly. It is seen that mo is almost —1, while 
£) is roughly a 10 to 20% correction to g which is 
almost +1. 


TABLE III. Numerical values of £, no, and £o defined by (9), 
(14), (27), and (29), corresponding to the four assignments in 
Table IT. 


Case fo no 
I +0.0304d 
II +0.0231d 
ITI +0.0380d 
IV +0.0324d 


—0.183d 
—0.254d 
—0.236d 
—().291d 


—0.456d 


We see also that g’*/4m in Table IV agrees well with 
the present experimental value (24). 

It is also remarked that ufo in Table IV is always 
larger than the empirical value (0.4) of u(fotAd) 
determined by Drell ef al.6 This implies that ufo, the 
contribution from the meson-meson scattering term, 
has, in fact, an appreciable effect on the S-wave pair- 
damping. It is also evident that ufo alone can never 
explain the strong damping in question. It is suggested 
that the renromalization is vitally important in this 
respect. 


VIII. SUMMARY AND CONCLUSION 


The ps-ps coupling term gives a highly nonlinear 
static Hamiltonian, which is, however, almost 
equivalent to the conventional static models!:* thus far 
proposed, concerning low-energy pion-nucleon scatter- 
ing and threshold photoproduction of mesons.‘ 

Since the meson-meson scattering term commutes 
with the generating transformation adopted (the Foldy 
transformation), it need simply be added to the above 
Hamiltonian. This is true even when the electromagnetic 
field exists, because it does not interact with the meson- 
meson scattering term. 
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The net effect of this meson-meson scattering term, 
is, however, not so simple as it appears. According to 
Sec. III, its effect upon low-energy pion-nucleon 
scattering is well reproduced by the effective Hamil- 
tonian (15). The second term, which is quadratic as 
regards P-wave mesons, is an essentially new term. 
Such a term is also expected as a nonstatic correction.® 
It is, however, important to remark that this second 
term is much larger in magnitude than is expected 
from a nonstatic correction.® It is remarked that (15) is 
correct only in the lowest energy region; terms with 
£, n, and ¢ are in general energy-dependent (or include 
A-operators). 

This extra P-wave term has an interesting conse- 
quence; it modifies the Chew-Low plot of the 633-phase 
shift, such that the renormalized P-wave coupling 
constant becomes smaller than is simply determined 
by the plot, for a positive coefficient of the meson- 
meson scattering term. 

For this choice of the sign, it is shown that & has the 
same sign as g, while fo is negative. This sign of & 
implies that the net P-wave coupling constant effective 
in pion-nucleon scattering is larger than the ps-ps 
coupling constant alone. On the other hand, a negative 


TABLE IV. Final estimate of d and other related parameters, 
corresponding to the four cases of Table II. 


Case i fo pto g2/An 
I ae +0.179 —0.885 0.054 
II m +0.099 —1.62 0.065 
Ill : +0.175 —1.21 0.055 
IV 3: +0.120 — 1.69 0.062 


fo contributes to cancelling A» or contributes, partially, 
to the S-wave pair-damping. 

If the same procedure is applied to threshold photo- 
production of mesons, it is concluded that the coupling 
constant determined through the conventional photo- 
meson extrapolation is the ps-ps coupling constant, 
which is, therefore, smaller than the renormalized 
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ps-ps 
P-wave coupling constant. This also seems to agree 
with the present data, though not agreeing with the 
relativistic dispersion relation. 

Although all these are very small effects, it seems 
possible to conclude that the empirical values of the 
Chew-Low plot and threshold photomeson extrapolation 
are consistent with the meson-meson scattering term 
with a coefficient of ~ +4 (=c=1) and the renormal- 
ized P-wave coupling constant of 0.08, though this 
final estimate could be wrong by a factor of, say, 2. 
This result may be regarded as a positive support to 
the renormalizable meson theory. 

As regards the S-wave pair-damping, the reduction 
induced by the meson-meson scattering term is ap- 
preciable but would not be sufficient by itself. The 
pair-damping would be explained in combination with 
the renormalization'® which has been completely 
neglected in this work. 

Numerical details and even the sign of d depend very 
much upon the assumption concerning the structure 
of a physical nucleon. To infer the positive sign of d, 
it is essential to assume a non-negligible negative 
amplitude corresponding to two S-wave mesons. This 
implies the existence of a repulsive meson-pair inter- 
action of appreciable magnitude. It is added here that 
this is not in contradiction with the pair-damping, 
since the damping is just an accidental cancellation, 
according to the present work, which takes place only 
in the lowest energy limit; in most energy regions, 
S-wave mesons interact with nucleons more strongly. 
We thus reasonably expect an appreciable amplitude 
corresponding to two S-wave mesons. 

What has been neglected in the present work are the 
effects of renormalization and also of strange particles. 
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The field equations of the general theory of relativity are solved in the linear approximation for all cases 
of spherical waves with quadrupole symmetry. Energy is radiated outward by all these waves as determined 
by the canonical expression for the energy flux. A qualitative check of the validity of this method of calcula- 
tion is made by the application of the same approximation to cylindrical gravitational radiation, for which 
an exact solution is known. In this case the exact and the linearized calculations lead to corresponding 


results. 


I. INTRODUCTION 


IKE all other field theories, the field equations of 
the general theory of relativity possess solutions 
which have been interpreted as representing radiation, 
in this case gravitational radiation. Because of the 
great complexity of the nonlinear field equations of 
gravitation, the rigorous solutions obtained so far all 
have very special symmetries! ; linearized solutions of 
greater generality are known,‘ but it is not definitely 
known whether these linearized solutions may be con- 
sidered as first-order approximations of rigorous solu- 
tions having the same symmetry. 

In this paper, we shall make no attempt to obtain 
new rigorous solutions, or even to prove their existence. 
We shall confine ourselves to the treatment of spherical 
gravitational waves in the linearized approximation and 
their transport of energy. The issue of transport of 
energy in gravitational radiation is beset with a number 
of complexities, such as the circumstance that in general 
relativity the concepts of energy density and of energy 
flux have no invariant local significance. All the 
proposed energy expressions in general relativity** 
obey conservation laws; they all generate infinitesi- 
mal coordinate transformations representing time-like 
displacement. 

At best, the total energy, and the total energy flux at 
infinity, possess invariance properties with respect to 
certain classes of coordinate transformations, e.g., co- 
ordinate transformations that at infinity approach 
Lorentz transformations. The significance of these re- 

*This work was supported by the Aeronautical Research 
Laboratory, Wright Air Development Center, Air Research and 
Development Command. 

1A. Einstein and N. Rosen, J. Franklin Inst. 223, 43 (1937). 

2H. Bondi, Nature 179, 1072 (1957). 

3D. Brill (to be published). 

4P. G. Bergmann, Introduction to the Theory of Relativity 
(Prentice-Hall, Inc., Englewood Cliffs, New Jersey, 1942), p. 187. 

’The canonical energy-momentum pseudotensor was intro- 
duced by A. Einstein, Berl. Ber. 448 (1916), and Ann. Physik 49, 
769 (1916); an English translation of the latter paper appears in 
Lorentz, Einstein, Minkowski, and Weyl, The Principle of Rela- 
tivity (Dover Publications, Inc., New York, 1958), p. 109. 

6L. Landau and E. Lifshitz, The Classical Theory of Fields 
(Addison-Wesley Press, Inc., Cambridge, 1951), p. 318. 

7J. Goldberg, Phys. Rev. 111, 315 (1958); P. G. Bergmann, 
Phys. Rev. 112, 287 (1958). 

® A. Komar, Phys. Rev. 113, 934 (1959). 

°C. Mgller, Ann. Phys. (N. Y.) 4, 347 (1958). 


stricted classes or groups can be justified only in terms 
of the preservation of boundary conditions at spatial 
infinity, such as asymptotic flatness of space-time. 
Unfortunately, the rigorous solutions in cylindrical co- 
ordinates by Einstein and Rosen! do not satisfy these 
boundary conditions on the cylindrical axis. It is at 
least conceivable that spherical pulses of gravitational 
radiation are not incompatible with flatness at in- 
finity.* Accordingly, we consider that the assignment of 
a total energy flux to such a spherical wave is not 
meaningless. 

The interest in energy flux by gravitational radiation 
was originally stimulated by Rosen’s discovery” that 
in cylindrical coordinates both energy flux and energy 
density vanish, a result that was confirmed by Weber 
and Wheeler.” Rosen discovered subsequently that this 
result is not obtained in quasi-Cartesian coordinates.” 
At any rate, we found that in quasi-Cartesian coordi- 
nates all types of spherical quadrupole waves do indeed 
transport energy (defined in terms of the Poynting 
vector components of the canonical energy-momentum 
density pseudotensor), and this result is the principal 
subject of this paper. 

The linearized field equations can be solved to yield 
spherical waves which arise from (or converge toward) 
a point mass source. These solutions satisfy the condi- 
tion of asymptotic flatness at infinity. The validity of 
the linear approximation can be made plausible by an 
examination of the relationship between the known 
exact solution for cylindrical gravitational waves and 
the corresponding linear-approximation solution. In the 
linear-approximation solution for spherical waves, as in 
both the linear-approximation and rigorous" solutions 
for cylindrical waves, energy is observed to travel out- 
ward from the source. The existence of this energy flux 
suggests that also for a rigorous solution of the field 
equations spherical waves carry energy from the point 
mass source. 

Such radiation presumably exists whenever mass 


10N. Rosen, Bull. Research Council Israel 3, 328 (1954); and 
Suppl. Helv. Phys. Acta 4, 171 (1956). 

J. Weber and J. A. Wheeler, Revs. Modern Phys. 29, 509 
(1957). 

22\N. Rosen, Phys. Rev. 110, 291 (1958). 

‘8 L.. Marder, Proc. Roy. Soc. (London) A244, 524 (1958); and 
A246, 133 (1958). 
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points undergo acceleration. Orbiting astronomical sys- 
tems are examples of such accelerating masses. The 
existence of energy flux for such systems implies the 
presence of an outward radiation of energy analogous 
to electromagnetic radiation. For gravitational systems, 
the lowest order of mass pole which can give rise to 
radiation is a mass quadrupole. It will be shown that, 
just as two physically distinct cases exist for electro- 
magnetic radiation, electric dipoles and magnetic di- 
poles, so four physically distinct cases exist for spherical 
gravitational radiation in the linear approximation. 

Greek indices will run from 0 to 3, and Latin indices 
from 1 to 3, except where otherwise noted in Sec. V. 
Repeated indices indicate that those indices are to be 
summed over, unless otherwise noted. Partial differ- 
entiation is indicated by a comma, i.e., A,a=0A/0x*. 
Square brackets around indices indicate antisymmetry, 
1.€., Ftyj=—F py). The Minkowski metric is given as 
Nuv, Where nox= 40x, Nki= —5x1. In the linearized theory, 
for which the field quantities and their potentials differ 
from their flat-space values only by terms which are 
small in the first order, the subscript 0 will indicate the 
flat-space value and the subscript 1 will indicate the 
deviation from this value, e.g., 


M leells) pM (Hol lB) + | f (ual (v8) | 


This notation will not be used for the metric tensor, for 
which convention prescribes the linearized expressions 


8uv= Moot hye, 


( — g) igh = hy — ye”, 


II. HERTZ VECTOR FORMULATION OF 
GRAVITATIONAL THEORY 


We shall begin with a review of the Hertz vector 
method in electromagnetic theory, in order to show how 
spherical radiation can be studied in this formulation. 
We shall then apply the Hertz vector formulation to the 
linear approximation of the general theory of relativity. 

Let ¢“ be an electromagnetic potential which satisfies 
the Lorentz gauge condition ¢“ ,=0. We can then define 
the Hertz superpotential Z™*! so that ¢*=Z'™’! ,. Simi- 
larly, the conservation law of charge j*,,=0 leads to the 
definition of a “supercharge” Q™” such that j4=Q!"! ,. 
From the field equations 0°6“= — j* we therefore have 
02Z'#1 = —Ql), In the absence of sources we have 
2?Z!"1=0, This equation has spherical wave solutions 
of the form 


1 
Zin) = — fle (t—7), (1) 
¥ 


The first derivatives of these superpotentials repre- 
sent possible electromagnetic potentials. The second 
derivatives represent field strengths of waves having the 
general character of spherical dipole waves. The six 
independent superpotential components can be divided 
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into two groups of three: 
I, 2, 
Ty. 2™, 


Zi, 
Zi311 


Z 108! ; 


pnt (2) 


Depending upon which ones of these six components are 
chosen to be nonzero, we can obtain the different types 
of dipole waves. In investigating the singular sources of 
the radiation, we deal only with the second spatial 
derivatives of the superpotentials, since these deriva- 
tives contain the terms with the highest negative 
powers of r. 

If we take first all Z”! except Z™! to be zero, we have 


Z'83) — Z, do=Z 3, 1=o2=0, 
From F(y)=¢»,u—¢,» We obtain the following electro- 
magnetic field tensor components near the origin: 
E3= Fio3)= — (1/1), 33, 
B=0. 


d3= Z 0. 


E\= Fyoy= — (1/7) raf, 
| . | ; (3) 
Eo= F (o2)= aaa (1/r) asf, 


Similarly, if we set Z®*!=Z’ and all other components 
of Z'*! equal to zero, we obtain (again near the origin) 
B3= — F iy9 2 (1/r) ssf, 
E=0. 


B, . — F (o3)= (1, 'r) asf, 
By= —Fisn= (1/r) osf, 


The fields of (3) and (4) asymptotically satisfy Cou- 
lomb’s equations. To this extent they may be likened 
to static solutions of Maxwell’s equations. The case (3) 
represents the radiation of an electric dipole, whereas 
the expressions (4) represent the radiation of a magnetic 
dipole. 

We shall now turn to the treatment of the linearized 
equations of gravitation. These equations may be sepa- 
rated and individually given D’Alembert’s form with 
the help of the so-called De Donder (harmonic) co- 
ordinate conditions. In the rigorous formulation of the 
theory, De Donder’s coordinate conditions are 


g’’,=0, gH”=(—g)ige’. (5) 


As usual we denote the deviations of the g#’ from the 
Minkowski metric by —y#’, the quantities /,,, defined 
aS htyuys=£u»—Nyv, being related to the y#’ as follows: 


V uv =Nyv— Any tr h. (6) 


Then the De Donder conditions in the linearized ver- 
sion take the form 
(7) 
The field equations reduce simply to 
Oy4"= — 160k :T’, (8) 


where « is the gravitational constant." 

Just as in the electromagnetic case, we may intro- 
duce a “supermetric” in order to complete the separa- 
tion of the field equations. From the divergence condi- 
tion (5) we conclude first that there exists a set of 
MC, Mller, The Theory of Relativity (Oxford University Press, 
Oxford, 1952), p. 314. 
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quantities V*l’9), such that 
qe Velral .. (9) 


Since g”’ is symmetric, we have the following integra- 
bility condition: 


q’’= Velva) = Vrlva) (10) 


which may be written as 


(Velval— prlea)) 0), (11) 


This relationship implies the existence of a quantity 
W'I«8) such that 


VY +lra] — Yrioa) — Yori la) (12) 


Interchanging indices, we can also write 


Velo) — Plax) — Jy lar) (x8) ra 


(13) 


V olor) — Volar) — pV lanlls) (14) 


When we add Eqs. (12), (13), and (14), we obtain 


V +a) — [78lra) 8, (15) 


where 


Uvblral — $f Py tori las} — py tral (48) — py toad (v8) 7), (16) 


The quantities U**l’) are potentials of the Vl’), 
arising from the integrability condition (11). We can 
by-pass the intermediate superpotentials V+!’ and 
combine the Ue] linearly, to obtain a new set of 
potentials, the ‘“supermetric,” 


M loa) lr6) = 37 [/wblval — [7bulval 4 [7valus]— [jarts8)], (17) 
This supermetric is antisymmetric in the index pair 
! } ‘ ) I 
[wa], as well as in [v8], and has the further symmetry 
property 


M lel bro) — fred (a6) (18) 


By differentiation we verify directly that 


ge= MieallvAl | (19) 


In the linearized theory, the zeroth-order term of the 
supermetric will, of course, lead to the Lorentz metric 
when differentiated twice. Such a supermetric is, for 
instance, 
oM [ua] [v8)} 
(20) 


= Py (nh x2 x? Prt’ — nxn — xx), 


This supermetric formulation of the linearized theory 
of gravitational radiation is analogous to the Hertz 
vector formulation of the theory of electromagnetic 
radiation. With the help of this formalism, we can now 
establish a far-reaching analogy to the Hertz treatment 
of an electromagnetic field. In Sec. III these similarities 
will be employed to study the sources and the energy 
flux of spherical gravitational radiation. 

1. In empty space, the supermetric’s components in- 
dividually satisfy D’Alembert’s equation. In the pres- 
ence of matter, the energy tensor itself, because of its 
own conservation law, may be obtained from a tensor 
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Plail"8) according to the equation 
T+ = Ploalt6) 05. (21) 
In that case the supermetric obeys the set of equations 
Cc? 1M leel (v8) — — 167k Plea) (6), (22) 
2. If ,Pl«1l’6] vanishes (except possibly for a singular 
contribution at the origin of the spatial coordinate sys- 
tem), we shall consider solutions of D’Alembert’s 

equation having the form 

1M (wal {v8 = (1/7) flvall6)(¢—r), (23) 


This type of solution leads to spherical waves having 
the symmetry properties of quadrupole waves. 

3. The supermetric has 21 components, just as the 
Hertz superpotential in the electromagnetic case has 
six components. We can obtain 21 linearly independent 
solutions of the field equations by setting one component 
at a time to be nonzero. These solutions fall at first 
sight into six distinct symmetry classes. Within each 
class, solutions may be carried over into each other by 
simple rotation of the coordinate system. We shall 
show in Sec. III that two of these classes can be carried 
over into others by means of infinitesimal coordinate 
transformations. 

The procedure outlined here leads to quadrupole 
radiation. By differentiating the resulting metric with 
respect to arbitrary combinations of the spatial co- 
ordinates, we may obtain higher multipole symmetries 
at will, but no monopole or dipole radiation. These 
types of radiation are excluded, even in the linearized 
theory, by the conservation laws of general relativity. 
The conservation of mass prevents the occurrence of 
monopole radiation, just as the conservation of charge 
does in electrodynamics; the conservation of linear and 
angular momentum likewise prevents the occurrence of 
spherical dipole waves.'® Hence our procedure is capable 
of furnishing us with all the spherical waves com- 
patible with the field equations and the harmonic co- 
ordinate condition. 


III. SPHERICAL GRAVITATIONAL WAVES IN 
THE LINEAR APPROXIMATION 


We shall now consider in detail the six different sym- 
metry classes into which the 21 independent nontrivial 
components of the linearized supermetric can be ar- 
ranged. The spatial indices r, s, and ¢ below shall be all 
different from each other. The summation convention 
is not to operate. The six classes are these : 

iP iM {Or} [0r} — \M', 
IT. iM (08) [0¢} — M1, 
Morse) = uy, 
IV. :Mlltrel = rv, 
V. ,Mbsale MY, 
VI. Mltrhire] = MT, 


16 R. Sachs and P. G. Bergmann, Phys. Rev. 112, 674 (1958). 
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Each class contains three independent components, 
except for class IV, which contains six. The physical 
significance of this classification will be discussed below. 

Infinitesimal coordinate transformations, analogous 
to the gauge transformation of electrodynamics, will 
be found to reduce the number of independent classes 
to four. This reduction results from an examination of 
the curvature tensor, which in this approximation is 
Lorentz-covariant as well as invariant under an in- 
finitesimal coordinate transformation. The components 
of the curvature tensor for classes V and VI are (except 
for a change of sign) identical with the components of 
the curvature tensor for classes I and II, respectively. 
If we take 


f*(t—r)=—f'(t-»), 


then the metrics for these classes are related by the 
following infinitesimal coordinate transformations: 


IV (t-—r)=—fU(t—r), (24) 


Yur’ — Vue = Ep ot bs, u— Nuvk’,p, (25) 


where 


fo=—-$ 1M 9, &=3 1M), 


f=} 1M! ., f:=—} 1M! 3, (26) 
and 
Yur — Yell = Env Ey,u— Mure? p (27) 


where 


£=0, &=—,M",, = —M",, &3=0. 


(28) 


Furthermore, three of the six independent components 
in class IV can be related to the other three by suitable 
infinitesimal coordinate transformations. The metric 
vuv'¥ obtained from the supermetric ;M*!l"*! is related 
to the metric 7,,!¥ obtained from ;M9l"4 by 


IV = Eu eb Eu Mur? p, 


o.1V 


Vuv (29) 


— Yur 
where 
1M (sl fr) =e 1M tre) 


fo=— MP, g,= Mt, (30) 


and the other components of &, are zero. 

In carrying our calculations, numerical values will 
be assigned to r, s, and ¢ in such a manner that the z 
direction is “preferred” (for the index pair [Or] the r 
direction is preferred, while for the index pair [rs] the 
t direction is preferred). In classes II and IV, where 
each of the two antisymmetric pairs of indices refers to 
a different direction, values are assigned to the indices 
in such a way that the preferred direction for the first 
pair is the x direction, and the preferred direction for 
the second pair is the y direction. Thus the over-all 
preferred direction is the z direction. The following 
assignment of indices is therefore made: 


I. 
Ly. 
Il. 
IV. 
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The components of the metric tensor and of the 
curvature tensor will be calculated for two physically 
interesting regions: large distances from the source, 
where only terms of the lowest order in 1/r are sig- 
nificant, and small distances from the source, where 
only terms of the highest order in 1/r are significant. 
The metric in the former region enables us to calculate 
the components of the energy-momentum density 
pseudotensor at large distances from the origin, and 
thus to obtain the energy flux radiated outward through 
a sphere of large radius centered at the origin. In the 
latter region we can study the distribution of sources 
that gives rise to each type of radiation. 
At large distances, the linear corrections to the 
Lorentz metric have the form [f”(t—r)/r]F(¢,9), 
, 
where @ and @ are the polar and azimuthal angles, re- 
spectively. For example, we obtain for class I: 
y= (f""/r) cos’®, y= (f""/r) cosd, y8=(f"/r). (31) 
If the field equations R,,=0 are satisfied, the inde- 
pendent components of the curvature tensor for class I 
are, again at large distances, 
Rouo=}(f""/r) sin?0(sin’¢— cos*é cos*@), 
Rovo2= 4 (f'""/r) sin’6(cos*@— cos*é sin*d), 
Row2e= —4(f"'"/r) sin’é sing cosé(1+-cos*6), 
Roso3= Of", r) sin’? cosé cos, 
Ro203= Cf", r) sin*? cosé sing, 
Roo2.= —4(f""""/r) sin*8 cos¢, 
Rour= 4(f"'/r) sin®9 sing, 
Rous=}(f"'"/r) sin’é cos0(sin’@— cos*@), 
Roi2s= — 3 (f"""/r) sin’é cos sing cos¢, 
Rosi2= 9. 
Similar expressions are obtained for the other symmetry 
I , ) y 
types. The energy fluxes for all the different symmetry 
classes will be discussed in Sec. IV. 
Near the sources, the only physically significant com- 
, y phy y sig 
ponents of y“’ are given below for the four symmetry 
classes : 
I. y%=2-P.°(cosé), 
r? 
1f 
2” 
7! = ——P,'(cos6) sing, 
3 
r 


y= — —P.?(cos@) sin2¢, 


f 
+? = —P-'(cos@) cosd, 
r 


f 
"! =—P»!(cos6) cos¢, 
3 


r’ 


f ; 
7 = ——[P."(cosé) —43P:?(cos@) cos2¢], (33) 
r® 
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where P2°, P,', and P,? are associated Legendre 
polynomials. 

These twelve solutions (one for each possible pre- 
ferred direction in each class) to the field equations are 
seen to be linearly independent. The four symmetry 
classes represent four physically distinct types of 
linearized spherical gravitational quadrupole waves. 
The corresponding superpotentials form a complete 
set; any gravitational quadrupole potential in the 
linearized theory may be expressed as a linear combina- 
tion of the above twelve. 

The four symmetry classes can be _ interpreted 
physically as different distributions of mass and mass 
flux in the pulsating point quadrupole at the origin of 
spatial coordinates. This mass distribution is given for 
each symmetry class by the field equations at small dis- 
tances from the sources: 


1 
— 16m« 7” =0*y""= (o ponivai—r)) 
r apf 


o- 
——— Five (61 (1) §*(r), 
Ax*dx 


(34) 


since 
1 . 
0*-f(t—r) =F (6 (4). 
r 


(35) 


Rosen and Shamir,'® in discussing a radiating system 
of the type which we call class I, set 


F103) (03) (7) — poe i*', (36) 


and all other components of Fl#)8l(¢) equal to zero. 
The source model for this supermetric consists of two 
massive particles situated on the z axis and connected 
by a massless spring, and emits radiation characteristic 
of an axial quadrupole. The choice of (36) leads to an 
outgoing sinusoidal gravitational wave solution. 
Equations (33) enable us to construct source models 
for the four types of linearized spherical gravitational 


167xlo' = 
167i" = 


16rxly* = 


ial ai 


(f°)? x* co 
IV. 16mkto*= ~(1 — 


The linear approximation to the field equations of the 
general theory of relativity therefore yields spherical 
16 N. Rosen and H. Shamir, Revs. Modern Phys. 29, 429 (1957). 


Cf. also: W. B. Bonnor, Roy. Soc. London Phil. Trans. 251, 233 
(1959). 
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waves.!® The source of class I is a linear mass quadru- 
pole oriented in the z direction, while the source of 
class II is a plane mass quadrupole in the x-y plane. 
Insofar as the analogy with electromagnetic dipole 
radiation is appropriate, these two classes of radiation 
may be regarded as “electric-type” in character. The 
sources of classes III and IV are distributions of mass 
flux; the former may be thought of as two circular 
mass-currents whose directed normals point in opposite 
directions along the z axis, and which are joined by a 
massless spring along this axis; and the latter as two 
circular mass-currents whose normals are also oriented 
along the z axis but which are joined by a massless 
spring in the direction of the x axis. Classes III and 
IV may be called “magnetic-type” sources. 
IV. ENERGY FLUX 

We shall take the Poynting vector of gravitational 
radiation to be the /o components of the canonical 
energy-momentum density pseudotensor in quasi- 
Cartesian coordinates" : 
16mx(—g)'t,’=Tas’G? .—G"*,n(InV/ —g) a 

+6, LT pT ca? —To%(Iny/—g) a J. 

In the linear approximation, we can write 


162xto! = Vas y™? ot y™ o(Iny —_ g) a 


(37) 


(38) 
If the three-volume V is a coordinate sphere centered 
at the origin, and if S is the surface of the sphere, then 
the total outward flux of energy across S is 


dP. 
= = formas, 
dt Ss 


where ™=.2;/r is the k component of the unit vector 
normal to S. 

If the values of the metric tensor for the four sym- 
metry classes are substituted into (38) and (39), we 
obtain the following values for fo" and for dP/dt, 
respectively, for large r: 


(39) 


dP» 


gravitational waves, all classes of which carry a finite 


energy flux. 
Since the components of the Poynting vector are 


17 Reference 14, p. 341. 
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quadratic in the metric tensor, a source which is repre- 
sented by a linear combination of two or more of the 
twelve above-mentioned solutions would give rise to an 
energy flux which would contain cross-terms involving 
the metrics of both classes. 


V. CYLINDRICAL GRAVITATIONAL RADIATION 


Einstein and Rosen! have shown that the field equa- 
tions of the general theory of relativity have rigorous 
solutions representing cylindrical gravitational waves. 
These waves are propagated outwards from a singu- 
larity located on the cylinder axis; this singularity can 
be interpreted as being a material source. 

These waves do not seem to carry energy and mo- 
mentum if the canonical energy-momentum density 
pseudotensor is calculated in cylindrical coordinates." 
However, it has been pointed out” that this method of 
calculation is invalid, since the coordinate system em- 
ployed does not go over into a Minkowskian system at 
large distances. Accordingly, the cylindrically sym- 
metric solution of the field equations of the general 
theory of relativity will be treated in quasi-rectangular 
coordinates. 

A suitable choice of coordinates! puts the cylindri- 
cally symmetric metric in the form: 


So = £03>= 83> 0, 


ger= —e- (Ger — 1) + ye” |, 


£oo=er-¥), 
(41) 
gss= —¢V, 


where Latin indices run from 1 to 2, n;=<x;/p, n,n'=1, 
and y and y are functions of p= (x?+y")! and ¢ only. 
The variables y and y have the same meaning as in 
Einstein’s and Rosen’s papers.'° In the quasi-Cartesian 
coordinate system which we use, the components of the 
canonical energy-momentum density pseudotensor dif- 
fer from theirs. For these components we have 


16mx(—g)'to* = —2n*ey »/r. (42) 
§ 


The time rate of outward flow of the linear energy 
density Ao in a volume V whose cylindrical surface is 
S is 

dAg 


1 
= fi —g)'to'n,dS = ——— eo", (43) 
dt Ss 4k 


Rosen has solved the field equations for both pulse 
waves and periodic waves.'!© However, the periodic 
wave solution is unphysical, since the boundary condi- 
tions at infinity cannot be satisfied. If we take the 
pulse wave solution 


=. 


1 tr 
¥(r,t) =- [ genase oe 
2r/) ([(t—f)?—r*]}! 


Y1=2nh Ws, 
yr=rly,P+y, 2), 
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where /(8) is an arbitrary bounded function which 
vanishes for negative values of 8, and represents the 
strength at time 8 of the wave source at r=0, the fol- 
lowing expression is obtained for the time rate of 
outward flow of linear energy density: 


do 1 ae f'(8)d8 


dt = 16m 


fae 
(e—ryt J, [(t-8)*—F} 


tf(0) —r (tp) f'(8)dB] | 
(Q—r)§ J, [(t—p)?—r*]! 


A finite flux of linear energy density thus exists across a 
cylindrical surface whose axis is the line r=0. 

The linear approximation to the cylindrical gravita- 
tional field equations may be obtained by the expansion 
of the components of the metric (41) into power series 
and retaining only terms linear in y and y. Equation 
(43) then becomes 


dA)/dt= = (1/4k)y,¢. (46) 


The linear approximation thus also gives a finite flux of 
linear energy density across a cylindrical surface whose 
axis is the line r=0. As y,, and y,, always have opposite 
signs, dAo/dt is always positive. 


VI. DISCUSSION 


According to the calculations presented in this paper, 
spherical gravitational quadrupole waves are of four 
distinct symmetry types, just as there are two distinct 
types of radiating dipoles in electrodynamics. All of 
them carry energy in the direction of propagation. The 
validity of these conclusions is contingent upon the 
assumptions made: that spherical waves in the linear 
approximation represent first-order approximations to 
solutions of the complete Einstein equations, and that 
the flux of energy in quasi-Cartesian coordinates, ex- 
pressed by means of the canonical Poynting vector at 
spatial infinity, represents an intrinsic property of such 
a solution, independent of the choice of coordinate 
system. 

Though we have presented in the last section some 
evidence which appears to speak in favor of these 
assumptions, its importance should perhaps not be 
overestimated. The linearized field equations permit 
infinite wave trains, including sinusoidal waves, which 
are, however, certainly incompatible with the boundary 
conditions that the metric be asymptotically flat at 
spatial infinity. This is because the integral over the 
energy density of the radiation field extended over large 
values of r diverges in this case and thus presents us 
with a self-contradictory task in the second approxima- 
tion. Though no such obvious internal contradiction 
besets a wave pulse solution, other difficulties might 
arise which preclude the existence of rigorous solutions. 

Our physical interpretation of the components of the 
canonical energy-momentum density pseudotensor ty’ 
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as those of the energy flux (Poynting vector) is, of 
course, based on the conservation law satisfied by i,’. 
To the extent that the three-dimensional integral over 
to? may be considered the total mass of the physical 
system, this interpretation is justified. Studies with 
test particles of the type carried out by Bondi with 
cylindrical waves'* may throw additional light on the 
physical meaning of energy density and energy flux in 
general relativity. Because of the involved transforma- 
tion properties of /to°dV, our hope that it represents 
an invariant feature of a given solution is inextricably 
tied up with the boundary conditions at infinity, and 
with the existence of a very restricted group of co- 


‘8H. Bondi, Revs. Modern Phys. 29, 423 (1957). 
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ordinate transformations which preserve these bound- 
ary conditions. Although it is easy to demonstrate that 
infinite spherical wave trains are incompatible with 
such boundary conditions, the converse assumption, 
that finite wave pulses exist and are susceptible to 
approximate treatment, is presently at best a reason- 
able conjecture. 
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In the first part of this paper a variant of the idea of reciprocal static solutions of the gravitational field 
equations is developed. Thus, given any static solution of Einstein’s vacuum equations Ry:=0, a one- 
parameter family of pairs of solutions of the field equations with scalar field, viz., Res= —uV xV ;1, eV 42 =0, 
can be written down by inspection. The special cases of spherical symmetry and axial symmetry are treated 
as explicit examples. In the former case all the solutions of the field equations are obtained in this way. In 
the second part of the paper the theory is discussed from a physical point of view, for which purpose the 
motion of a test particle in the spherically symmetric field is treated in some detail. 


1. INTRODUCTION 


ECIPROCAL static fundamental tensors have 

been considered by the author in previous papers,' 
both in the context of Riemannian geometry and of 
the field theory with asymmetric fundamental tensor. 
The basic idea is this. Let ge: (k, /=1, 2, ---,24) be 
the fundamental tensor. Suppose that there exists a 
coordinate x* such that 


2rt,2=0, Las=0, (2, b=1,2,---,s—1,5+1,---,m) (1) 


‘ 


i.e., the fundamental tensor gx:= (gav,£.«) is “static with 
respect to 2°.” Then the fundamental tensor ‘gi 
= ('gav,’gss) reciprocal to gi: is defined to be 


"gur=( (ges)?! gar, (Bsa) "). (2) 


In particular, if gx: is symmetric and its Ricci tensor 
Ri. is zero, then the Ricci tensor ‘R,, belonging to ‘gi: 
also vanishes. Hence, choosing n=4, any “static” 
solution of the gravitational field equations in empty 
space at once implies the reciprocal solution ‘gy; 
= ((gss)*gab, (Zee) ), Where s need not necessarily be 4 
(x* being the time coordinate). Further, if g,: defines a 
distribution of matter which is static in the ordinary 
sense (s=4) and ‘g,, the reciprocal distribution, then 
the total energies of the two distributions are related by 


‘U=-U. (3) 


In the first part of the present paper a variant of the 
idea of reciprocal solutions is developed in which the 
introduction of a scalar field is contemplated, such 
scalar fields having been introduced for instance by 
Bergmann and Leipnik? and by Yilmaz.’ It will be 
supposed that the metrics to be considered are four- 
dimensional, and static in the ordinary sense, i.e., 
n=s=4, though these restrictions are not essential. 
Then the main formal result to be presented is that the 
field equations which arise from the Lagrangian 


L=R+pg"'V V1, (u=const) (4) 


*On leave from the Physics Department, University of 
Tasmania, Hobart, Tasmania, Australia. 

1H. A. Buchdahl, Quart. J. Math. (Oxford) 5, 116 (1954); 
Australian J. Phys. 9, 13 (1956); Nuovo cimento 5, 1083 (1957). 

20. Bergmann and R. Leipnik, Phys. Rev. 107, 1157 (1957). 

3H. Yilmaz, Phys. Rev. 111, 1417 (1958). 


where V is a scalar field, viz., 
Ra=— eV V5, (5) 
gV n=0, (6) 
have the one-parameter set of pairs of (static) solutions 


gei= ((g4s)' Pear, (gas)*), 
‘=X Ingys, B= + (1—2yd*)!, A=const. 


(7) 


if (gav,g4s) is any static solution of the usual vacuum 
equations R,,=0. [It should be noticed incidentally 
that when V const, then Eq. (6), which arises from 
(4) by variation of V, is already contained in Eqs. (5) 
by virtue of the contracted Bianchi identities.] A 
result corresponding to that expressed by Eq. (3) again 
holds. When X is set equal to zero one has the special 
case of the usual reciprocal solutions of the vacuum 
equations. 

In the latter part of the paper spherically symmetric 
and axially symmetric solutions are written down 
explicitly, these being generated by the well-known 
Schwarzschild and Weyl solutions, respectively. The 
world lines of a test particle, for given gy, and V, 
correspond to the geodesics of a space whose metric is 
conformal to g,:. This result is used in the course of a 
physical spherically symmetric 
solutions. 


discussion of the 


2. STATIC SOLUTIONS OF THE EQUATIONS 
WITH SCALAR FIELD 


(a) To arrive at the required result it is convenient 
to deal directly with the variational principle. For this 
purpose consider the scalar curvature density f of the 
space whose static metric is adopted in the form 


gnr= (€?gav,e?7). (8) 


It is not difficult to show‘ that it is given by 


Ree’ ' AT R*+ 292° (20 abt ;av 9 ;9 b+ 7;07;b 


+7;07;0) ], (9) 


where §R* is the scalar curvature density of the V; 
whose metric tensor is ga, and the subscripts following 


4H. A. Buchdahl, Quart. J. Math. (Oxford) 5, 116 (1954), 
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a semicolon denote covariant differentiation with re- 
spect to ga». Now choose o= (1—8)v, y=8v, where 8 is 
a constant, and let 9(8) represent the corresponding 
scalar curvature density. Then 


M(B) =e" {M*+ 2g” (2—B)v,an+ (1—B+6*)v- av; 0 ]} 
He t{R*+ 2(B—1)q%y..v,0}, 


where the symbol = placed between any two expres- 
sions means that they are equal to within an ordinary 
divergence. Divergences which form part of St may 
here be rejected for they will not contribute to the 
field equations whenever ¥ enters additively into a 
Lagrangian. From (10) it follows that 


10) 


R(B)+2(1—B?)p%v..v.,=R(1), 
so that 


6 for) +20 — 8") gv. av,» dx =5 fm 1)d“x (11) 


for all variations of the ga, v which vanish at the 
boundary. Now if (gas,e””) is a (static) solution of the 
field equations for empty space, then the right-hand 
member of (11) vanishes. At the same time, keeping 
in mind the remark in parentheses following Eqs. (7), 
the field equations (5) and (6) will be satisfied by the 
functions gx1,V [ger= (‘gan,’ga4) | if 


6 f R+uatV. AV pd x=0 (12) 


for arbitrary variations which vanish on the boundary. 
If one now takes ‘ga,=e"-? "gay, ‘gag= 78", V=2dp, 
where A is an arbitrary constant and B= + (1—2y)?)}, 
then, according to (11), the condition (12) will indeed 
be satisfied. The result stated in the Introduction is 
therefore proved. 

(b) The total energy U 
given by 


f o4,—I*,)dxd yds = — (4)  f tadadyads, (13) 


Using the present notation, one finds* 


of a static distribution is 


(14) 


‘ 2 »¥ 
H+, =Pg"’(e”) ad, 


so that the values of the energy corresponding to the 
two possible values of 8 [according to (7)] are nu- 
merically equal but opposite in sign. The result em- 
bodied in Eq. (3) is a special case of this. 


3. SPECIAL CASES 


(a) A case of particular interest is that of the 
spherically symmetric field. With the customary non- 
isotropic form of the line element, the Schwarzschild 
metric 

ds*= —q"‘dr’—r’ (d#+sin*6d¢") + gdt’, 15) 
(15 
hoe i— 2m, ’, 
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is a solution of the vacuum equations. Accordingly, a 
solution of the field equations with scalar field (5) and 
(6) is given by 
ds?= — g-*dr’— rg) (d@+sin*6d¢*) + q*d?’, 
"= Ing. 


(16) 


To reduce the metric to the form in which go2= — (x')’, 
one has to make a change of variables r — p, such that 


p=rq*?) 2. 


It is therefore better to use isotropic coordinates at the 
outset, since if the vacuum solution is written in 
isotropic form, then the solution with scalar field is 
also isotropic, viz., 
ds?= — (1—m/2r)?°-®) (14-m/2r)?9*® (da?+-dy*+dz) 
+(1—m/2r)??(1-+-m/2r)-*8d?, (17) 
V =2hd In[ (1—m/2r)/(1+-m/2r) }. 

Moreover, (16), or (17), is the most general solution 
of the equations in this case except for a trivial arbitrary 
constant which may be added to V, since in the static 
case the fourth member of (5), i.e., Ras=0, gives 


[ (—detg*')'y .g”] »=0, (18) 


while (6) is an exactly similar equation with V replacing 
v. When the field is spherically symmetric, it then 
follows easily that one must have 

dV /dr=2ddv/dr, 


A=const. (19) 


The solution (17) is further considered in the last 
section below. 

(b) By way of another example, the result of Sec. 2 
may be applied to the axially symmetric solutions of 
Wey]. Thus Eqs. (5) and (6) admit the static solutions 

ds?= — e284 (dp?+-d2z*) — p*e*9¥ d+ eF¥ dr", 


(20) 
V=204Y, B=+(1—2yd’)!, 


A=const. 
provided ¥(p,z) and y(p,z) satisfy the equations 
P(p, 6), e+¥,2=0, v,.=eLY, )?— .2)7], 
Y,2= py, pW, 2. 


4. MOTION OF A TEST PARTICLE 


(21) 


(a) The view will here be taken that the scalar field 
V (hereafter called ‘‘S-field”) is a hypothetical 
“ordinary”’ long-range field existing in space-time, the 
situation being entirely analogous to the existence of 
the electromagnetic field. The S-field will then have 
sources (‘4S-charges”) and a particle may interact 
directly with the S-field in consequence of an S-charge 
which it may possess, i.e., not only indirectly through 
the fact that the metrical field g.; will depend to some 
extent on the strengths of the sources of the S-field, 
the form of the equations for the geodesics thus in 
turn depending on the S-sources. Moreover, space-time 
will not necessarily be flat even when the 5S-field is 
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zero. This attitude is at variance with that taken by 
Bergmann and Leipnik? whose suggested interpretation 
is, to say the least, difficult to understand, and which 
seems in any case to be quite unsupportable from the 
point of view of the formal properties of the equations 
and their solutions themselves. With the present inter- 
pretation in mind, one may then contemplate a test 
particle whose mass » and S-charge ¢ are both 
infinitesimal. Its equation of motion in the space-time 
V, in the presence of the scalar field V will be° 


u'L (n— eV) u*],.= —eV,*, 


where w* is the four-velocity of the particle. If '%, are 
the Christoffel symbols belonging to gy, (22) may be 
written 


(22) 


duk/dst+-T*, uu! = — (g*'—uku')(n—eV) eV. (23) 


These equations obviously have the first integral 
u,.u*=1, as must be the case. 

(b) Consider now a Riemann space *V4 whose 
metric tensor is *g,;, and which is in conformal cor- 
respondence with V4, i.e., there exists a scalar function 
x such that 
(24) 


ee 
Gei=C* gx. 


The geodesics of *V4, using the arc length *s as parame- 
ter, have the equations 


dx* dx* 
‘k 


i antes mee ll 
d*5 d*s 
Now 
oy a = | Pr (6".x, to" ix, s— Zetex r)y 
while 
d*s=exds. 


Using (26) and (27) in (25), the latter take just the 
form (23) if one chooses 


x=In(y—eV). (28) 


Hence the world lines of the particle whose motion is 
described by the equations (22) correspond® to the 
geodesics of the space whose metric is 


ds? = (n— eV)? gy. .da*dx". (29) 


5. THE SPHERICALLY SYMMETRIC FIELD 


(a) Bergmann and Leipnik? have solved the equa- 
tions (5) and (6) above in the spherically symmetric 
field, but their formal work is disfigured partly by the 
occurrence of certain errors, as recently pointed out 
by Treder,’? and partly by an avoidable complexity 
which is largely the result of an unfortunate choice of 

5 E.g., J. Plebanski and J. Sawicki, Acta Phys. Polon. 14, 455 
(1955). 

6 Since writing the manuscript it has been pointed out to me 
that the result (29) occurs essentially already in a slightly different 
context in a recent paper by C. Jankiewicz, Bull. acad. polon. sci. 
6, 765 (1958). 

7H. Treder, Phys. Rev. 112, 2127 (1959). 
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coordinate system and the failure to observe at the 
outset the result embodied in Eq. (19). Equation (17) 
is in fact equivalent to all the solutions they obtain. 
It is convenient to write m= M/8 when 8>0, with an 
analogous substitution when 8<0 [see also Sec. 5(c)]. 
Then (17) becomes 


ds? = —f (da*?+dy?+dz*)+ gdé’, 
where 
f=1+2M/r+O0(r), 
g=1-—2M/rt+2M?/r+O(r-*). 


(30) 


[It may be noted in passing that the solution of Yilmaz? 
follows from (17) on taking «= —2 and letting \ tend 
to infinity. |] Now to study the physical meaning of a 
field theory of this kind, one should examine the 
problem of the equations of motion by one of the usual 
approximation procedures, after first introducing con- 
tinuous distributions of field-producing and _field- 
responding matter into the Lagrangian. On a somewhat 
more superficial level, one may content oneself with 
the assumptions and results of Sec. 4 above. Then let 
it be first supposed that the field be explored by 
examining the motion of a test particle carrying no 
S-charge (e=0), so that its motion is given by the 
geodesics of the space whose metric is (30). Now in 
(30) 8 occurs in f and g only through the terms O(r~*) 
and O(r-*), respectively, and the terms explicitly 
written out are identical with the corresponding terms 
of the Schwarzschild metric. It follows that the test 
particle will carry out the familiar motion, including 
the correct precession of the pericenter, this result 
being subject to two qualifications: (i) that the orbit 
is to be calculated only to the usual accuracy, i.e., by 
an iterative procedure in which only the post- 
Newtonian terms are retained, that is, all terms which 
have factors c-*"(n>1) are rejected; (ii) that 6 be not 
so small that this process of iteration becomes meaning- 
less, which implies that for all points on the orbit one 
must require 


M/rK46°. (31) 


Subject to these qualifications the fields corresponding 
to different choices of the value of 6 will be observa- 
tionally indistinguishable as far as their exploration 
with uncharged test particles is concerned. 

(b) When the S-charge of the test particle is not 
zero, set e/n=¢, where 7 is of course assumed to be not 
zero. It is also convenient to construct a formal defini- 
tion of the strength o of the source of the S-field. By 
analogy with the electrostatic field, take 


(32) 


a = (47) + f or nda —2dm, 


in view of (17). Incidentally, therefore, 
= —0 (4M?+-2yo?)-}. (33) 


Then in virtue of the results of Sec. 4 the trajectories 
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of the test particle correspond to the geodesics of the 
space whose metric is 

ds? = —* f(dr’+rd? +r’ sin*6d¢*)+*gdl*, 
where 
*f=1+2(1+w)M/r+O(r), (34) 
*g=1—2(1—w)M/r+ (2—4w+u*) M?/r?+0(r-*), ; 


with 


w=ot/M. 


Only the case in which the particle does not recede to 
infinity need be considered, so that the condition 


(35) 


w<il (36) 


is to be imposed. (Physically: if ¢ and « have the same 
sign and ge is large enough the repulsion of the charges 
will exceed the gravitational attraction.) Then the 
equation of an orbit lying in the plane €=2/2 may be 
obtained in the usual way, and one obtains the following 
results. In first approximation the orbit is of course an 
ellipse, corresponding to the classical Kepler motion 
under the joint action of two inverse-square fields. In 
second approximation, if @ is the precession of the 
pericenter per revolution for given w, and Gp is the 
precession when w=0, then 


@/a)=1—2w/3—w*/6. (37) 
The precession can therefore have its “usual” value, 
viz., when w=—4. There is, however, nothing in the 
theory to say why w should have always just this or 
any other particular value. 

(c) Normally the condition 7‘,>0 is imposed upon 
any physical field, which implies 4>0, because of (5), 
and hence £8 is restricted to the range of values 
—1<8<¢+1. On the other hand, the total energy of 
the field is given by Eqs. (13) and (14). As one of the 
field equations (5) is just R‘s=0, the foregoing solution 
corresponds of course to the presence of a 6-function 
source at the origin and it is not difficult to confirm by 
explicit calculation that the value of the integral on 
the right of (13) is 


U= 8m (=M), (38) 


in harmony with (30). Hence one must take 820 or 
8<0 according as m>O or m<O, respectively. But 
these two families of solutions are then in effect not 
distinct, as inspection of (17) shows at once (except 
insofar as the sign of is reversed). Hence in (17) 


O<B<1, m0. (39) 
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[It might be noted that Bergmann and Leipnik refer 
to solutions which resemble the Schwarzschild solution 
“except for the disappearance of the famous finite 
singularity.” This remark is difficult to understand; 
one can always make the finite singularity of the 
Schwarzschild solution disappear by simply choosing 
the wrong (i.e., unphysical) sign for the constant of 
integration m. ] 

The solution (17) is remarkably different from the 
corresponding solution describing an electrically charged 
particle. Now it is not difficult to see that whereas in 
linear approximation an electric charge e contributes a 
term 4re?/r? to gas, the charge o of the S-field at the 
origin does not contribute to gq at all. This peculiar 
difference arises essentially from a difference in sign 
of the stresses of the two fields: when 7‘, has the same 
value for both fields then the stresses of the S-field are 
equal to, but opposite in sign from, those of the electro- 
staticjfield (space-time being temporarily taken as 
flat in this context). 

One may perhaps consider the situation in the 
following way. From Eqs. (32) and (33), 


(40) 


M?= m?— hyo’. 


If one now contemplates the family of solutions of 
given total energy, i.e., of given gravitation-producing 
mass M, then the analog of the usual Schwarzschild 
singularity, ro (=$m), increases with increasing source 
strength of the S-field, ry tending to infinity with |c]. 
From this point of view the limiting solution (for which 
8— 0) loses any physical meaning. On the other hand 
(although the difficulty of clearly distinguishing 
between the two different types of sources which take 
part in generating the gravitational field must be 
conceded), the considerations above, and especially 
Eq. (40), suggest that one may consistently regard o 
and m as in some sense characterizing the strength of 
the ‘‘S-source” and the “‘non-S-source”, respectively. 
Then, keeping the latter, i.e., m, constant and varying 
a, the limiting solution (for which 8 — 0) corresponds 
to a state of affairs in which both sources are finite, 
but the stresses of the S-field contribute an amount of 
negative gravitational potential energy just sufficient 
to make the total energy zero. 
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The deviations of the x~ spectrum in r*-meson decay from the Dalitz-Fabri distribution in the O~ state 
are analyzed on the assumption of a r+—z* short-range interaction. Agreement with experiment is found 
if the absolute value of the x+—7* scattering length |a| is 1.4 10~" cm. The x* spectrum is also calculated 
on the basis of this scattering length and is found to agree with the experimental results. 


N the most recent analysis,’ by the Dalitz-Fabri? 

method, of r+-meson decay data, it is concluded 
that the 7+ decays into a state of zero angular mo- 
mentum and odd parity. However, as in previous 
analyses, the probability of w~ emission (after extrac- 
tion of the relativistic density of states factor) is seen 
to be an increasing function of m~ energy, while the 
Dalitz-Fabri theory predicts that this probability is a 
constant function of r~ energy for a spin-parity assign- 
ment of 0-. Such a mw spectrum would be under- 
standable if the two 7+ mesons scatter from each other 
through an attractive interaction, which presumably 
would have a short range characterized by the exchange 
of baryon-antibaryon pairs. The purpose of this note 
is to show that not only the ~ spectrum, but the at 
spectrum as well can be explained by the assumption 
of a short-range attractive r+—2* interaction with the 
omission altogether of a ++—-7 interaction. 

Extending the Dalitz-Fabri analysis by using 
Watson’s final-state interaction theory* and con- 
sidering only the s wave, we may take the two-pion 
part of the final-state wave function to be 


g(pi2) = (€~*/ propia) sin(pi2pi2+6), 


where py is the relative coordinate of the two *’s, pro 
is the conjugate momentum, and 6 is the phase shift. 
We now expand the sine function in terms of the 
parameters of the effective-range theory, obtaining 


sin (p12p12+6) = sind[ 1 +-pi2/a+3 pir? (po— p12)p12 |, 


where a is the scattering length, and pp is the effective 
range. The third term in the bracket is small compared 
to the first two in the region where the interaction is 
effective, so we neglect it. The matrix element for the 
decay transition may now be written in the form 


T ya=Ce® sind/ pre, 


where C is independent of energy. Since the transition 
rate W is proportional to | 7,.|?, we may write 


W (€) =Ca?/(pis’a? +1), (1) 

* Now at Argonne National Laboratory, Lemont, Illinois. 

1 McKenna, Natali, O’Connell, Tietge, and Varshneya, Nuovo 
cimento 10, 763 (1958). We are indebted to Professor N. Dalla- 
porta for sending us these data prior to publication. 

2R. H. Dalitz, Phys. Rev. 94, 1046 (1954); E. Fabri, Nuovo 
cimento 11, 479 (1954). 

3K, M, Watson, Phys. Rev. 88, 1163 (1952). 


where the relation p12 coté=a' has been used. The 
constant a@ may now be evaluated by fitting the ex- 
pression for W to the experimental energy distribution. 
The momentum p. is related to the wm energy, € (in 
units of the maximum z~ energy), by 


piv= K?*=mE/n’, 


where m is the pion mass and E=75 Mev. A good fit 
to the w~ energy distribution is obtained by setting 
|a|=A,, the Compton wavelength of the pion. This 
value corresponds to a zero-energy m*— 7 cross section 
of 0.25 barn. W(e) is shown for this value of @ in Fig. 1. 

We may also inquire whether this value of a produces 
a mt energy spectrum which is in agreement with the 
experimental w+ spectrum. This spectrum is obtained 
by utilizing the coordinates 


2(1—e), 


@2ss=T2—Ts 


o1=r1—4(re+rs), 


which are, respectively, the relative coordinate of 2 
and m3 (a3 is the m~), and the coordinate of a; with 








4 4 
0.26 0.50 


Fic. 1. The ~ energy distribution in 7* decay. The experi 
mental points are from reference 1. The curve is Eq. (1) with 
|a| =1.4X 107 cm. The least-squares fit to the data as given in 
reference 1 is almost coincident with this curve. The area under 
both the data and the curve is normalized to 1.0. 
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€, 


Fic. 2. The x* energy spectrum from r* decay. The experi 
mental points are from reference 1. The curve is Eq. (3) with 
a| =1.4X10~-" cm. The least-squares fit to the data as given in 
reference 1 is almost coincident with this curve. The area under 
both the data and the curve is normalized to 1.0. 


respect to the center of mass of the other two. The 
canonical momenta in this system are related to py» by 
_— 1 
Pi2= 4P1— 2P23. 
The function W in Eq. (1) may now be written in terms 
of €:, the energy of 7; in units of the maximum energy 
it can attain, and cos#;=pi-po3/ Pipes. This function is 
W (€1,01) 
Ca’ 


~ 140.25K2a"{ 1+ 2¢,—2[3e1(1— 1) }! cos6,} 


(2) 


The integration of this function multiplied by S, the 
density of final states, over cos6; yields the transition 
rate as a function of ¢;, i.e., the energy spectrum of 7. 
Apart from slight relativistic corrections, the result is, 
after division by S integrated over cos}, 


D 
[e(1 am )} 

1+0.25K2a"{ 1+ 2€:+ 2[3e:(1— 1) ]}} 
1+0.25K2%a%{ 1+2¢,— 20 3e(1—e) 


W(e)= 


X In 
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where D is a normalization constant. It is found that 
the value |a| =A, also leads to agreement with the a* 
energy spectrum, as seen in Fig. 2, where W(e1) is 
plotted along with the experimental x* spectrum. We 
have calculated only the m spectrum but the 7; and 72 
enter in a symmetric way, and the total w* spectrum 
is just the sum of the and zz spectra. Thus the single 
assumption, that «+’s only scatter from one another 
through an attractive potential whose scattering length 
is one pion Compton wavelength, accounts for the 
deviations of both the ++ and a~ energy spectra from 
the relativistic phase space factor. 

If we now assume that all three pion pairs scatter 
through attractive interactions, we can conclude that 
the value of } barn is a lower limit to the *—7* cross 
section, for any m+—2~ attractive interaction will 
“flatten” the previously calculated x spectrum, and 
we would have to increase |a| to “peak it up” again so 
as to match the experimental spectrum. 

It should be emphasized that our assumption of no 
x —n* interaction is largely dictated on grounds of 
simplicity. It could very well be that such an inter- 
action does exist, but if it does, then our interpretation 
of the w spectra indicates that its strength is less than 
the r*—-* interaction. If the r-—2* interaction were 
comparable to the m*—7*, then very likely the at 
spectrum would have a slope opposite to that presently 
indicated, and if the s-—-2* interaction were stronger 
than the r*+—2* interaction, then very likely the a 


spectrum would have a slope opposite to that presently 


indicated. If charge independence obtains, then our 
results indicate a strong short-range attractive inter- 
action between pions in the isotopic spin 7=2 state. 

A further check of the hypothesis discussed here may 
be made by considering the cos6; dependence in Eq. 
(2), namely, 


1 1 
wie)= f W(em)sde / f Sdey, 


which is approximated quite well by (for |a| =4,) 
W (0;) « 1/(1—0.15 cosd;). 


Thus, small values of @; are slightly favored. A com- 
parison of this dependence with the data would be very 
worth while. 
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A universal coupling between pions and baryons should lead to 
anomalous moments comparable in magnitude for all the baryons 
except for the A and 2° whose anomalous moments for reasons of 
isotopic spin symmetry should receive no direct contribution from 
the pion field. To estimate the influence of the K-mesonic field on 
these moments, a static, cutoff, second-order perturbation calcu- 
lation is made on the assumption that all baryons have spin 4 and 
the same parity, that the K meson is a pseudoscalar, and that the 
K-mesonic interaction with the baryons is charge independent. 
Along the same lines a fourth-order calculation of the pionic 
contributions to these moments is also made. Baryon currents are 
neglected in these calculations and cutoff momenta based on the 
rest mass of the baryon emitting the meson were uniformly used 
for all processes. The A and 2° moments are negative with a value 


I. INTRODUCTION 


HE magnetic moments of the nucleons have 

played an important role in providing a stringent 
experimental check on the various theoretical proposals 
concerning the interactions of nucleons with other 
particles. It is to be anticipated that the magnetic 
moments of the hyperons will play a similar role for 
these particles, so that considerable interest attaches 
to recent suggestions! on the possibility of measuring 


them. This paper will be devoted to considerations of a 
theoretical nature on these anomalous moments—some 
general comments and the specific evaluation of these 


moments based on one of the simplest models 


conceivable. 

The first point to be made is that the anomalous 
moments of the hyperons could provide very significant 
information regarding the assumption of a universal 
interaction of the baryons with the pion field? (the 
assumption of global symmetry’ or as it shall be referred 
to here, the universal pion-baryon coupling‘). Generally 
speaking, one would suppose that the anomalous 
moments (the deviations from the Dirac moment 
gh/2M gc where Mz is the jbaryon mass and q is its 
electric charge) of the charged hyperons would be 
approximately the same in magnitude as that of the 
proton (1.79 nuclear magnetons) and the neutral =° 
approximately that of the neutron (—1.79 nuclear 
magnetons) if a universal pion-baryon coupling exists 
1M. Goldhaber, Phys. Rev. 101, 1828 (1956); T. D. Lee and 
C. N. Yang, Phys. Rev. 108, 1645 (1957); S. D. Warshaw (private 
communication). 

2E. P. Wigner, Proc. Natl. Acad. Sci. U. S. 38, 449 (1952); 
M. Gell-Mann, Proceedings of the Seventh Annual Rochester 
Conference on High-Energy Nuclear Physics (Interscience Pub- 
lishers, Inc., New York, 1957); J. Schwinger, Proceedings of the 
Seventh Annual Rochester Conference on High-Energy Nuclear 
Physics (Interscience Publishers, Inc., New York, 1957); D. B. 
Lichtenberg and M. Ross, Phys. Rev. 107, 1714 (1957); W. G. 
Holladay, Bull. Am. Phys. Soc. 1, 269 (1956). 

3M. Gell-Mann, Phys. Rev. 106, 1296 (1956). 

4D. B. Lichtenberg and M. Ross, Phys. Rev. 109, 2163 (1958). 


of only about 0.5 nuclear magnetons even if the A-meson coupling 
constants are large and judiciously chosen, a value which is there- 
fore indicated as an upper limit, if no special enhancement effect 
is considered. If the K-meson couplings are all considerably 
smaller than the universal pion baryon coupling, then the A and 
~° moments are quite small but the other hyperons have moments 
of comparable magnitude as is generally to be expected. If all 
K-coupling constants are large, our considerations show that /, n, 
xt, and = may still have comparable anomalous moments but 
the =~ is indicated to have a somewhat larger and the =° a some- 
what smaller moment than these. A pion coupling to the hyperons 
different from that to the nucleons would manifest itself in 
characteristic ways in terms of anomalous magnetic moments, for 
large or small values of the K-coupling constants. 


(the A and 2° are discussed below). Not only should 
there be comparable contributions from the pion field 
but even the baryonic currents should contribute in 
comparable ways. For instance, the baryonic current 
in the process 2°—+=~+7* is entirely analogous to 
that of the process n— p++, and should be com- 
parable in magnitude if the coupling constants are equal 
although, of course, the baryonic currents in these two 
processes would yield’ moments of opposite sign just as 
would the pionic currents. Such statements are inde- 
pendent of perturbation theory. Similar statements 
hold for the baryonic currents in the proton as compared 
to those in the Z~, the 2+, and the 2~. For the latter 
two the similar nature of the baryonic currents can 
best be appreciated by using the Z° and Y° fields of 
Gell-Mann.’ 

A number of effects exist, however, which would 
prevent the anomalous moments of all the baryons 
from being equal in magnitude even if the pion coupling 
were universal. (1) For one thing, it can be shown? that 
there can be no direct pionic contributions to the A and 
>" moments if charge independence obtains. This result 
follows from the fact that the pionic contributions to 
the moments transform as 7; in isotopic spin space, but 
the expectation value of 7; in a state with 7;=0 
(which is characteristic of both the A and 2° in the 
Gell-Mann-Nishijima® scheme) vanishes. (2) It would 


5H. Katsumori, Progr. Theoret. Phys. (Kyoto) 18, 375 (1957). 
A later but independent statement of this proposition was made 
by W. Holladay, Bull. Am. Phys. Soc. Ser. II, 3, 301 (1958). The 
statement is also implicitly contained in Marshak, Okubo, and 
Sudarshan, Phys. Rev. 106, 599 (1957). All these references 
contain the statement that the isotopic vector part of the 2° 
moment vanishes and the first two references that the isotopic 
vector part of the A° moment vanishes. The direct contribution of 
any isovector field (7,2) to these moments, therefore, vanishes, 
although these fields may influence indirectly the isofermion 
contributions to the moments. The author wishes to thank Dr. G. 
Feinberg for a discussion of these points. 

6M. Gell-Mann, Phys. Rev. 92, 833 (1953); K. Nishijima, 
Progr. Theoret. Phys. (Kyoto) 10, 581 (1953). 
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be expected that the difference in masses of the hyperons 
would lead to a difference in their moments, even for a 
universal pion coupling. It is clear that the Dirac 
moment itself changes with the mass (being inverse to 
it) and it is to be expected that the anomalous moments 
would also be mass dependent. (3) The anomalous 
moments of the baryons should, of course, be influenced 
by the K-mesonic field.’ Some consideration has already 
been given to the effect of the K-meson field on the 
baryon moments within the framework of a relativisti- 
cally covariant perturbation theory,’ which included 
as well the contributions of the baryonic current in the 
K-mesonic processes. The genera! failure of this approach 
in nucleon-pion phenomena makes one suspect its utility 
here. A static cutoff theory’ of pion-nucleon phenomena 
seems to provide a better basis for explaining the 
properties of nucleons. For the nucleon anomalous 
moments, perturbation theory” gives results for the 
pionic contributions to the moments that are quite 
comparable to those of the more elaborate static cutoff 
calculation of Miyazawa. A_ static perturbation 
theory has already been used to estimate the contri- 
butions of the K-meson field to the A-nucleon and 
y-nucleon forces.*! Although the heavier K-meson 
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mass would imply that a static theory would be less 
reliable for K-mesonic effects than for pionic effects, 
its simplicity leads us to use it to estimate K-mesonic 
contributions to the baryon anomalous moments. This 
is done in the next section to second order, where also 
the pionic contributions to these moments are given in 
second order and fourth order in a static cutoff theory. 
No consideration is given to the contributions to these 
moments of the baryonic currents as there seems to be 
no simple way of even estimating these apart from the 
comparisons suggested above. We hope that this 
omission will not be too serious for our purpose, which 
is to discuss general trends rather than attempt to 
arrive at precise results. 


II. ANOMALOUS MOMENTS IN A STATIC CUT-OFF 
PERTURBATION THEORY 

We assume that all the baryons have spin 3, and that 
the K mesons are pseudoscalar with respect to the 
hyperons, which are all assumed to have the same 
parity. The Gell-Mann-Nishijima isotopic spin assign- 
ments for these particles are assumed. We utilize the 
static version of the relativistic interactions® consistent 
with the above assumptions. The Hamiltonian density 
for these interactions has the form (h=c=1) 


—[S°eA- Vr! +SteA-9rt+S-eA- 9x +Herm. conj. |p 
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7G. Sandri, Phys. Rev. 101, 1616 (1956); H. Miyazawa, Phys. Rev. 101, 1564 (1956). 
* H. Katsumori, Progr. Theoret. Phys. (Kyoto) 18, 375 (1957); M. Nauenberg, Phys. Rev. 109, 2177 (1957); S. N. Gupta, Phys. 


Rev. 111, 1436 (1958). 


*G. F, Chew and F. E. Low, Phys. Rev. 101, 1570 (1956), and 101, 1579 (1956); H. Miyazawa, Phys. Rev. 101, 1564 (1956). 


1M. H. Friedman, Phys. Rev. 97, 1123 (1955). 


G. Wentzel, Phys. Rev. 101, 835 (1956); N. Dallaporta and F. Ferrari, Nuovo cimento 5, 111 (1957); F. Ferrari and L. Fonda, 


Nuovo cimento 9, 842 (1958). 





STATIC CUTOFF 
In this expression the symbol for a particle is used to 
denote the field operator that destroys it.? The quantity 
p is the source density function to be evaluated at the 
same point in space as the boson field. The nonrela- 
tivistic baryon fields are to be evaluated at the origin. 
It is felt that comparisons of the contributions from the 
various processes may be more meaningfully made for 
various choices of the relativistic coupling constants, so 
it is these coupling constants that are retained in the 
interaction Hamiltonian. It is seen that they are 
divided by the sum of the masses of the two baryons 
that appear in the interactions. These masses would 
appear in this way if a series of Dyson” transformations 
were made on the relativistic interactions to reduce the 
ys pseudoscalar couplings (keeping only terms linear in 
the boson field) to equivalent pseudovector couplings. 

The relevant interactions of the charged boson fields 
with the electromagnetic field are given by 


Ryr= —tel (Vx-)xt—x-V rt ]-A, 
RyK= —iel (WK+)K+—K+vK+]-A. 


Interactions with the source currents are omitted.’ 

The anomalous magnetic moments due to these 
bosonic currents have been calculated to 2nd order in 
the g’s by using the Feynman technique as outlined by 
Friedman.” The only major difference here is that in a 
given term of the interaction the baryonic masses are 
the same in Friedman’s calculations whereas in ours 
some of these masses are not the same. This calculation 
was also done by using the older form of perturbation 
theory to check the results. In the older form there are 
two types of contributions to the moments in second 
order, one due to the one-pion state and the other due 
to a no-pion-two-pion cross term" in the expectation 
value of the magnetic moment operator. These give 
equal contributions, assuming no enhancement of the 
latter contribution.!? These two contributions also 
appear, of course, in the Feynman approach, being 
manifested as two poles inside the contour integral. 
This second-order contribution to the anomalous 
moments in nuclear magnetons e/;/2M wc from a typical 
term in the Hamiltonian (1) representing the process 
B,— Bz+meson (where B; and Bz are baryons with 
masses M, and M, and the meson is either a pion or a 
K with mass M,,) has the form 


g?> 2 MyM, ® dk k*(2w,—A)v(k) 


My = T—— 
4? (w,— A) 


—__- (2) 
4 3r (M,+M,)? 0 


In this expression & is the meson momentum in units 
of Mmnc, A=(Mi—M?2)/Mm, wr=(1+h)!, and T is 
either +1 or +2, the sign going with the sign of the 


2 F, J. Dyson, Phys. Rev. 73, 929 (1948). See also Schweber, 
Bethe, and de Hoffman, Mesons and Fields (Row, Peterson and 
Company, Evanston, 1954), Vol. I, sec. 26b. 

13, H. Capps and W. G. Holladay, Phys. Rev. 99, 931 (1955). 

4 R. G. Sachs, Phys. Rev. 87, 1100 (1952). 

16 W, G. Holladay, Phys. Rev. 101, 1198 (1956). 
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TABLE [. Contributions to the anomalous moments of the 
baryons from pion and K-mesonic currents if all coupling constants 
g?/4r=10. Mer and Myx are the second and fourth order pion 
contributions. K-mesonic contributions to second order only are 
given. Results for two values of the cutoff, K:= (5.5/6.7) (Mm/M1) 
and Ke=M,»,/M,, are given. 


Men 
+1.08 
+1.47 
— 1.08 
—1.47 





Mar Mx Mx- 
+0.29 +0.19 

+0.55 +0.32 

—0.29 +0.18 

—0.55 +0.28 

+0.13 

+0.19 

+0.26 

+0.40 

+0.13 

+-0.20 








Proton 
Neutron 


—0.33 
—0.50 


Lambda 


+1.1 
+1.45 


—0.42 
—0.62 
—0.84 
— 1.24 
—0.54 
—0.78 
—0.58 
—0.87 


~1.11 
—1.45 
+0.91 
+1.17 
—1.17 


charge on the meson with the numerical factor de- 
pending on whether there is a 1 or V2 in the term in the 
Hamiltonian (1) representing the process. The function 
v(k) is the Fourier transform of the source function p(r). 
If v(k) is taken to be a flat function with a sharp 
cutoff at k= K, then 
go 2 MyMa K (1—Awx) 
M,=T— — {28 
4a 3 (M,+M,)? 


WK wWK—-A 


+3A log(K+wx)—3(1—A*)! tan” 


(1—A*)iK 
x(— ~) (3) 
1—Awx 
The tan is to be evaluated in the first or second 
quadrant. 

Fourth-order contributions of the pion field to these 
anomalous moments were also calculated in the manner 
of Friedman, and his result was verified.!® The S—A 
mass difference was neglected in this calculation and 
gar Was assumed equal gs, so that the only modification 
that needs to be made in his results concerns the rest 
masses of the baryons involved. In nuclear magnetons 
the fourth-order contribution of the pion field to the 
anomalous magnetic moments of a given baryon with 
mass M, is 


g\?MnMv/Mm\? 2 
nn) (ey? 
4n} M2? \M,/ 3x? 


ef cf dk dl k'lv(k)v(1) 


w Pw? (we+-or)? 





16 Apart from what is doubtless a typographical error. The 
factor (1/u*)? in Eq. (16) should be just 1/w*. His results are 
calculated on the basis of the correct expression. 
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TABLE II. Values of the anomalous moments of the baryons for various choices of the coupling constants 


and two values of the cutoff. 


n 
—1.19 
—1.74 
— 1.35 
—1.99 
—1,19 
— 1.68 


I. All couplings constants equal 10 


II. All pion coupling constants= 10; 
all K coupling constants=1.0 - 
IIT. gynxr=10; gar=22=f2r=1; all 
K couplings = 10 


The contributions from the various processes are 
given in Table I, for a value of all the coupling constants 
(g*/4mr) equal to 10. The second-order pion and K- 
meson contributions are obtained from Eq. (3). The 
integral representing the fourth-order pionic contri- 
butions [ Eq. (4) ] was performed numerically with the 
assumption that the cutoff function is flat and sharply 
terminates at the upper end. Two different values of the 
cutoff momentum were used in obtaining the numbers 
in Table I. One of these, Ko, is based on the rest mass 
of the baryon emitting the meson (K2=M,/M,,); the 
other, Ky, is 5.5/6.7 of this value, this ratio being in 
the neighborhood of that found by Chew’ in his work 
on the static model of pion-nucleon phenomena. Both 
of these cutoffs were used uniformly for the pionic and 
K-mesonic contributions for all the baryons purely for 
the sake of simplicity, there being nothing to keep this 
parameter from changing from baryon to baryon and 
process to process. 

The totals of these contributions for the various 
baryons are given in Table IJ, which for comparison 
purposes also presents values of anomalous moments 
other choices of the coupling 


for representative 


constants. 


DISCUSSION AND CONCLUSIONS 


Cases I and II of Table IT indicate that the anomalous 
magnetic moments of the charged hyperons should be 
comparabie in magnitude to those of the nucleons on 
the basis of a universal pion-baryon interaction even if 
the coupling of these particles to the K-meson field is 
comparable to that of the pion coupling (Case I), 
although the =~ moment is indicated to be somewhat 





A z+ 2 = 


—0.20 
—0.31 
—0.02 
—0.03 
—0.20 
—0.31 





—2.19 
—3.13 
—1.43 
—2.01 
—0.95 
— 1.38 


—0.29 
—0.42 
—0.03 
—0.04 
—0.29 
—0.42 


+1.61 
+2.29 
+1.38 
+1.93 
+0.37 
+0.54 





larger for the type of couplings chosen here. The A and 
>’ moments should be considerably smaller than the 
nucleon anomalies (the indication here being by factors 
of 4-6) for reasons pointed out in the Introduction. 
The =° moment in Case I is indicated to be intermediate 
in value between the A and the neutron, say, since for 
this hyperon there is a partial cancellation of the pionic 
and K-mesonic contributions. It should also be noted 
that even for strong K couplings, K-mesonic contri- 
butions to the nucleon moments are relatively small. 

If the K-mesonic couplings are all considerably 
smaller than the universal pion-baryon coupling (Case 
II), then the A and 2° moments should be very small 
indeed, and the =° and =~ moments of a size more 
nearly comparable to that of the other baryons. 

If there are significant deviations from a universal 
pion-baryon coupling, then, Case III indicates that 
they should be discernible. For the choices of the 
coupling constants a given Case III, the =+ moment is 
much reduced and the =° moment has even changed 
sign. 

Other choices of these constants would display other 
characteristic features; therefore if the framework 
within which we are working has any measure of 
validity, a determination of these moments should be 
a rich source of information on the strengths of these 
couplings, at least qualitatively. 

Finally, it should be explicitly mentioned that even 
for large values and favorable choices of the K-mesonic 
couplings, the A and 2° moments are in the vicinity of 
0.5 nuclear magneton, a value which would then be 
indicated as an upper limit for these moments. Values 
considerably smaller than this should not be regarded 
as surprising. 
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